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PREFACE

“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, | TEACH CALCULUS TO JEE ASPIRANTS BUT
BELIEVE THE MOST IMPORTANT FORMULA IS COURAGE + DREAMS = SUCCESS”

It is a matter of great pride and honour for me to have received such an overwhelming response to the
previous editions of this book from the readers. In a way, this has inspired me to revise this book
thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the contents
more relevant as per the needs of students, many topics have been re-written, a lot of new problems
of new types have been added in etcetc. All possible efforts are made to remove all the printing errors
that had crept in previous editions. The book is now in such a shape that the students would feel at
ease while going through the problems, which will in turn clear their concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition
e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus &
Pattern in recent years.

e The mostimportant point about this new edition is, now the whole text matter of each chapter has been
divided into small sessions with exercise in each session. In this way the reader will be able to go through
the whole chapter in a systematic way.

e Just after completion of theory, Solved Examples of all JEE types have been given, providing the students
a complete understanding of all the formats of JEE questions & the level of difficulty of questions
generally asked in JEE.

e Along with exercises given with each session, a complete cumulative exercises have been given at the
end of each chapter so as to give the students complete practice for JEE along with the assessment of
knowledge that they have gained with the study of the chapter.

e Last 10 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all the chapters.

However | have made the best efforts and put my all calculus teaching experience in revising this
book. Still  am looking forward to get the valuable suggestions and criticism from my own fraternity
i.e. the fraternity of JEE teachers.

| would also like to motivate the students to send their suggestions or the changes that they want to
be incorporated in this book.

All the suggestions given by you all will be kept in prime focus at the time of next revision of the book.

Amit M. Agarwal
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JEE MAIN
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substitution, by parts and by partial fractions. Integration using
trigonometric identities.
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o I [ [ 2
x2+a [2 [32_,2

J‘ dx .[ , .[ (px + q) dx
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j (px + q) dx
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ax?+bx +c

Integral as limit of a sum. Fundamental Theorem of Calculus. Properties of
definite integrals. Evaluation of definite integrals, determining areas of the
regions bounded by simple curves in

standard form.

Differential Equations

Ordinary differential equations, their order and degree. Formation of
differential equations. Solution of differential equations by the method of
separation of variables, solution of homogeneous and linear differential

equations of the type %y + p(X)y = q(x)
X
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differential equations, variables separable method, linear first order
differential equations.
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2 Textbook of Integral Calculus

It was in this aspect that the process of integration was
treated by Leibnitz, the symbol of J' being regarded as the

initial letter of the word sum, in the same way as the
symbol of differentiation d is the initial letter in the word
difference.

Definition
If f and g are functions of x such that g' (x) = f (x), then

the function g is called a anti-derivative (or primitive
function or simply integral) of f w.r.t. x.It is written

d
symbolically, [ f (x) dx = g (x), where, - g (x) = f (x)
Remarks
1. In other words,J’f(x) dx =g (x)iffg"(x) =1 (x)
2. J’f ) dx =
[ (g(x )+C)

) + ¢c,wherecisconstant,

g'(x)=f(x)]and Cis called constant of integration.

Session 1

Example 1 If : [x"*"+c1=(n+1)x", then find
X
J'x” dx.

Sol. As,i[x"+1 +Cl=(n+1)x"
dx

O (x"*' + C)is anti-derivative or integral of (n + 1) x".

n+1

+C

O J’x"dx: i1
n

Example 2 If j (sin x+¢) =cos x, then find
X
J'cos x dx.
Sol. As, i(sinx +C) =cosx
dx

O sinx + C is anti-derivative or integral of cos x.
O J'cosxdx:(sinx)+C

Fundamental of Indefinite Integral

Fundamental of Indefinite Integral
d —

g} =f )

- [fx)dx=g(x)+C

Therefore, based upon this definition and various standard
differentiation formulas, we obtain the following
integration formulae

Since,

(1)—DLDZx n#-10[x" dx =
n

1
+C,nz-1
dx [(n+10 1

d 1 1
(i) —(og|x|)=—10 J'fdx =log| x| +C,when x #0
dx x X

d
(iii)—(ex):ex 0 Iex dx =e* +C
(1v)—B7D a*,a>0,a #1
dx [og, a

aX

log, a

+C

O J'ax dx =

) i(—cos x)=sinx 0O J'sinx dx =—cosx +C
dx
Lodo .
(vi) — (sin x) =cos x 0 J'cos xdx =sinx +C
dx
o d 2 2
(vii) — (tan x) =sec” x [ J'sec xdx =tanx +C
dx
.. d 2 2
(viii) — (—cot x) =cosec”x DIcosec xdx =-cotx +C
dx
. d
(ix) — (sec x) =sec x tan x
dx
0 J'sec x tan x dx =sec x +C
d
(x) — (—cosec x) =cosec x cot x
dx

[l J'cosec x cot x dx = —cosec x +C

d
(xi) — (log | sin x|) =cot x
dx

0 J'cotxdx =log|sinx|+C



(xii)i(—log|cos x|) =tan x
dx
0 J'tanxdx =-log|cos x | +C
. d
(xiii) — (log |sec x +tanx|) =sec x
dx
O Isecxdx =log|sec x +tanx | +C
(xiv) di(log|cosec x —cot x|) =cosec x
x

U J'cosec x dx =log|cosec x —cot x| +C

(xv)iDin_1 *H- !
X 9 a B a2 _xZ
d« . -, [x0O
O I = =sin %a»E+C
7D _1£ D_ -1
(xvi) » gos . E— =
-1 OO
O J' = dx =cos E{;H+C
(xvii) 4 tan "' *Ho 1
dx % a 2 4 x?
de 1 ;[
O Iaz T —atan E(;HH:
(Xviii)i H cot™! LT —
dx % (1E az +x2
-1 _1 k[
O Iaz o dx—acot E;HH:
(xix) a4 H sec” ! *H- !
X % a x +/x? —a?
dx o O
O Ix —— Esec EZH-FC
(xx) *%cosec_1 *Ho 1
a x +/x? —a?
—dx o x 0O
O Ix —— —gcosec %H+C

Example 3 Evaluate

2
X“ +5x -1
(l) J’T dx (ll) J’(X2 +5)3 dx
N exP+5x -1, Ox* 5! 1 0
Sol. (i) I = IT dx = J’ElkW + N - xm%dx

Chap 01 Indefinite Integral 3

- J’(x3/2 +5x1/2 _x—l/Z)dx

g n+l O
D}lsingj'x" dx="% +Cn
O n+tl g

x3/2+1 5x1/2+1 x—l/Z +1

= + - +C
3/2+1 1/2+1 -—-1/2+1
0 =252 4 2@ 32 gy L0
5 3

(i) I = J'(xz +5)° dx [using (a +b)® = a® +3a®b +3ab® +b*]

I = J’(x"’ +15x* +75x% +125) dx

15x°  75x°
[:L+ X o4 x +125x + C
7 5
X7
I= +3x° +25x% +125x + C

Example 4 Evaluate
dx
(i) ftan? x dx (i) [————
I -[sinz X cos? x
;6 6
SIn°~ X +C0S™ X COS X —CO0S 2X
(iii) Iﬁ dx (iv) .[7 dx
Sin® x cos” x 1—-cos x
Sol. i) I= J'tanz xdx O I= I(secz x —1)dx
I= J'secz x dx — J'l dx [usingJ’sec2 xdx = tanx +C]
0 I=tanx —x +C

.. 1
sin® x cos” x
sin® x + cos® x
L 2
I= J’ﬁ dx  [Usingsin®x + cos” x =1]
sin® x cos” x

.2 2
sin- X Cos X
I= I 2 2 dx + I 2 2
sSiIn- X COS™ X SIn~ X COS™ X

dx

I= Isecz x dx + J’cosec2 x dx

I=tan x —cot x +C
.6 6
sin- x +cos x
(i) I:J'—dx

sin? x cos? x

(sin® x)* + (cos® x)?

dx

I_I .2 2
sin” x cos” x

[using (a + b)®> =a® +b* +3ab(a +b)]

(sin®x+ cos® x)* =3sin® x cos® x(sin®x +cos® x) d
x

I_I .2 2
sin® x cos” x

.2 2
1—-3sin” x cos” x

dx

I_I .2 2
sin® x cos” x
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- J- dx — [3dx Example 6 Evaluate
sin® x cos? x . loge x . log, x
(i) IS dx (ii) IZ dx
(sin® x + cos® x)d a4 C
= sin® x cos? x Sol. (i) I= Isl% Tdx = ka’ge Sdx  [Using a8 ® = poec 9]
I= J'sec2 x dx +J'cosec2 xdx —3x +C _ xlose sl ‘e
I =tan x —cot x —3x +C (log, 5+1)
COS X — COS 2X xloge 5 +1
(iv) I= Ii dx [using cos2x =2cos® x —1] O J'Sk’g“ Ydx=———+C
1-cosx log, 5+1
I= ICOS x = (2cos® x = 1) dx (i) I :J'21°g4 * dx :J'z“’gzz *dx :Iz”“‘)gzx dx
1—cos x .
—2cos? x +cosx +1 Dsinglogbn x = — log, XD
= J' dx H n H
1—cos x logy V5 \/7 . log, b
—(2cos x +1)(cos x —1) —J'Z dx—_[ x dx [using a =b]
OI —J' dx
—(cos x —1) _x?
[as —2cos® x +cosx =1 = {2cosx +1) [eosx —1)] 3/2
O I:J'(Zcosx+1)dx 0 J’Zl"g“xdx 3?2 +C
3
0 I=2sinx+x+C

(WX +1)(x* =x)

Example 7 Evaluate dx.
Remark P I XX+ X+ X
In rational algebraic functions if the degree of numerator is
greater than or equal to degree of denominator, then always Sol. H [= (\/; +1) B/;(xy2 -
divide the numerator by denominator and use the result of ol. Here, _I \/7(x +x + 1)
integration.
N R (eI M
Example 5 Evaluate I (x +x +1)
3 2
X
() [~ dx (i) | dx (Wx + D)(x —(x +4x +1)
X +2 X% +5 =J (x +/x +1)
3 .
Sol () 1= [ X ax= (X284 (Using @’ = b* =(a =b)(a* +ab +b°)
x +2 x +2

2
x
[= Ex3+23)_ 8 de :J'(x—l)dx:7—x+C
ID x +2 x +2[]

_ (Hxrat-aera)_ s Example 8 Evaluate 6
OI=p ~—,Hdx 1+2x? ooxt -1
O x+2 x+20 (i I (||)I ——dx
np 21+x7%) (x*+1)
I:I -2x +4 - , , )
B( * Sol. (i) Here, I = J' *2x dx:-l’l-zx +)2C dx
., 21+ x%) x*(1+x7)
a =— —x" +4x —-8log|x +2] +C
3 _J. 1+x? dx+I x? dac
x? 0?2 B 2 2 2
(i) I= I dx_J'LSde:J’Bﬂ [ldx x“(1+ x%) x“(1+ x7)
x2+5 x“+5 X2 +5 x2450 .
:I—dx+‘[ dx=-=+tan'x +C
dx x* 1+ x? x
1= Il:l_ Ddx—x—S -
x? +50 X +(\/§) -1 X0 +1-2
5 (ii) Here, I = I dx :I 5 dx
I:x——tan”@%§+c x*+1 x°+1
J5 5

(X)+1

2
- dx
I:x—ﬁtanﬂ@j—,§+C I x%+1 -[x2+1
5




2 4 _ 2
I:J’(x “)(’2‘ X +1)dx—2I de
(x*+1) x“+1

[Using, a + b’ —(a +b)(a® —ab +b?)]

I(x - x% +1)dx —ZI dx
x%+1
3
:x— -% 4x —2tan'x +C
5 3
Example 9 Evaluate
2 x?-x U
J‘vaz —1/2 3/2 * 1/2 -1/2 %dx
X X =X
O x°-64 x> 4x?2x +1)0
(i) [C - - = 5 - ( )Ddx
h+2x  +x ° 4-4x  +Xx 1-2x [
-2 2 x?-x 0O
Sol. (i) Here, I = D - - + Odx
I V2 _ 2 g3z a2y
1-x72)+(x7? - 2 0
| R P
: S -
- Bl—x ZZDd —J'El_x—zljdx
D\/;_L x3/ 0 |:|x_1 xa/zE|
0" Jx 0 O0Jx 0
:J'(—& -2x7%'%) dx
3/2 -1/2
:Eli-x —z[jLE+C:—E 3/2 +i+c
O 3/2  -1/20 3 Jx
(ii) Here
- 2 2 0
= J. 64 _ O x . _ 4x (2x+l)[dx
M+2x +x 2 4—4x+x 1-2x [J
0 1-64x° O
0 66x , , 0
_rO X O x _4x (2x+1)Ddx
I|:|4xz+2x+1 4x% —4x +1 (1-2x) 0O
H xz xz
E 1-(4x%)° x® _ax®(ex + 1)U

D Max? +2x +1) (4x? —4x+1) (1-2x) 0O

O (1-4x*)(1 +4x® +16x")  4x’(2x + I)de
I[{4x +2x +1)(4x% —4x +1) (1-2x) O

- - ad
gl 4x?)[M4x?+2x +1)(4x%*—2x +1)  4x (2x+1)E|dx

ID (4x% +2x +1)2x —1)° (1-2x) O

[using, 16x* + 4x® +1 =16x* +8x* +1 —4x*

=(4x? +1)* —(2x)* =(4x* +1 +2x)]
_J.E(l -2x)(1 +2x)(4);2 -2x +1) _ 4x’(2x + 1)Ed
O (1-2x) (1-2x) O

Chap 01 Indefinite Integral 5

E(l+2x)m4x —2x +1) 4x (2x+1)[|d
I (1-2x) (1-2x) O

(2x + 1){4x? —2x +1 —4x?} dx

:-I 1-2x

(2x +1)(1 —2x)
I (1-2x)

—I(Zx +1)dx =x* +x +C

Example 10 Evaluate

i Icos (x —a)cos (x =b)

Sol.

! Isin(x—a)cos(x -b)

1

dx

! dx

. 1
® I_Isin(x—a)cos(x—b) dx
_cos(a—-D) dx
" cos (a - b) qsin (x —a)cos(x —b)
cos {(x = b) —(x —a)}
cos (a -b) qsm (x —a)cos(x —b)
1 Ocos (x — b) [kos (x — a)
cos(a—b)qgsm(x—a)cos(x -b)
+ sin (x — b) [din (x —a)%dx
sin (x = a) cos (x —b)[]

= ﬁf{cot (x —a) +tan (x —b)} dx

=——{log|sin (x — a)| —log| cos(x =b) |} +C
cos (a—D)
_ 1 lOgasm(x—a)a_'_c
cos (a—Db) Ocos (x —b)[]
N 1
W) I _Icos (x —a)cos(x —b) dx
_ sin (a — b)
sin(a - b)Icos(x —a)cos(x —b)
sin {(x = b) —(x —a)} de
sin (a - b)Icos (x —a)cos(x —b)

Usin (x — b) cos (x —a)

sin (a - b)IDcos(x —a)cos (x —b)

_cos(x —b)sin(x —a)Ul

cos (x —a) cos (x = b)[]

! I{tan (x = b) —tan (x —a)} dx

- sin (a — b)
-t
sin (a — b)

1 5 Hcos (x —a)

sm(a -bn g|jcos (x = b)

[-log|cos(x —b)|+log|cos(x —a)|] +C




6

So

Example 11 Evaluate
P —rsm (x +
I LetlI =J’L (x +a)
sin (x + b)

Textbook of Integral Calculus

DII
~JE

sin(t = b +a)

+q)
b) dx.

dx.Put x+b=t 0O dx=dt

sin t
Ckin ¢ cos (a — b) cos t sin (a — b)l:l
sin t sin ¢ D

=cos(a — b)J'ldt +sin (a —b)J'cot (¢) dt

=t cos(a—b)+sin(a —b)log|sint| +C
=(x *+b)cos(a—b) +sin(a —b) log|sin (x +b)| +C

Example 12

Sol.

i) If f(x

—+—andf

—, then find f(x)

d
(i) The gradient of the curve is given by d—i/ =2x - 32.

X

The curve passes through (1, 2) find its equation.

Now, as f(1) = 3 (called as initial value problem

2
f(x):§E%+210g|x|+c

f(1):i +2log |1] +C, butf(1):%

5
"

(i) Given, f'(x)= X+ 2,
2 x
On integrating both sides w.r.t. x,
2
we get "(x)dx = %+—§dx
get [f'(x)dx=[1 +
O
. 5
ie.whenx =1y = " or f(1)=
Putting, x = 1in Eq. (i),
O E = l
4 4
2
0 f(x):7+210g\x|+1
(ii) Given, dy

2
X

3
—~ =2x ——— or dy=
dx Y

-2

On integrating both sides w.r.t. x, we get

Jor=fpe - ot

0

2x2 3

y=—+—+C

2 X

Since, curve passes through (1, 1).
1=1+34+C0OC=-3

0
U

[ =xt 42
X

-3

()

Important Points Related
to Integration

1. Ik f(x)dx = kJ’f(x) dx, where k is constant. i.e. the

integral of the product of a constant and a
function = the constant X integral of the function

2 [Ufi ()% £, () £ % f, (1)) dx

:Jfl(x)dx J_rJ'f2 (x)dx i...ijfn (x) dx.

i.e. the integral of the sum or difference of a finite
number of functions is equal to the sum or difference
of the integrals of the various functions.

. Geometrical interpretation of constant of

integration By adding C means the graph of

function would shift in upward or downward

direction along y-axis as C is +ve or — ve respectively.
2

x
= =— 4+
e.g. y Ix dx 5 C
x2+Cg
\\ x2+Cy
I
& x2+Cy
L
L
0 x,0)
Figure. 1.1
O y:If(x)dx =F(x) +C

O F'(x) = f(x); F'(x1)= f(x1)
Hence, y =J' f(x) dx denotes a family of curves such

that the slope of the tangent at x = x; on every
member is same i.e. F'(x;) = f(x) [when x; lies in
the domain of f(x)]

Hence, anti-derivative of a function is not unique. If
g1(x) and g,(x) are two anti-derivatives of a function
f(x) on[a, b], then they differ only by a constant.

ie. £1(x) ~ g2(x) =C
Anti-derivative of a continuous function is
differentiable.

. If f(x) is continuous, then

If(x)dx =F(x)+C

O F'(x)= f(x)
O always exists and is continuous.
O F'(x)
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5. If integral is discontinuous at x = x, then its anti-derivative at x = x; need not be discontinuous.

- 3. . . - 3 . .
e.g. Ix 1/3dx. Here, x 1/315 discontinuous at x =0. ButJ'x 1de = E x2/3 +C is continuous at x =0.

6. Anti-derivative of a periodic function need not be a periodic function. e.g. f(x) =cos x +1is periodic but

J'(cos x +1) dx =sinx +x +Cis a periodic.

Daily Life Applications

The Derivative The Integral
Function Its derivative function  In symbols Function It’s Anti- In symbols
derivative Function
Distance (s) Velocity (v) v= ds Velocity Distance 5= Iv(t) dt
dt
Velocity (v) Acceleration (a) a= dv Acceleration Velocity y= I a(t) dt
dt
Mass (1) Liner Density (p) p= dp Linear Density Mass o= J’p(x) dx
dx
Population (P) Instantaneous growth dapr Instantaneous Growth Population o= ?Q di
dt I dt
Cost (C) Marginal cost (MC) MC = dc Marginal Cost Cost ZcO
= C(g)=[OG—0d
dq (@) _[D qu q
Revenue (R) Marginal Revenue (MR) MR = dR Marginal Revenue Revenue 7RO
= R(g) = d
dq @=f EZE q
Here, q is quantity of products.
[ [
Exercise for Session 1
= Evaluate the following integration
dx x?+3
1. ([———— 2. (————dx
IF_& .rx6(x2+1)
1+ x)? x*
3. Lrxr 4. o
Ix(1+x2) I1+x2
5 x* +x2 +1 (x2 +sin? x)sec? x
St x?) )
2
7. [—X— dx 8. (2" " X
2
(@ + bx)

9 e3x +eSx

. Ie"+e"" ax

11 1+ cos 4x
’ Icotx—tanx

13. sin4x

I sin x ox

15. J’ sin® x cos® x dx

10_ I(ealogx_'_exloga)dx
12. I tan x tan 2x tan 3x dx

14. I cos® x dx



Session 2
Methods of Integration

Methods of Integration

If the integral is not a derivative of a simple function, then
the corresponding integrals cannot be found directly. In
order to find the integral of complex problems.

sin x cos X dx,I 1 dx
log x

e.g.J’ . dx,J’ .

Some Integrals
which Cannot be Found

Any function continuous on an interval (a, b) has an
anti-derivative in that interval. In other words, there exists
a function F (x) such that F ' (x) = f (x).

However, not every anti-derivative F (x), even when it
exists, is expressible in closed form in terms of elementary
functions such as polynomials, trigonometric, logarithmic,
exponential functions etc. Then, we say that such
anti-derivatives or integrals “cannot be found”.

Some typical examples are
sin x
. d .
O™ e [
(iii) Iloé " dx (iv) Iw/l - k% sin® x dx

(v) I sin x dx

cos X
dx

(vi) Isin (x%) dx
(vii) J'cos (x%) dx

(ix) Ie dx

(viii) Ix tan x dx
(x) Iex2 dx

(xi) Il fis dx (xii) I V1+x% dx

(xiii) I 1+x° dx etc.

Integration by Substitution
(or by change of the independent variable)

If g (x) is a continuously differentiable function, then to
evaluate integrals of the form,

1= [f(g(x).g (x) dx,

we substitute g (x) =t and g' (x) dx = dt
The substitution reduces the integral toJ’ f (t) dt. After

evaluating this integral we substitute back the value of ¢.

Example 13 Prove that

ax+b)™
J’(ax+b)”dx=¥+c,n¢1.
(n+1)a
Sol. Putting, ax +b =t, we get
adx =dt ordx = ldt
a
n+1
0 1= [(ax +b)dx :It"ﬁizlL+c
a a n+l

_ 1(ax +b)" dx e
a(n +1)
Remarks

1. 1 [ () dr = g (x) + Cthen [f (ax + b) ol =g+ +C
a
1

ax + b

2.IfIldX:\og|x|+C,thenJ‘ dle\og\ax+b\+C
X a

Thus, in any fundamental integral formulae given in article
fundamental integration formulae if in place of x we have

(ax + b),then same formula is applicable but we must divide by
coefficient of x or derivative of (ax + b) i.e. a

Here is the list of some of
frequently used formulae

_(ax +p)" !

(i) I(ax+b)" dx = s+ D +Cn#z-1

L1
(11)J'ax+bdx—alog|ax +b|+C

1
(iif) J’e““b dx ==e™*" +C
a

bx +c

1
(iv) IabX+c dx =— +C

b loga

1
(v) Isin (ax +b) dx =——cos (ax +b) +C
a
vi) [cos(ax +b) dx =lsin ax +b) +C
a

(vii) Isecz (ax +b) dx ~Lian (ax +b) +C
a
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2 — 1 - _ — _2
(viii) J'cosec (ax +b)dx = ECOt (ax +b) +C (iii) Here, I J'(7x 2)4/3x +2 dx 7J'§x - ]\/3x +2 dx
: _1 _7 _6
(ix) J'sec (ax +b) tan(ax +b) dx = . sec (ax +b) +C = g‘[ @x ;@,/39( +2dx
1
+b) cot (ax +b) dx =—— +b) +C =7 _ f’@/
(%) J'cosec (ax+Db) cot(ax +b) dx acosec (ax +b) = g‘r@x +2 -2 ; 3x + 2 dx

. 1
(xi) [tan (ax +b) dx = =~ log | cos (ax +b) | +C =T e +onix 2 de =2 o 2 e

= ZJ‘(Z’Ex +2)*% dx —@J’,Bx +2 dx

0
zbe + 2)5/ZD 20 E{3x +2)%20

1
(xii) J'cot (ax +b) dx =—log|sin(ax +b)| +C
a

1
(xiii) J'sec (ax+b)dx =—log | sec (ax +b) +tan (ax +b)|4C
a

+C
(XiV)Icosec(ax+b)dx:llog|cosec(ax+b)—cot(ax+b)|+C 30 S EI 30 3 g
a o3>0 o3 o

Example 14 Evaluate T R PN T I
45 27

8x +13
2 2 2
I,[3X+ .‘[3X+ I[4X+ (1v)Here,I:I(2:—3x )fx:J-z—'—zzx +2x dx
543 x“(1+ x%) x“(1+ x%)
X
(iii) J’7x 2) /3x +2 dx. |vJ’ e . Dz(1+x) x? D
+
x* -[Ebc(l+x) X1+ x%)0
Sol. (i) Here, I = dx 0
I,/3x+4—1/3x+l = E}%Jr [Idx ZIx 2abc+I dx
1+ x° 1+ x?
_ (W3x+4+ 3x +1) d
= X - —_
J.(\/3x +4 —\3x +1)(+/3x +4 +/3x +1) :zg%+tan"1x +C= ——2+tan_1x +C
- x
:J_( [3x+4 +.3x +1)dx
3x +4)—(3x +1 valuate
Example 15 Evaluat
1 1 sin (log x) D35|n><+4cosx O
—3J’ 3x +4 dx + J’ 3x +1dx (')I 8 dx I Hdx
X O4sinx —3cos x [
lEt3x+4)3/2|:| 1[t3x+1)3/2[| +C mtan X
. . 2
35 3/2%x3 35 3/2%3 (iii) iv) [xsin(4x +7)dx
0 3/ O 0o 3/ 0 I1+X ()I ( )
. W . (ax +b)""! .
Using, I(ax+b) dx—W+C Sol. (i) I= J.sm (l;)g x)d
_2 3/2 3/2
_7[(SX+4) *Ex )T HC Weknowthat,i(logx)—l
8 3 8 4 — dx *
x +1 x +1
ii) Here, I = [—— — Thus, let 1 =t
! J e - e Du e ?gdx dt @
—dx = LG
J,2(4x+7) 2(4x+7) 1, *
Vax +7 O 1= [sin(t)dt = = cos (1) +C
e (ogx)+C  [usingEq. ()]
= - = - cos (log x using Eq. (i
dx+7 dx+7 (i) I= 351nx+4cosxdx
:2J'(,/4x+7)dx —J'(4x +7) 2 dx I4smx 3cos x
5 g4x +7)3/ZE_ E{4x +7)1/ZE+C We know,i(4 sin x —3 cos x) =(4 cos x +3sin x)
0 3/2x4 0O [Ol/2x4 dx
Thus, let 4 sin x =3 cos x =t (1)

= %(4x +7)%? —é(4x +7)/% +C O (4 cosx +3sin x)dx =dt
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dt 1
O I:J'leog|t\+c :Z{ZcosxcosSx+2cos3xcos5x}
t
=log|4sinx =3 cos x| +C [usingEq. (i) =1 {(cos 4x + cos 6x) +(cos 2x + cos 8x)}
e™ tan”! x 4
(iii) I = _[7 delet mtan 'x =t 1
1+ x2 [ cosxcos2x cos5x = Z{cost + cosdx + cos6x +cos8x}
m 1 1
O dx =dt O dx = —dt d I= I(cos X cos 2x cos 5x) dx
1+ x? 1+ x° m

1
t 1 ==
O I= J'ef |ji 0 1= Iet dt . I(cos 2x + cos 4x +cos 6x +cos 8x) dx
m m

sin2x sin4x sin6x  sin 8x
= + + + +C

1 t 1 mtan”! x
I=—e +C=—c¢ +C
" - 8 16 24 32
. _ . 2
(iv) I'= [axsin(4x” +7)dx Example 17 Evaluate
1 . .
Let 4x*+7=t O 8xdx=dt 0 xdx= . dt (i) Ism x cos x[dos 2x [dos 4x dx
1
O I= J'Sin (t)%:—gcos (t) +C (”) I1_tanzx dX (|||) I1+COSZX
. 1+tan? x 1+c0s2x
:_§C05(4x2 *7)+C C0S 2X sec 2x —1
(lV) Iﬁ dX \ 17
Remarks Cos” xsin” x sec2x +1
While solving product of trignometric, it is expedient to use the Sol. (i) Here, I = J'sinx cos x[kos 2x cos 4x dx
following trigonometric identities
. 1, .
1. sinmx cos nx = 5 {sin(m =n) x +sin(m +n) x} = lIzsinxlj:osx [dos2x [dos 4x dx
2 [using, sin 2x = 2sin x [dos x]

2. cosmxsiﬂnle{sin(m+n)x—sim(m -n)x} 1
2 :—J'Zsin 2x [¢os 2x [dos 4x [dx
2%X2

3. sin mx sin nx :%{cos(m -n)x —cos(m+n)x}

1. 1 .
4 COS MY COS X :%{cos (m =) x +cos (m +n) x} = ZIsm 4x [dos 4xdx—mI251n4x cos4x dx

=1 sin 8x dx —M+C
Example 16 Evaluate gf 64
i) [cos 4x cos7x dx i) [cos x cos 2x cos5x dx 1 - tan®
()I ( )I (i) Here,lzj'#dx
Sol. When calculating such integrals it is advisable to use the 1+ tan” x ,
. . . . 1-t
trigonometric product formulae 0 = J'cos 9% dx Using, cos 2x = an2 x
(i) J'cos 4x cos 7x dx sin2x 1+ tan” x
1 =
Here, cos 4x cos7x == (cos 3x + cos 11x), 2 )
2 1+
) (iii) Here, I = J’ﬂ dx,
[using cos mx[¢osnx = —{cos(m —n)x +cos(m +n)x] 1+ cos 2x
2 2 2
1+ cos”x 1+ cos xd

1 = dx =
O I:J’cos 4x cos7x d :EJ’(COS 3x + cos 11x) dx J-1+2coszx—1 I 2cos® x
[Using, cos 2x = 2cos’x —1]

1 1
:fJ'cos 3x dx +7Icos 11x dx 1 1
2 2 = ;[(sec2 x +1)dx = E(tan x+x)+C

sin3x sin 11x
= + +

C
2
6 22 (iv) Here, I :J. cos 2x

(ii) J’cos X cos 2x cos 5x dx,

dx

cos? xEin? x

(cos? x —sin® x) dx

1
We have (cos x cos 2x)cos 5x ==(cos x + cos3x)cos 5x, I =J'
2 cos? x Ein® x

. 1
[using cos mx.cosnx = E{cos(m —n)x +cos(m +n)x] [Using, cos 2x = cos® x —sin® x]



1 1
:J' 17 T 5 de
in“x cos’x

:J'(coseCZx —sec’x)dx=—cot x —tan x +C

cos 2x

sech—l
I1+c052x

dx,

(v) Here, I = Isec ox 1

2sin® x

We get, [ = J’ dx

2cos® x
[using, 1 — cos 2x =2sin’ x and 1 + cos 2x =2cos” x]

:J'tanzx [dx
As, tan? x = sec’x — 1

O I:J'(seczx—l)dx =tan x —x +C

Example 18 Evaluate

:I M — oS 8x motlldex

[] 2cot2x

Exercise for Session 2

= Solve the following integration

dx
’ I1+sinx
3. [ (@sin x cos? x —sin® x) dx
5. Sinx SIN X COS X gy, here (sin x + cos x) >0

I J1+sin2x
7 sin® x + cos® x
J’sinzxm:oszx

9. 11/1 —sin 2x dx

dx

11. I%in2%+§§—sinz%{+£%dx
13. J’%ina [$in (x —a)+sin2%—a%dx

cos? x + sin* x
15.

I 41+ cos 4x

dx, here cos 2x >0

Chap 01 Indefinite Integral 11
0
Sol. Here, 1 :IM cos 8x [dot 4x[Jdx
J 2cot 2x O

I :I(cot 4x — cos 8x [dot 4x) dx

0 2410
[using cot 2A = LAlD
0 2cot A 0

= Icot 4x(1 — cos 8x) dx
[using 1 — cos 2A =2sin’A]

= J’cot 4x Bsin®(4x) dx

cos 4x

—J' : @sin® 4x dx
sin 4x

= J’Zsin 4x [dos 4xdx,

using sin 2A =2sin Acos A

:J'sin8xdx :%SSX+C

2 COoS X —sin x

J’ ——[{2 + 2sin 2x) dx
cos x +sin x

4. J’cos X° dx

C0S 2X —Ccos 2a
6. I =22 P [oix
COS X —COos

8. J’ sec? x [Bosec’x dx

.6 6

10. J,S|r.1 2x +cos2 de
sin“ x [@os“ x

12. cos 4x +1 dx

Icotx—tanx

14 sin 2x +sin5x —sin 3x
- cos x + 1-2sin?2x




Session 3
Some Special Integrals

Some Special Integrals

(1)Ix o ;tn E»EH?
. dx ax—aa
(11)-[362_612 2 Dx+aD+C

"B
=log|x +4/x* +a* | +C

=log|x ++/x* —a® | +C

™ J 7/7612 o
. dx
N W

(vii) I\/ﬁ dx :%x m +% a® sin”! %§+C

(wn)IJggizidx
fo;7;7+¢zng+ﬁ77;]+c
Ox)fvfggjgidx
ng;447 L a2 log|x +4/x? =a? | +C

Some Important Substitutions

Expression Substitution
a® + x? x=atan® or acot®
a? - x? x=asin® or acos0

x =asecB or acosecH

x“—a
a—x a+ x
or x=acos20
a+ a—x

5 o (GO B) ¥ =0 cost puin”0

Application of these Formulae

The above standard integrals are very important. Given
below are integrals which are applications of these.

Type |

. dx . dx
W) [~ i) [
ax” +bx +c m
(iii) J’w/axz +bx +c dx
If ax? + bx + ¢ can be factorised, then the integration is

easily done by the method of partial fractions (explained
later). If the denominator cannot be factorised, then
express it as the sum or difference of two squares by the
method of completing the square

ax*+bx +c =aD 2-i£x+£ D=aaj +i|f+ljclj_£%
B e B e B ot

b
make the substitution x + ? =t
a

Example 19 Evaluate

) 1
RR i

un)fggggélgggfdx
W(z —-2X +3
dx

xP-x+1

1

R T

(iv) I 2x?% =3x +1dx

Sol. ()= J‘

completing x* — x +1 into perfect square.
_ dx _ dx
e +1/4-1/4 +1 _I(x—1/2)2 +3/4
_ dx
_-[(x—l/Z)z + (<3 /2)?

1 . —1/2@

= tan +C
V372 Eﬁ/z

_ 2 -1 x-l@

= — tan +C
V3 @ V3

_1 —1%@ O
sin; dx =~ tan +C
l]l g-f 2+(,1 a E

1 1
7(1 == Zidx
2x% +x —1 2 x“+x/2-1/2
1

2-[x2 +x/2+1/16-1/16 —=1/2

(i) I= J'

dx




_1 dx _1 dx
2I(x+1/4)2 -9/16 2J’(x+1/4)2 -(3/4)

11

1y o BXF1/4-3/4F,
2 2(3/4)

Ox+1/4+3/40

g@x a@_I_CD
Ox+ald

BlSIIlg J’

xt-a’ 2a

:110 ELME+C
3 O x+1 3

g IzllogE ax 1 E+C
3 02(x+1)0

(iii) I =

dx _ dx
J’\/x2 ~2x +3 _-[\/xZ —2x +1-1+3
S S
J'\/(36‘1)2 +(2)?
=log|(x = 1) +y/(x =1)* +(2)" |
o dx _ g
glsmgj'ﬁ—loghc +4/x* +a? | +CE
O I=log|(x—1)+4x* —2x +3| +C
(iv) I :J'(\/2x2 -3x +1)dx :\/EJ'(\/xz -3x/2+1/2)dx

:\/EI(\/xZ —3%/2+9/16 =9 /16 +1/2) dx

:\EI(\/(x—3/4)2 -1/16) dx

—f% O+C
1 3/4)+ 3/4)?-1/16U
D ox og[(x =3/4)+4/(x =3/4)* 0

(4x 3)yx? —3x/2+1/2 g
58 e

—lo x —3/4)++x? =3x/2 +1/20
0 g | ( ) 0

O

-1/16 0

L e =3/8)\(x - 3/4)

Example 20 Evaluate

: 1 . 2X
(|)J’ — dx (||)J’ — dx
X X
(iii) J' — dx (iv) PR dx
Sol. (i) Here, I —I dx —
1—-e
Let, 1-e?* =¢?
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O dx = - — tzjt ,

e
tdt

= = O —dt

J'f t2 -1
I= J’ = Qt H+C
“o0 Bor+1n

Dyll—e -10
—flog[I7|]+C
2 Oy1-e* +1p

2x
—_—dx
A1 - x? - xt

Let, x> =t,2xdx =dt

(ii) Here, I :J'

dt

-t -t

dt
0o I= =
I\/l—t—tz I\/Hl_l
4 4
dt dt
I = =
I\/5/4—(t+1/2)2 ‘[\/(\E/Z)Z—(t+l/2)z

- +1/2§+ . DBx* 410
C =sin O+ cC
Q«/E/z 0.5 O

(iii) Here, I :J'

X
a
———dx. Let,a* =t
ll _ aZx

O a"logadx =dt, a* dx = dt

log a

1 dt 1
o I= 4 = K
I\/ﬁ loga loga

sin”'(a¥) +C

x
- 3dx:J'
@ - x

2
V2 dx =dt, xV dx = g dt

in~!(t)+C

log a

xl/Z dx

(a3/2)2 _ (xa/z)z

(iv) Here, I :J'

3
Let, x3% = t,—

gdt
_I (a3/2)2_(t)2

Ot 2, 3/2[]
%@‘Fc—gsln [h:‘}/z%-l—c

Example 21 Evaluate
0 [ o5 X dx. (i) [ sinbe=a)
\/sm X—=2sinx -3 sin(x +a)

25sin2x —cos X
dx.

-r6 —cos’® X —4sin x
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cos x dx

sin? x —2sin x -3

Sol. (i) Let I= J'
Jsi

0 cos xdx =dt

dt dt
0 I= -
I\/tz—Zt—3 I\/t2—2t+1—1—3

I:IL
V(& =1 = (2)°
=log|(t =1) +4/(t =1)° =(2)° | +C

O I:10g|(sinx—1)+\/sin2 x —2sin x =3| +C

Put sin x =t

. _  [sin(x —a)
(i)  Let I —J' pER—— (x+a)
I:J.\/s?n(x—d) >(s?n(x—O() dx
sin(x +0) sin(x —q)
_ sin (x — Q)
o caia

ﬂSln X_Sll’l G

sin x cos O — cos x sin A

IJ’ \/ . dx

sm x—sm a

sin x dx cos x dx

= COSGI —SIHGJ-
\/sm x —sin O( \/sm x —sin O(
sin x dx
=cos I
\/1 - cos? x —sin® a
cos x dx
—sina J'
ysin? x —sin® o
sin x dx cos x dx

= cosO(J'

—smGJ'
Veos?a —cos® x Vsin? x —sin®a

In the first part, put cos x = ¢, so that — sin x dx =dt
and in second part, put sin x = u, so that cos x dx = du

O I——cosGIL—sinGIdiu
\lcosza - t? 1/u2 -sin’ @
_, g |
= —cos O [sin 1ELt—H—sin(x[l]og
os O
lu — \J(u* —=sin® a)| +C
_, [kos

E—H—sina Hog
|sin x — y/sin® x —sin*a | +C

2sin2 x — cos x
dx

= —cos O [din

(iii) T
-]'6—cos2 X —4sin x

(4sin x —1) cos x

= dx
J-6—(1 —sin® x)

—4sin x

dx

_ ~(4sin x — 1) cos x
Isinzx—4sinx+5

Put sin x =t, so that cos x dx = dt

(4t —1)dt

O I= (i)
I(t — 41 +5)
Now, let (4t —1)=A (2t —4) +J
Comparing coefficients of like powers of ¢, we get
2N =4, -4\ +J = -
O A o=p =7 ...(i)
+
Or1= Iz(” DHT 4 [using Eqs. (i) and (ii)]
t? —4t +5
2t — 4 dt
=2 dt +7
It2—4t+5 It2—4t+5
=2log | t*-4t +5|+7_|’L
t°— 4t +4 —4 +5

dt
=21lo t2—4t+5 +7(——mm
8| A ireprepapee

=2log|t® —4t +5| +7 tan” ' (t -2) +C

=2log|sin® x — 4 sin x +5|+7tan '(sinx —2) +C

Type Il
(px +q) dx .. (px +q)
)Iax +bx +c¢ (H)IW

(iii) J’(px +q)ax® +bx +c dx

The linear factor (px + q) is expressed in terms of the
derivative of the quadratic factor ax? + bx + ¢ together

with a constant as px +¢q =zl (ax? +bx +c) +l
x

O px +q =\ (2ax +b) +

Here, we have to find A and  and replace (px + q) by
A (2ax +b) +p} in (i), (ii) and (iii).

Example 22 Evaluate

G2 —Xz

. a—x .
(|)I T x dx (ii) Ix mdx

Sol. (i) Let 1= “;x
a X

dx

= I a+x a—x -[\/7
I= IJ 'Iinxz”
=aBin"! %@+J’@

Put a> - x*=t?F+ 2xde 2tdt0 xdx=—tdt

a—x



=aBin~! %§+t +C
=g Ein~! %§+ \/az -x* +C

2 _ 2
a® - x

ii) Let I= ——d

(ii) Le Ix e x

Put x =t 0 2xdx=dt

2 2 2
-t dt 1 —t —t
O 1= @ et Lola Zteg ot
ad+t 2 2 a*+t at -t
1 -t
—7J’a dt
2 a4—t2
2 dt 1 tdt

[where t = x? and u = a* — x*]

_1 5 -—1|:|3CZD 1 4 4
—Ea [sin Ha—zg+§ a —-x" +C
k(x)

Integrals of the Form i dx,

ax’+ bx +c

where k(x) is a Polynomial of Degree
Greater than 2

To evaluate this type of integrals we divide the numerator
by denominator and express the integral as

Q(X) +2R¢

,where R (x) is a linear function of x.
ax” +bx +c

Example 23 Evaluate

(i) J’x T+x —x? dx (ii) J’(x+1) 1-x =x? dx

Sol. (i) Let I:J'x1/1+x—x2 dx
Put x=A El)i(l+x—x2)g+u
Odx 0
Then, comparing the coefficients of like powers of x,
we get
1==2\ and A +4 =0 0N =-1/p =1/2

O I=(x+1+x—-x%dx
JxA
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QD

%(1 —2x) +%Ew/1 +x —x® dx
O

=/

U
= —%J'(l —2x)V1 +x —x%dx +%I\/1 +x —x%dx
=1 Lo loe? o +1 -1 -
= zfﬁdt+2_[\/ (x x b 1) dx

[wheret =1+ x — x?%]

Y T R

2[®B/20 2 0oz 0

=121

3
x-1/2) |5 050 -
B e

=—l(l+x 2y
3

+%m87x_21/2)\/1+x—x2 +§sin_1 %Li/gl%+c
(ii) Let I:I(x +1)4/1 —x —x% dx
Put, (x +1) =\ %d(l—x—x2)§+p
x

Then, (x +1)=A (-1 —2x) +U comparing the
coefficients of like powers of x, we get —2A =1and

H=A=1[A =-1/2 and4 =1/2

1 1
U (x+1)=-—(-1-2x) +—
(er1)==2( )+

So, I(x+1)mdx =J’§—é(—1 ~2x) +%§
Ji-x - % dx
:—%J'(—l—Zx)mdx +%J’mdx
=—é-l'(—1—2x)mdx
1 0 1 1
L
1

== Ve +%J'\/(\@/z)2 ~(x +1/2) dx

[wheret =1 + x — x?]

1 1
:—5(1 -x —x%)¥? +g(2x +1) 41 —x —x?
+
+isin_1 %Lx 1§+C
16 NG
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24 x+3

X
Example 24 Evaluate [
X" =x-=2
2
Sol. Let I:J'xz-'-imdx
x°=—x -2
0 0
0 I=I[1+ﬂ|]dx
O x%>-x-20
2x +5
O I=(1dx +[——————dx
I J—xz—x—Z
2x +5

I=x+[——dx
J’xz—x—Z

Put, 2x +5=A E{i (x? - x —Z)E + M. Then, obtaining
Odx 0

2x +5=A (2x —1) +l, comparing the coefficients of like
terms. We get,2=2\ and 5= —A

a A =1 andy =6
a I:x+‘[7)\(22x_1)+u dx
x°—x -2
2x —1 1
=x+[——dx+6[———dx
-[xz—x—Z -[xz—x—z
1 1
=x+[-dt +6
It IxZ—x+l—l—2
4 4
[wheret = x? — x —2]
dx
=x +log|t]|+6 dx
glt| -[(x—l/Z)Z—(3/2)Z
Dx_l_ED
:x+log|x2—x—2|+6E!1 logD 2 20, ¢
23/2) "O__1_.30
X——+-
0 2 20

x +log|x* —x —2| +2 [Ibggx_2§+C
Ox+10

Integrals of the Type
ax® +bx +c

1. [——dx

(ax? +bx +c)

Z.I—dx
w/pxz tagx +r
3. I(axz +bx +c)px® +qx +r dx

In above cases; substitute

d
ax®+bx +c =\ (px®+gx +r) H EV(IJXZ +qx +r)§+v.
x

Find A, and y. These integrations reduces to integration
of three independent functions.

Put2x?+5x +4 = A (x*+x +1) +J Ei(x2 +x +1)E+y
Cdx 0

or 2x% +5x +4 = A (x? +x +1) HU 2x +1) +y

Comparing the coefficients of like terms, we get
2=A, 5= +2U, 4=\ HL Hy

O A =20 =3/2, y=1/2

Hence, the above integral reduces to

2x% +5x +4

RN

_ Ddx2+x+l)+§ @c+1) 1. 1 Ddx
J’Q Jxitx+1 2 JxPex+1 2 \/x2+x+1§

_ 3,.dt 1 dx
_ZJ'JxZ +x +1dx +5If +5J'7x2 o
[where t = x? + x +1]

:ZJ'\/(x +1/2) +(\B/2) dx +> 4

2 1/2

+1J. dx
2J Jix +1/22 +(V3/2)

2D§<+1§,/x2+x+1 +1E§F[lbg|§(+1§+1/xz+x +1|D

B 2 2 4 2 H

+3./x% +x +1 +%log\ @x +%§+\/x2 +x +1|+C
01 =§x+%§\/x2+x +1 +%log % +%§+w/x2+x +1E
|

+34x% +x +1 +%log % +%§+\/x2 +x +1E+C
O

a I:Qx +%§,/x2+x +1 +§log%r +é@+1/x2+x +IE+C
a

Trigonometric Integrals
(a) Integrals of the Form

1 1 1
I 2 .2 x,I s 2 dx,I 2
acos“x+bsin” x a+bsin® x a+bcos“x
1 1
2

[ s ) e
(asin x +bcos x) a+bsin® x +tccos” x

dx,

dx




To evaluate this type of integrals, divide numerator and
denominator both by cos’ x, replace sec? x,if any, in

denominator by (1 + tan® x) and put tan x =t. So that

sec® x dx = dt.

Example 26 Evaluate
1 sin x

dx (i)
J’45in2><+9cosz>< I
dx

. 2 2
4sin” x +9 cos” x

sin3x

Sol () 1=

e . . 2
Here, dividing numerator and denominator by cos” x.
We get

sec” x

I= Iidx
4 tan” x +9

Put tan x =t

O sec? xdx =dt

1 dt
O I:I 2 =)z 2
4t +9 4t +(3/2)
lDI t §+C
4 3/2 /2
Izltan_lgzmnx§+c
6 3
sin x sin x
(i) Let I =[— dx=[———dx
J-sm3x ISsinx—4sin3x
dx

/I=f——M
I 3-4sin® x
Dividing numerator and denominator by cos” x, we get

sec? x dx

= sec’ x dx
ISsec x — 4 tan® x I3(l+tan x)— 4 tan® x

= sec? x dx
I 3-tan’® x

Let tanx=¢ O sec? xdx =dt

_ H\@+ta
I(ﬂ e “25! o B-otg

1 H\/g+taan +C

=——log

2\@ D\E—tanxg

O

(b) Integrals of the Form
1 1
’J’a+bsin x
1 1
Ia+bcos xdx’-[asin x+bcos x +c

I - dx,
asin x + bcos x

dx
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To evaluate this type of integrals we put
2tan x /2 1-tan® x /2

1+tan® x /2 1+tan® x /2
tan x /2 =t, by performing these steps the integral reduces

to the formJ'

sin x = and cos x = and replace

————— dt which can be evaluated by
at® +bt +c

methods discussed earlier.

Example 27 Evaluate
dx N dx
) Iz+sinx +C0S X (i) Iﬁsinx+cosx

2tan x/2

2

Sol. For this type we use, sin x = —————,
1+ tan” x/2

1-tan® x/2
cosx—iﬂ
1+tan? x/2
(i) Let = dx
I2+sinx+cosx
dx
1—tan? x/2
+
1+ tan® x/2

9+ 2tan x /2
1+ tan? x/2

x
sec? = dx
2

2

X X 9 X
2+ 2tan E+2tanz+1—tan —

2 X
sec” — dx

I= 2

X x
tan® = +2tan = +3
2 2

x
Put tan — =1t
2
1 2dt dt
a fseczidx=dt=J' 5 =2J' 5
2 2 t®+2t +3 t°+2t +1+2

dt
=2/l
I(t +1)° +(+2)°
1 -1 t+l§
=2[—= tan — O+ C
5t
I =42 tan _lgtanx/2+1 +C
dx
i) Let [ =[——"———
(t) Le I\/gsinx+cosx
_ dx
32tan x/2 1-—tan® x/2
II@ . 2

1+tan? x/2 1+ tan® x/2

2 X
sec” — dx
2

243 tan X +1 - tan? X
2 2
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1
Puttanfzt O fseczidx:dt
2 2 2

2dt dt
0o 1= =2
J——t2+2\/§t+1 I—t2+2J§t—3+3+1
_ dt _ dt
-[4—(1‘—\@)2 I(2)2—(t—\/§)2
:2E1H10g§2+t_\/§g+c

2(2) O2-t+3[0

. Izlloggz—\/g+tanx/za+c
2 O2++3-tanx/20

(c) Alternative Method to Evaluate
the Integrals of the Form

1

J' - dx
asin x + bcos x

To evaluate this type of integrals we substitute
a=rcosBO,b=rsinBand so

-, g0
=a®* +b*, B=tan™' [J—
r a s an Eag
a asin x +bcos x =rsin(x +0)
1 1 1
SO, I— x=f‘[.7 X
asin x +bcos x rJ sin(x +0)
1 1 0
=;J’cosec (x +0) dx =; logEtan % +2%+C
1 1
0 dx =

1. _4b
logatan ébﬁ +—tan ' %+ C
0 2 2 a

J’asinx+bcosx

1
Example 28 Evaluate Iﬁ— dx.
sin x +cos X

Sol. Let/3=rsin® and 1=r cos 6.

Then, r = +/(~3)? +(1)*> =2 and tan © 2? 0 o=

1
/=
I\@sinx+cosx
1

IrsinGsinx+rcochosx

1 dx 1
=-f— == -0)d
rIcos(x—O) rJ'seC(x ) dx

:llogatan§E+£—9%+C
roog 4 2 2

wlH

O dx

dx

:llogatan % + X —I"%+c
2 0 2 6
:llogatan % +E%+C
2 O 12

(d) Integrals of the Form

pcosx +qsin x +r pcosx +qsin x

dx

[ T g, | .
acosx +bsin x +c¢ acosx +bsin x
Rule for (i) In this integral express numerator as,

A (denominator) + U (diffn. of denominator) +y.

Find A, and y by comparing coefficients of sin x,cos x
and constant term and split the integral into sum of three
integrals.

)\J'dx +uj'

Rule for (ii) Express numerator as A (denominator) + [t
(differentiation of denominator) and find A and [ as above.

d.c.of (denominator) dx
dx+y [—
asin x+ b cos x+c

denominator

(2+ 3cos x)
sinx+2cos x+3

dx.

Example 29 Evaluate |

Sol. Write the numerator = A (denominator) + [ (d.c. of
denominator) + Yy
0 2+3cosx=A(sinx +2cosx +3) Hl(cosx —2sin x) +y

Comparing the coefficients of sin x, cos x and constant
terms, we get

0=A =24, 3=2\ +U, 2 =3\ +y
=6/31 =3/5 =-8/5
6 3 cos x —2sin x
Hence, I :7-[1 dx +7J' dx
5 5Jsin x +2cos x +3

O A

_8 dx
SIsinx+ZCosx+3
6 3 8
=—[k +-log|sin x +2cos x +3| —— I3 ..(3)
5 5 5
d
Where,13:J'4 d
sin x +2cos x +3

_I dx
_ 2
2tan x /2 +2(1 tan x/2)+3
1+tan® x/2 1+tan® x/2

2 X
sec” — dx
2

2tan > +2-2tan® X +3 +3tan® =
2 2 2

X
sec? = dx .
= 2 , lettan — =1t
X X
tan® = +2tan = +5
2 2




2dt dt
2 ZZI 2 52
t? +2t +5 (t+1) +2

=2 Ii fan~ g—@— tan~

From Egs. (i) and (ii),

O lseczfdx:dt:'['
2 2

L
%D ...(ii)

H

6 3 DEran£+1
I="x+> 1 + +3] - -0 2 +
x og|sinx +2cosx +3| ——tan” _[F—>— C
5 5 5 Ho 2
ot By
Example 30 The value of I{1+ tan x (an (x + A)} dx
is equal to
(a) cot Allbg H E+C

Dsec(x+A)
(b) tan Allbg|sec (x +A)| +C
Hsec (x +A) x+AE
80 seck) O

(d) None of the above

(c) cot Allbg

Sol. Let I :J'{l + tan x [fan (x + A)}dx

sin x[din (x + A) E
I[I cos x[dos(x + A)

cos x[¢os (x + A) +sin x [sin (x + A)

—J’ dx
cos x[tos(x + A)

_ cos (x + A — x)dx
Icos x [dos (x + A)

cos A dx
qcos x [dos (x + A)

Multiplying and dividing by sin A, we get
— cot A EJ. sin A dx
cos x[tos (x + A)

cot A sin(x + A —x)dx
E-l—cos x [dos (x + A)

Chap 01 Indefinite Integral 19

I:ls1n(x+A) [dos x

— cot A cos (x + A)€in x[
q[]cosxcos(x+A)

cos x [tos (x +A)[]
=cot A [{]J'tan (x + A)dx —J'tan xdx}

= cot A (log |sec(x + A)| —log|sec x|} +

Hence, (c) is the correct answer.

\Jcos 2x
Example 31 The value of Ii

a) log | cot x +Jcot? x —=1| +~/2 log| cos x

+yJcos? x =1/2] +C

—log|cot x ++/cot? x =1| ++/2 log| cos x

+4Jcos? x =1/2| +C
c) log|cot x +4/cot? x —=1| +2log| cos x

+4Jcos? x =1/2| +C
(d) —log|cot x +\/m| +2log | cos x

+4Jcos? x =1/2| +C

Sol. Let I :Im

cos 2x
- dx
sin x

dx = [———F——
Isin X 4/COS 2X
1-2sin? x

_Ism X 4/COS 2X
_J. dx — ZJ. sin x
sin x \lcos x —sin? x \2 cos? x -1

COSEC X

dx, is equal to

dx

dx

sin x

\f'l'qlcos x—1/2

J-\/cot x—l
=- -2 _—ds
J'\/tz -1 I,/s2 - (1/+2)
[where t = cot x and s = cos x]

—log|t +4/t? =1] +~2log|s +4s* —1/2]| +C
= —log | cot x +4/cot® x —1|+\/§ log | cos x
+4Jcos’ x —1/2|+C

Hence, (b) is the correct answer.
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Exercise for Session 3

= Evaluate the following integrals

1.

3.

11.

13.

15.

17.

19.

21.

23.

24.

X dx 2 x? dx
I9—16x ’ Ig+16x6
x2 dx X
-t 4. d
[Gex®-25 i &
X
-[ a® + x® ox 6. -r4e"‘ -9e* ox
2% 8x - 11
— £ dx 8.

J'/4)‘ -25 Iw/5+2x -x?
X +2 X -3
AT 10. — 2>
x2+2x+2dx IS 2x —x2 2 O
3x -1 Nx dx

_ 12.
I4x —4x+17dx J‘J2x+
[ 2% ax 14. | 1=x 4
X -b 1+ x
x? +2x+3 16 ax
I/X +x+1 ’ I1+sinx+cosx
dx 18. cos? x sin x dx

J—sinx+ﬁcosx Isinx—cosx

e~ cos x —cos® x
—— _dx 20. =2 7 dx
| 5 _ 46 —g2~ -r\ (1-cos® x)

3sin x +2cosxdx 22.

Evaluatej’ EvaluteJ’(Zx -4)/4 +3x - x2dx.
3cos x +2sin x

(2x2 + 5x +9)dx

J'(x+1)1/x2+x +1
ax

The value ofI ——— isequal to
SEec X + COSec X

(a) E(sinx+cosx)+—l gHtanx/2—1—fED

0 2 Ptanxi2-1+ 200
()2[(S|nx+cosx)+7| HMHD
O J2 |:|tanx/2-1+\r[ID
(c) = [(SInX—cosx HMHD
0 O tanx — 1+ /2 oo

(d) None of these



Session 4
Integration by Parts

Integration by Parts

Theorem If u and v are two functions of x, then
_ Hu O
J'uvdx—uj’vdx IEdeIvdedx

i.e. The integral of product of two functions = (first
function) X (integral of second function) — integral of

(differential of first function X integral of second function).

Proof For any two functions f(x) and g(x), we have

0 00} = 1) B g0} + ) B { £
x dx dx
0 JH00 B g0+ B {00 =] £ x) de
0 [ Ereon tatorax + [ B (0 B2 17 (o
=[ £() L) d
0 [H0 B (o) e

_ O, d 0

= [ £/ G ) dx = [ B () B0

Let f(x)=u and i{g(x)}:v
dx

So that, g (x) =Iv dx

a Iuvdx =u [J'vdx —J’@Zu quxgﬂlix
x

Remarks

While applying the above rule, care has to be taken in the
selection of first function (v) and selection of second function (v).
Normally we use the following methods :
1. If in the product of the two functions, one of the functions is
not directly integrable (e.g.
log| x|, sin"" x,cos™" x, tan™" x, ..., etc.) Then, we take it as the
first function and the remaining function is taken as the
second function. i.e. In the integration O'fj')( tan™ x dx,

1

tan™" x is taken as the first function and x as the second
function.

2. If there is no other function, then unity is taken as the second
function. e.g. In the integration of J"[an'1 x dx, tan™ ! x is taken
as first function and 1 as the second function.

3. If both of the function are directly integrable, then the first
function is chosen in such a way that the derivative of the
function thus obtained under integral sign is easily integrable.

Usually we use the following preference order for
selecting the first function. (Inverse, Logarithmic,
Algebraic, Trigonometric, Exponent).

In above stated order, the function on the left is always
chosen as the first function. This rule is called as ILATE.

Example 32 Evaluate

(i) ‘[sin_1 X dx (ii) I log, | x| dx
Sol. (i) I=(sin'xdx=(sin"" x O dx
I I 1 11

Here, we know by definition of integration by parts that
order of preference is taken according to ILATE. So,
‘sin”" x” should be taken as first and ‘1’ as the second

function to apply by parts.
Applying integration by parts, we get

1 1
- [———[kd
x [x) Im x

=xGBin ' x +1 J'ﬂ
2 )z

I =sin"

Let 1-x%=¢
1
—2xdx =dt O xdx:—gdt
1/2

_ 1
= x sin 1x+fljk—+C

2 1/2
I=xsin"'x +41-x% +C
O Isin_lxdx:xsin_1x+\/1 -x2 +C

(i) T :J'loge | x| dx :J'loge | x| 0O dx
I II

Applying integration by parts, we get
:1og|x|5c—_[iacdx
x
=xlog| x| —J’ldx
I=xlog|x|-x+C

Example 33 Evaluate
(i) Ix cos X dx (ii) Ixz cos x dx

Sol. (i) J'x cos xdx, I= Ix cos x dx
I 1
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Applying integration by parts,

- _ 0Od O
I=x (J’cos x dx) I%(X)E {I(cos x) dx} dx
I=xsin x — Il [in x dx = x sin x + cos x +C

(i) I= J'x2 cos x dx
I I
Applying integration by parts,

Od , .0
I= z dx) — d.
x (J'cosx x) I%;(x )EE{ICOS x}dx
= x%sin x —J'Zx [(sin x) dx
= x? sinx—ZJ'x(sin x) dx

We again have to integrate J’x sin x dx using integration

by parts,

=x’Binx -2 J'x Ein x dx
I II

=x%sinx -2 Elpc (Isin x dx ) —I%@(J’sm x dx) dx%
O X O
=x%sinx —2{—x cos x — J'l [0-cos x) dx}

I=x%sin x +2x cos x —2sin x +C

sin”' Jx —cos 7" /x

Example 34 Evaluate dx.
P Isin” X +cos ' A/x
-1 el
Sol. Let I:J’Sln_ x o8 Vx4
sin”! \/; +cos ! \/;

sin”! \/;—(T[/Z —sin”! \/;) dx
/2

[-sin™' @+ cos™' B =T11/2]
o 1=2% [sin™ Jx —1t/2) dx
Tt
_4 _
= J’sm Vx dx Ildx
I:i J'sin_lx/;dx—x +C ..(3)
T
Let x =sin? 6, then dx = 2sin 0 cos 6 d0 =sin 20d0

O [sin” Vx dx = [ [5in 20d0

I I
Applying integration by parts
J‘sin_1 Vxdx =-8 Ef%ze + J'% cos 20d6

:_—ellosze+lsin29
2 4

= _IZEG)EI—Zsin2 G)+%|Ein9 1/1 —sin® 0

LR LT

From Eqgs. (i) and (ii), we get

=2 Ej_z—l(sin_lx/;)(l—ZX)+%\/;Jl —x%—x+C
[ U

(Wx —x? —(1 —2x)sin' /x} —x +C

=R

Integral of Formjex{f(x) +f'(x)}dx
Theorem Prove that
Jer f G+ f () dx=e” f(x)+C
Proof We have,J'ex {f(x)+f"(x)}dx
= J'eH Q‘(Ix)dx +Ie OF ' (x) dx
= f(x) " —J'f'(x) (&7 dx +J'ex[f'(x) dx +C
= f(x) B +C
Thus, to evaluate the integrals of the type
[e (F G+ f () d,

we first express the integral as the sum of two integrals
J’ex f(x)dx andJ'exf' (x) dx and then integrate the

integral involving e* f (x) as integral by parts taking e

as second function.

Remark
The above theorem is also true, if we have € in place of &'
ie. J’ekx (F (k) + (k) dx = €% f (k) + C

General Concept
[e5@) {f(x)g' (x)+ ' (x)} dx

Proof I:Ieg(x) f(x) g'(x)dx + I e&) f'(x)dx
I I

I asitis

Using,J’eg(x) 3" (x) dx = e8™)  we get

= fl) ¥ = [ f1x) (25 Pdlx + [T (x) dx

= f(x) @) +C

%xzcoszx —(x zinx +cos x) de
O x O

e.g.

inx +
:Ie(x sin x + cos x)

x sin x +cos x []

0 J‘e(xsinx+cosx) %ZOSZ x — xz de



xD [tosx 0]

0 J‘e(xsinx+cosx) @(COSXB* Eigad
0 e(xsinx+cosx) ﬁosx +C
X

e.g. :Ietanx (sin x —sec x) dx

—_ t . t
—J'e MY sin x dx —J'e MY sec x dx

t: t 2 ¥
O- e"'1Jcosx Ie X sec’x cos xdx J'e MX sec xdx

O- €™ cosx

Example 35 Evaluate
0 e* L +smxcosx%dx

1 +sin2x O
. 5 . +——[dx
cos” X

(i) J'e 0 +cos2x [

Dl+s1nxcosx d

Sol. () 1=[e" 7%(1;(
cos’® x
. sin x cos x0
J' dx
Dcos x cos’ x ]

I= Ie {tan x +sec? x} dx

I=(e* Oan x dx + [e* (sec® x) dx
Je tn i+
I =tan x [@* —Jsec2 x @~ dx +Iex Sec’ x dx +C

I=e*tanx +C

o
(i) I :J.er (1 + sin Zxde
[ + cos 2x[]
I 5 Ul +25sin x cos x%dx
2 cos® x O
1 2sin x cos xU
+ Odx

_IeZX - >
[Rcos” x 2cos” x [

:J—er %sec2 x + tan x%dx
(2 O

= Iezx (an x dx +lIer Sec? x dx
I 2

2x 2x
=tan x f— —Isecz x f—dx +1J'ezx [Sec® x dx
2 2 2

1
IZEezx (fan x +C

x O

t1-
Example 36 Evaluate G BI—D dx.
+x°0

O1-x0O 1-2x + x°
Sol. 1= fer BL2X0 = for (2020
0+ x*0 (1+x%)
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- Dl+x 2x D
I [(1+x) (1+x)|]

1 2
=[e el
o+ x* (1+x)D +x* (1+x)D
= € +C
1+x
0 1=—% _+¢

Integrals of the Form
I e sin bx dx, I e® cos bx dx

Let I =Ieax (sin bx) dx

Then, I= J'sin bx % dx

I 1I

=sin bx ﬁ[l Ib cos bx g;dx

O a ]
=lsin bx (&% b [¢os bx —I(—b sin bx) g dx
a a 0 a 0
1. ax b ax bz . ax
=—sin bx 6" ——cos bx @ —— Ism bx 8" dx
a a’ a’

1 b b?
I =—sin bx 8™ ——cos bx % ——1I
a a’ a’
bZ ax
O I+7I:
a

[a sin bx — b cos bx)

a
+b2 ax
O ILD—e2 (a sin bx —b cos bx)

0 & 0O a

ax

or I= 2(asinbx—bcosbx)+C

a® +b

ax
sin bx dx =

Thus, J'eax (asin bx —b cos bx) +C

a’ +b*

ax

Similarly,J'e”x cos bx dx = 5 (acosbx +bsinbx) +C

a’ +b

Aliter Use Euler’s equation
Let P =J'eax cos bx dx and Q =J’eax sin bx dx

Hence, P +iQ :Ieax Eibx dx :J—e(a +ib) x dx

P+1Q—7 elatib) x :7a_ib

e™ (cos bx +isin bx)
2, g2
a+ib a‘ +b
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_ (ae™cos bx + be™sin bx) —i(ae sin bx—be™ cos bx)

a® +b*
0 p=° (a cos bx + b sin bx)
a’ +b*
e™ (asin bx — b cos bx)
Q:

a’ +b*

Example 37 Evaluate
(i) Iex cos? x dx
(ii) Isin (log x) dx

Sol. (i) I :J'ex [dos® x dx :Iex

+ cos 2x[]
%175 dx
U

2 O
I—1 exdx+1 cos 2x [@% dx
2] 2

1 1
I=-e" +-1 L
) , I )

where, I} = J'cos 2x % dx

I =Icos 2x (¥ dx = cos 2x [F

—I—Z sin 2x [@* dx
1 II

=e* [dos 2x + 2Isin 2x 8% dx
II

=e” [dos 2x + 2 {sin 2x [d” —J’Z cos 2x [d* dx}
=e¢* [dos 2x +2sin2x[d* —4

1 ..
O I,==1e" cos2x +2sin 2x e*} .. (id)

From Egs. (i) and (ii), we get

1 1
I== x+fE}r{exc052x+Zsin2xBx}
2 25
l

1
I=>e¢* +—e*{cos2x +2sin2x} +C
10

2
(i) I :Isin (log x) dx

Let log x =t

U x=¢ or de=e'dt

0 I:J'(sin t)2' dt =sint[@ - [cost [& dt
I 1I I I

I =sint[8" —{cost[d —I—sint (@' dt}
I=e¢'[Hint —e' [dost —1I

1
O Izget(sint—cost)+C

I= g {sin (log x) — cos (log x)} +

x*dx
Example 38 Evaluate I( , % O
X Sin X +Cos X

2
X

Sol. Let I = J'— dx
(x sin x + cos x)?

Multiplying and dividing it by (x cos x), we get

I= J'(xsecx)Elwd
x sin x + cos x
( )’
II
I—xsecx[ILosxdx
(x sin x + cos x)*
X COS X 0
—J'[h(x sec x)[||] —————————dx[Jx
(xsin x + cos x)° [
_ -1
= x sec x

(x sin x + cos x)
-1
—J'(x sec x [(fan x +sec x) ————dx
(x sin x + cos x)

- xsecx (x sin x + cos x)

dx

(xsin x + cos x) Icos2 x [{x sin x + cos x)
- xsec x
:.—+Isec2 xdx
(x sin x + cos x)

- xsec x
I=—— ="~  +tanx+C
(x sin x + cos x)

Example 39 The value of

3-x . 401 - .
J’ Tty [in @\EJB x@dx, is equal to
) l%—z Hos™! %%:2 9 - x? [dos ™" %@ 2x%+c
4 g af B
b) ;%—3 ﬁcos* %@2 +2,9-x? sin™ %@+ 2x%+c
|j—3 Hln %@Z +24/9 —x? sin” %§+2XD+C

(d) None of the above

Sol. Here, I :J' 2; X Qin™! QJ% J3 - x@dx
\ x

Put x =3 cos 20
dx = —65sin 20 dO

- I\/m @%m@-mzmde
3+3cos 20 6

sin B

—J' Bin ™" (sin 8) [{- 6 sin 26) 4O
cos 0

:—6J'e [{2 sin® e)de:—éj'eu - cos 26) d6



=-6 E‘ﬁ J'Ocoszedaj

02
2
:_6% %smze Fan Ede
DZ
e +6E9sm29 +c0529E+C
0 4 0O

:i %3@:05_1%E+ 2 \/ﬁ &05_1%@+2x§+C

Hence, (a) is the correct answer.

sec x (2+sec x)

Example 40 The value ofI dx. is
(1+2sec x)?
equal to
L ® by X Lc¢
2+ cos x 2+ cos x
Lr.]x"'c d LS.X_FC
2 +sin x 2 +sin x
SoI.LetI:IS“x(ZJ“S“Zx) J—ZCosx+1 i
(1+2sec x) (cos x +2)°
:J.cosx(cosx+2):-sin x
(2 + cos x)
_J' cos x +I sin? x i
2+ cos x (2 + cos x)*
= cost J-Slnixdx
(2 + cos x)°

I (2 + cos x)
I

Applying integration by parts to first by taking cos x as

2
sin® x
second function, keeping Iﬁ dx as it is.
2+ cos x

sin x

O I=——— [{sin x) — J’smxlﬂidx
2+ cos x (2 + cos x)*
+J,( sin? x) dx
: 2+ cos x
0O o simx
2+ cos x

Hence, (a) is the correct answer.

Example 41 The value of J'Iog (1= x +/T+x)dx, is

equal to

a) xlog (1= x +1+Xx) +%x ——;sin_1 (x) +C
b) xlog (/1= x +/1+x) +%x +%sin_1 (x) +C
o) xlog (1= x +1+x)

(d) None of the above

LV pse (x) +C
2 2
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Sol. Here, we have only one function. This can be solved
easily by applying integration by parts taking unity as
second function.

If we take u = log (\/1 — x +4/1 +x) as the first function

and v =1 as the second function.
Then,

I:J'l Oog (/1 = x +4/1 +x)dx
=flog (JT-x + 1 +x)} & _Iﬁ

g 1 1
O + dx
Ozyi—-x 2y1+x0
=xlog (41 —x +41 +x)
J_,/l—x ,/l+x 1 Tk dx
LN TN ET: \/l—x
=xlog(y1—x +1+x)
(1=x)+(1+x) =241 - 1 Ox dx

2‘[ \/l—xz
1 yJ1-x% -1
= xlog (/1 —x +4/1 el [
x log ( x +4/1 +x) 2J’ ﬁ x
=x log({J1 —x +1/1+x)— J'ldx+ I —

1-x?

=xlog ({1 —x +41+x) —Ex +Esin_1 x +C

Hence, (c) is the correct answer.

(1-x)-(1+x)

O x"+2
Example 42 The value of Je* %ﬁ %dx is
+ X

equal to
eX (x+1) (b)ex (1= x +x2)
(1+x2)3/2 (1+X2)3/2
1+
((2)3);)2 (d) None of these
1+ x
x o X4 +2 O
Sol. Let I = (e Dﬁmdx
1+ x7%) 20
oo, 1-2x* O
'[ E(l + 2 1+ %220
e D ! - X x 1-2x% O
.I [(1+x )1/2 (1+x )3/2 (1+x )3/2 (1+x )5/2
¢ xe” _etfkat Hay

3/2

= +
(1+x2)1/2 (1+x2)3/2 (1+x2)

Hence, (d) is the correct answer.
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Example 43 If I(sin 39+sin8)e*"® cos 6d0

=(Asin® 0+Bcos? O+CsinO+DcosO +E)e*"® +F,
then
(@QA=-4,B=12 (b)A=-4,B=-12
() A=4,B=12 (d)A=4B=—-12
Sol. Let I :I(sin 30 +sin 6) e ® [dos BdO
:J'(3 sin © — 4 sin> 0) 2*" ® [dos 0d8
Putsin®=¢t 0 cos0d& dt
:J'(3t -4ty e dt ()
As, I=(Asin® 0+ Bcos’0+Csin® +Dcos 0 +E)e*™® +F
=(Asin’0 - Bsin?0 +Csin® +Dcos 0 +B +E)e""® +F
When, sin 0 =t
I=(At*>—Bt* +Ct +B +E)e' +F
as by Eq. (i) D =0...(ii)
From Eqgs. (i) and (ii),

I(3t —4r*ye' dt =(At® —Bt? +Ct +B +E)e' +F,

. - . f (@)
differentiating both sides
(3t — 4t®) ' =(A* = Bt*+Ct +B +E)e' +3At*
a A=-4 and 3A=B 0 B- 12

Hence, (b) is the correct answer.

—2Bt +C)e’

Example 44 The value of

ED%X cos>x — xsin x +cos xJ
2

J-e(x sin x+cos x) !]:IX’ is equa| to
]

| x? cos? x
(a)e(xsinx+cosx)£<+ 1 E"‘C

[0 xcosxU
(b) eXsinx+cos x) E@x Cos X+ §+C
X

X sin x + cos x) _ 1 g

0+cC
0 xcos xUd

(d) None of the above

() el

4 cos® x — xsin x + O
)I]%( COoSs X X s X cosx%dx

Sol. Let I :J-e(x sin x + cos x :
O X COs X

:I(x @(XSiHX+COSX)DCCOS x)dx _J-e(xsinx+cosx)

L sin x — cos x0
Odx
O (xcosx)® O

Applying integration by parts

:{xB(xsinx+cosx)_J'e(xsinx+cosx) dx}

_E?(xsinx+cosx)|3 1

_J—e(x sin x + cos x) dx%
O X COS X 0

:e(xsinx+cosx)|] _ 1 D+C
B( XCOSXE

Hence, (c) is the correct answer.

2X+2 H

Q,/th +8Xx +13@

[IIT JEE 2001]

Example 45 EvaluateIsin_1

242 0

Sol. Here, I :J'sin_1 dx
4x? +8x +13

- 2x +2
= J'sjn 1 77)( @dx
(2x + 2) +32

Put2x +2=3tan08 0 2d% 3sec’ 6dO
_ _, B tan 603
—J's1

B seco 2

:g{e tan 6 —J’tan 046}

| I‘D

> 040 = éIGseCZ 040
2

:g{ﬁtan9—10g|sece|}+c
0 2
1:3%X+2tan_1§x+2§-logu/l+ ¥L+2§ %+
2@ 3 3 3

= E%(x +l)tan_1%(x +1)§— log Jax® +38x +13E+C
208 O

OI=(x+1)tan"" %(x +1)§—%10g(4x2 +8x +13) +C

2 (x sec? x + tan x) dx

Example 46 EvaluateJ’X o )
X tan x +

sec? x + tan x
}x— dx

Sol. Here, I = J'x2
(x tan x +1)°

_ L, 1 g 1 ad
- B_(xtanx+l)B sz%(xtanx+l)adx

x sec’ x+tanx dt 1_ 1 0

sin =f—=--=
Bl g-[ (xtanx+1) Itz t (xtanx+l)%

0 2 0
Dr=-gp—> 0+ [ 2x (s X) gy
[ tan x + 1] x sin x + cos x

[put, x sin x + cos x =u
O (x cos x +sin x — cos x) dx =du]
2

O [=— = J’i
(x tan x +1)
2
=—— % +2loglul+C
xtan x +1
e

=—————+2log|xsinx +cos x| +C
xtan x +1



Exercise for Session 4

11.
13.
15.

17.
19.

21.

23.

25.

J’xzexdx
[log x teix
J( tan™" x) dx
[x tan™" x dx

X —sin x
ax
1-cos x

J’ex(tan x +logsec x) dx

l 1
tog (log x) + ———[dx
Img( 9x) (log x)*0

« (1=x)

J’e 7(1+x2)2 X
J’eax [@os (bx + ¢)dx
Isin& dx

J’cot_1(1— X +x?)dx

o0 2y —sinxO
J’es'”" x cos” x SInXEdX

0 cos?x

2 2
N Al 1) -2I
X<+ {og(x4+ ) ogx}dx
X

10.

12.

14.

16.

18.
20.

22.

24.

Chap 01

Ixzsin X dx
[ (log x dx

I (sec_1x ) dx

_[ Io)?zx dx

Ilog(1+x2)dx

eXD1+sinxcos x[J

-r 0 cos?x de

oy 14+ sin2x E
I Ol +cos 2x O

X _ 2
e” [(2 X)dx

I(1 - x)W1-x2

IsecS X dx
I(sin‘1 x)?dx

Isin'1/ X ax
a-+x

cos? x + sin2x
I(Zcos x —sin x)?

Indefinite Integral
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Session 5

Integration Using Partial Fraction

This section deals with the integration of general algebraic

f(x)

rational functions, of the form ﬁ, where f(x) and g(x)
g(x

are both polynomials. We already have seen some
examples of this form. For example, we know how to

L(x) P(x)

or or

Qx)  Q(x)  Qx)
where L(x) is a linear factor, Q(x) is a quadratic factor and
P(x) is a polynomial of degree n = 2. We intend to
generalise that previous discussion in this section.

integrate functions of the form

We are assuming the scanario where g(x) (the
denominator) is decomposible into linear or quadratic
factors. These are the only cases relevant to us right now.
Any linear or quadratic factor in g(x) might also occur
repeatedly.

Thus, g(x) could be of the following general forms.
* 8(x) =Ly (x)Ly(x)... Ly (x)

g(x) = Ly(x)... 5 (x)... L (x)

(nlinear factors)
[h linear factors; the th [

actor is repeated k timesH

[h linear factors, the ith
g(x) = Ly (x) L (x)... L (x)

actor is repeated k; times]

8(x) = Ly (x) Ly(x)... Ly (x)Q(x)Q, (x)... O (x)

[h linear factors and

quadratic factors

[ particular quadratic factor

g(x)=...0F(x)...

epeats more than once
o A combination of any of the above

Suppose that the degree of g(x) is n and that of f(x) is m.
If m = n,we can always divide f(x) by g(x) to obtain a
quotient g(x) and a remainder r(x) whose degree would
be less than n.

S 2 ey 7 Q)
8(x) 8(x)
Ifm<n, féx) is termed a proper rational function.
g(x

The partial fraction expansion technique says that a proper
rational function can be expressed as a sum of simpler
rational functions each possessing one of the factors of
g(x). The simpler rational functions are called partial
fractions.

From now on, we consider only proper rational functions.
1t ¢ not ke it T By th
is not proper, we make it proper y the
8(x) Hex)
procedure described in (1) above. Let us consider a few
examples.

Let g(x) be a product of non-repeated, linear factors :
8(x) = Ly(x)Ly(x)... Ly (x)

Then, we can expand féx)) in terms of partial fractions as
g(x
foO AL, A A,
8(x)  Li(x) Ly(x) Ly(x)

where the A/s are all constants that need to be determined.
Suppose f(x) =x +1land g(x) =(x —1) (x —2) (x —3). Let

us write down the partial fraction expansion of féx)) :
g(x
f(x) _ x+1 A B N C

g(x) _(x—l)(x -2)(x =3) :x—1+x—2 x -3

We need to determine A, B and C. Cross multiplying in the
expression above, we obtain :
(x+1)=A(x —2)(x =3) +B(x —1)(x —3)

+C(x —1)(x —-2)
A, B, C can now be determined by comparing coefficients
on both sides. More simply since this relation that we
have obtained should held true for all x,we substitute
those values of x that would straight way give us the
required values of A, B and C. These values are obviously
the roots of g(x).

x=1 O 2=A(-1)(-2) +B(0) +C(0)
O A=1
x =2 0 3=A(0)+B(1)(—1) +C(0)
O B=-3
x =3 O 4=A(0)+B(0)+C(2)(1)
O Cc=2
Thus, A=1,B=-3and C =2.
We can therefore write () as a sum of partial fractions.
f(x) _ 1 3 N 2
gx) x-1 x-2 x-3



Integrating flx
8(x)

partial fractions. This was our sole motive in writing such

an expansion, so that integration could be carried out

easily. In the example above :

is now a simple matter of integrating the

J’fgx)) dx =In(x =1) =3 In(x =2) +2In(x =3) +C
g(x

Now, suppose that g(x) contains all linear factors, but a
particular factor, say L, (x), is repeated k times.

Thus, g(x) =L (x)Ly(x) ... Ly(x)
f(x)
g(x)
f(x): Ay + A, + As + A + B,
g(x) Li(x) Li(x) L3(x) ILi(x) La(x)

k partial fractions corresponding to L; (x)

can now be expanded into partial fractions as follows

B,
Ly(x)

+..+

This means that we will have k terms corresponding to L; (x).
The rest of the linear factors will have single corresponding
termsin the expansion. Here are some examples.

1

O 2
(x —1)%(x —2)

B C

can be expanded as + +
x=1 (x-1*% x-2

1

O

(x =1)*(x =2) (x —3)
can be expanded as
A B C D C

+ + + +
x=1 (x-1% (x-1° (x-2) (x-3)
S S
(x =1)%(x +5)°

0

O

can be expanded as
A B C D E

+ + + +
x=1 (x-1* (x+5) (x+5° (x+5)°

Example 47 into partial fractions
(x+1)(x =2)
Sol. Here, (xff)ﬁ has Q(x) = (x +1)(x —2) i.e linear
and non-repeated roots.
2x +1 A B

O = +
(x+1)(x—-2) x+1 x-2

O (2x +1)=A(x —2) +B(x +1)

On putting, x =2 we get

5= A(0) + B(3) O B:Z
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Again, let x = -1
0 2A-1)+1=A(-1 -2) +B(0)
0 A=lp
3
0 2x+1  _1/3  5/3
(x+1)(x-2) x+1 x-2
1 .
Example 48 Resolve into
(x=1)(x+2)(2x +3)
partial fractions.
Sol. Let ! :A+B+C,
(x =1 (x+2)(2x +3) x—-1 x+2 2x+3

where A, B, C are constants.
1= A(x +2)(2x +3) +B(x —1) (2x +3) +C(x —1)(x +2)...(J)
For finding A,let x —1 =0 or x = 1in Eq. (i), we get

1= A(1+2)(2 +3) +B(0) +C (0)
1

O A=

15
Similarly, for getting B, let x + 2 =0 or x = —21in Eq. (i), we
get

1= A(0) +B(=2 —1)(~4 +3) +C (0)
0 p=1
3

For getting C, let2x +3 =0or x = —3/21in Eq. (i), we get

1=A(0)+B(0)+C @»2 —1§§~3+2§

O c=-2
5

1 1 1 4
= +

Hence, = -
(x=1)(x+2)(2x +3) 15(x—1) 3(x+2) 5(2x+3)

3x0 +2x% + x +1
(Xx+1)(x+2)

Example 49 Resolve into partial

fractions.

Sol. This is not a proper fraction. Hence, by division process it
is to be expressed as the sum of an integral polynomial
and a fraction.

Now, 3x> +2x2 +x +1 :3x(x2 +3x +2)
—7(x%* +3x +2) + (16x +15)
So, the given polynomial
3x° +2x% +x +1 _
(x+1)(x +2)

(16x +15)

Bx-7)+—>-————
(x +1)(x +2)

()

Now, the second term is proper fraction hence it can be
expressed as a sum of partial fractions.

lx+15 _ A B
(x+1)(x+2) x+1 x+2
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To find A put x +1 =0, ie, x = —1in the fraction except in

the factor (x + 1).

1l6(—1) +15
(-0+15_

a 0 A=-1 ...(ii)
(-1+2)
To find Bput x +2 =0, ie, x = — 2 in the fraction except in
the factor (x + 2).
-2) +
0 10EY+15 _p B=17 (i)
(=2+1)
O The given expression =(3x —7) — ! + 7
& P x+1 x+2

[using Egs. (i), (ii) and (iii)]
Case I When the denominator g (x) is expressible as the
product of the linear factors such that some of them are
repeating. (Linear and Repeated)

Let O (x) =(x —a)* (x —a;) (x —a,) ...(x —a,).Then, we
assume that

Px)_ 4 . TN

O(x) (x-a) (x-a)*> = (x-a)f
B, B, B,

+ +

+ L
(x—a)) (x-ay) (x—a,)

) X+5
Example 50 Expression W has repeated
¥ —

(twice) linear factors in denominator, so find partial
fractions.

+
Sol. Let x5 4, B
(x —2) (x=2) (x-2)
a (x+5)=A(x—-2)+B
Comparing the like terms, A =1, -2A +B =5 or B =7
x+5 1 7
0 = +

(x-2° (x-2) (x-2)7
3X—=2

(x =1)2 (x +1) (x +2)

Example 51 Resolve into

partial fractions.
3x —2
(x —1)* (x +1)(x +2)
A + B + C + D
x-1 (x-17 (x+1) (x+2)
O3x-2=A(x —1)(x +1)(x +2) +B(x +1)(x +2)
+C(x —1)%(x +2) +D (x —1)*(x +1)
Putting (x —1) =0, we get B=1/6,
Putting (x +1) =0, we get C = =5/ 4
Putting (x +2) =0, we get D =8/9

Now, equating the coefficient of x> on both the sides, we get

Sol. Let

0=A+C+D 0O A:£—§:E
4 9 36
3x =2 _ 13 + 1
(x=1)*(x +1)(x +2) 36(x—1) 6(x—1)>°
5 8
+

C4(x+1) 9(x+2)

Case III When some of the factors in denominator are
quadratic but non-repeating. Corresponding to each
quadratic factor ax? +bx +c, we assume the partial

fraction of the type , where A and B are

ax® +bx +c

constants to be determined by comparing coefficients of
similar powers of x in numerator of both the sides.

X+7 . .
Example 52 Resolve into partial

(X +1)(x? +4)

fractions.
+ +
Sol. Let 2x Z -_4 +B)ZC ¢
(x+1)(x“+4) x+1 x“+4
0 2x +7 = A(x? +4) +(Bx +C)(x +1)
Put x=-1
0 5=5A or A=1
Comparing the terms, 0= A + B U B=-1
7=4A+C 0o Cc=3
0 2x +7 _ 1 +(—x+3)
(x+1)(x* +4) x+1 x*+4

Aliter To obtain values of A, Band C from
2x +7 = A(x? +4) +(Bx +C)(x +1)

ie, 2x+7=(A+B)x® +(B +C)x +4A +C

Equating the coefficients of identical powers of x, we get
A+B=0,B+C =2and4A +C =7.

Solving, we get A=1,B=-1,C =3

Example 53 Find the partial fraction
2x+1
5 O
(3x+2)(4x° +5x +6)
2x +1 - A Bx +C
(3x +2)(4x> +5x +6) (3x+2) (4x® +5x +6)
then 2x +1 = A(4x? +5x +6) +(Bx +C)(3x +2)

Sol. Let

where A, B, C are constants.

For A, let 3x +2=0,

ie., x=-2/3

-2 Ber=afad -0 oBe BB e o
3 o 9 3 O 3 O

g
3

_l:A@@@D A=->
3 9 40



Comparing coefficients of x* and constant term on both the
sides for Band C, we get

4A +3B =0,

4 1

O B=—-—A [0 B=-— and 6A +2C =1,
3 10
0 c=1264 =2
2 40

o
+ =
2x +1 -3, 4
(3x +2)(4x* +5x +6) 40(3x +2) 10(4x* +5x +6)

Case IV When some of the factors of the denominator

are quadratic and repeating. For every quadratic repeating

factor of the type (ax? + bx +c)F,
Ajx+A, As x+A,

ax® +bx ¢ (ax® +bx +c)?

we assume :
Age—1 x + Ay

(ax® +bx +c¢)*

Yrox? +x +1

Example 54 Resolve into partial
2 2
X(x“+1)
fractions.
2x* +2x* +x+1 _A Bx+C Dx+E
Sol. Let —————— =—+— +— 5
x(x°+1) x  x“+1  (x+1)
or 2x* +2x% +x +1 = A (x% +1)% +(Bx +C) x (x% +1)
+(Dx +E) x

Comparing coefficients of x*, x%, x%, x and constant term
a A+B=2C=02A+D+B=2E=1A=1
U weget A=1,B=1,C=0D=-1L,E =1
Hence, the partial fraction,

2xt +2xi +x +1 1 x

==+
x (x% +1)° x 1+x% (1+x%)?

1-x

Example 55 Evaluate the following integrals:

(= x?)dx 3x -1
KR T [
XD X . 8dx
(Ill) Im dX (lV) J—m
Sol. (i) Let, 1-x' 1., A, B
x(1-2x) 2 x (1-2x)
0 (1-x%) —% x(1-2x) +A(1 —2x) +B(x)

1
On putting x =0and x :5, we get

1:Aandl—l:B lD A:1,B:§

4 2 2

1-x° o 1 3 O

Iix =[G+ e
x(1 - 2x) x A1 -2x)
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1 1 1-2
=—x +log|x |+37Ogl x|
2 2 -2

1 3
== x +log|x|] ——log|l —2x| +C.
5 g x| . gl |
(ii) Let, 3x_12: A, B _
x =27 (x-2) (x-2)
a 3x —1=A(x —2) +B, (1)

On putting x =2 in Eq. (i), we get B =5.
On equating coefficients of x on both sides of (i), we
get A =3,

- 0
0 I3x lzdx:J'|337+ Szudx
(x -2) Ax-2) (x-270
5
=3log|x —-2]| - +C
x—2
2 x+
i) Let, © FX¥*1_A B C

x*(x+2) x x* x+2
0 x%+x +1= Ax(x +2) +B(x 2) +C(x?) ..()
On putting, x = —2and x = 0in Eq. (i), we get
C=3/4and B=1/2
On equation Coefficient of x? on both sides of (i),
wegetl=A+CU A=1/4.

x*+x+1 0/4 1/2 3/40
O Izi I de
x“(x +2) x+2
——log|x| —+—log|x +2/ +C
2x
(iv) Let, 8 5 = A +B§+C
(x +2)(x“+4) x+2 x°"+4
0 8= A(x%* +4) +(Bx +C)(x +2) ..(0)

On putting x = —21in Eq. (i), we get A = 1.

On equating coefficient of x* on both sides we get,
0=A+B0OB=-1

On equating constant term on both sides, we get,
8=4A+2C0 C=2

8 01 +2
Jovmirva® o e
(x +2)(x° +4) Dx+2 x*+4
1 2x dx dx

= + 2
Ix+2 2Ix +4 Ix2+4

1 1 -
=log|x +2| —glog\x2 +4| +2.5tan ! %@+C.

1

Example 56 Evaluate I —dx.
Sin X —sin 2x
1 1
Sol. Let I = I dx :I dx
sin x —sin 2x sin x — 2sin x cos x

1 sin x

f i< i
sin x (1 — 2 cos x) sin® x (1 -2 cos x)
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sin x

= dx
J—(l - cos® x)(1 =2 cos x)

(putcos x =t O-
_ —dt _ -1
I_I(l—tz)(l—Zt) -[(l—t)(1+t)(l—2t)

sin x d= dt)

a dt ...(1)

Here, in Eq. (i) we have linear and non-repeated factors thus
we use partial fractions for;

-1 - A + B + C
1-)@+e)(1-2t) (1-t) (@Q+¢r) (1-2t)
or —1=A(1+t)(1-2t)+B(1 —t)(1 —2t) +C (1 —t)(1 +)

Putting (++1)=0 or t = —1,we get ()
~1=B@(1 +2) O B:—%
Putting (1—t)=0ort =1, we get
“1=A@)(-1) O A:%
Putting (1—-2t)=0o0rt=1/2 we get
_1:C§—1§§+1§D C:—é
2 2 3
-1 _ 1 1 4
(1-r)(1+t)y(1-2t) 2(1-t) 6(1+t) 3(1-2t)
So, Eq. (i) reduces to
1 1 1
I=—(—dt——[—dt ——
2-1’1—1L 6-[1+t 3J1-2t

1 1 4 1
~log|1-t]|--log|1 +t| —= x ——log|1 —2t| +C
2 6 3 2

1 1 2
=—-—-log|1—-cos x| ——log|1 +cos x| +—log
2 6 3
[1=2cosx|+C

(- d
Example 57 Evaluate ILX)X

X363COSX)
Sol. Here, I = IM
x(l_(xeCOSx) )
Put  xe®* =t
O (xe®** [{—sin x) + e ") dx =dt
0 1= ~=] R
t(1-t% dr@a-0)(a+t +1?)
0 +
:J’Eé+i+gmd
Ot 1-t 1+¢+t*0
Comparing coefficients, we get
A=1B=Lc=-2p=-1
3 3 3

2 1
Cdt 1, dt ggt_gg
H I_I7+§I1—t+fl+t+tz dt

1 1
——log|l1—t|—=
3 gl | 3

=log|t| log |1 +t +t°|

[where, t = xe®* "]

Example 58 Evaluate [sin 4x =" X d.
Sol. The given integral could be written as,
I= J'4 sin x [Bos x [Bos 2x (2™ *dx
= 4J’tan x [Gos? x (cos? x —sin? x) @ gy
=4 Itan x [Gos* x (1 - tan? x) @ * gy

tan x
J’(sec x)?

Put tan’

2
01 - tan® x) @™ * dx

X =t

O 2tan xBec® x dx = dt

(l—t)e t)e
O
= 4J’(1+t) 2 I(1+t)
0 2et —(1+1) e
= —d
ZEJ (1+1) t%
1 O

D t
=2%l'e

1
=-2 2ef+C
(1+1)

[using [e*(F(x)) + f*(x))dx = e*. f(x) +¢]

2
Zetan X

aror aroig

(1 + tan® x)?

I=-2cos* x @™~ +C

1+ x Ccos x
Example 59 Solve _[ 225N x
- x‘e?*X)
+
Sol.terr=[ 1TEEmE
x(1 - x“e“ sin x

Put (x e *) =t
Differentiating both the sides, we get

(x e * [kos x + e ) dx = dt

O €S (x cos x + 1) dx = dt
g I=(—
It(l—tz)
dt

[using partial fraction]

:It(l—t)(l+t)

=O-+ ! - ! Odt
IDt 2(1-t) 2(1+t) QO

:log|t|—%1og|1—t| —%Iog|1 +] +C

. 1 .
:log|xesmx|—§log\1—xzezsmx| +C



Example 60 Evaluate;
1 2 3
I—{Iog e™ .loge® ™ .loge® *}dx
X
Sol. We have,
I= J’l {loge®™ . logeezx.loge e*x}dx
pe

100 1 O
—J’— —. —. —dx
X Sloge loge®™ loge’ ™[

:J. dx

x{loge® + loge™} {Iogeez + logexz} {loge‘f3 +logx?}
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_ dx
-[x{l +loge*} {2 +loge™} {3 +loge™}

Putloge™ =¢ [ Lax=ar
x

_ dt a1 1 1
I_I(1+t)(2+t)(3+t)_Ig'(lﬂ) (2+t)+(3+

O
t
i
[using partial fraction]

:%log|l +1| —log |2 +1| +log |3 +1| +C.

:%log|l +loge™| —log |2 +loge™| +log[3 +loge™| +C.

Exercise for Session 5

= Evaluate the following Integrals :

X2

1. f dx
(x = 1) (x =2)(x 3)

dx
3 Ix(x” +1)

CoSs X
. J’ - - ax
(1+sin x) (2 +sin x)

sec X
I 1+ cosec x

9 dx
’ J'x|6(logx)2 +7log x +2|

ax
1+ x3

Z'I

2X
4 .r(x?-’ +1)(x? +3)

dx
Isinx(3+2003 X)

tan x + tan® x

dx
I 1+ tan® x

tan™

10. [=5.dx
X




Session 6

Indirect and Derived Substitutions

Indirect and Derived Substitutions

(i) Indirect Substitution

If the integral is of the form f (x) [f (x), where g (x) is a
function of the integral of f (x), then put integral of

fx)=t

X+1).

Ax2+2
(b) /x? +2+C

(d) None of these

Example 61 The value of [—=—

We know, d(x* +1) =2x dx

0O = I2xdx
\/x +2
Put, x+2=1?
O 2xdx=2tdt O 1= J'tht—Zt+C
O IZZﬂx +2 +C
Hence, (a) is the correct answer.
(Wx)® O xk O
Example 62 If J’ﬁdx:alog% p %+ o
x + X 1+ X
then aand k are
a)2/5,5/2 (b)1/5,2/5
0)5/2,1/2 d)2/51/2
(Wx)’ _ dx
Sol. Here, I= = [————————
I(ﬂ + x° w7y
T RE 10
@l pt
1
Put 57 -y U- 72)(7/2 d= dy
I= 3J‘ dy
5J1+y

~21og|1+y| +C=210g81 Bic
5 5 Ol+y0O
_7105 > Hie ()
2410
X O
where, —alogl] g+C (given) ...(ii)
O1+xF 0
O From Egs. (i) and (ii), we get
log B> Hec=210g B2~ Hic
alo =—log U——+
e+ O 5 01+ x02 O
g a=2/5 and k=5/2
Hence, (a) is the correct answer.
5x* +ax®
Example 63 Evaluate I ———dx.
(X° +x+1)?
4 5 4
Sol. Here, I:_f 5: +4x : X'I Grax)
(x> +x+1) 10 1 lg
X §+—+—
X
J.5/x(’+4/x5 d
Jet i
+
X
11
Put 1+F+F—t
4 5
O %———@dx:dt
x  x®
I = £:1+C: 1 +C
t? ot 1
1+— +—
x x°
5
= X +C
+x +1

Example 64 For any natural number m, evaluate
J’(xgm +x2™ 4 x™) (2% +3x™ +6)" dx, x >0
[IIT JEE 2002]
Sol. Here, I :J'(x3"‘ + X2 4 x™) (2™ +3x™ +6)UM dx

(2x3m + 3x2m +6xm)1/m
X

2T k™ T @XM+ 3x P o™ M dx ()

dx

:J’(XSm +x2m +xm)
:J’(XSm—l+



Put 2x°™ +3x%" +6x™ =t
O om (x> 14+ x4 x™ T dx = dt
O Eq. (i) becomes,
I= _ft”’" d_ 1t +C
6em 6m (1/m)+1

1/m) +1

m+1

2x°™ +3x*™ +6x™ M +C

=
6(m+1)

x dx

is equal to

Example 65
\/1 +x2+.J0+x%)°

(a)%ln(1+1/1+x2) +C  (b)24/1+4/1+x% +C
(©2(1++/1+x%) +C

x dx

Sol.
I\/(1+x )\/1+\/l+x

2
Put 1+41+x2 =2 0 —2X
241+ x?

(d) None of these

dx =2t dt

x dx

\l1+x2
O I= Iz”h-z“c =241 +V1 +x% +C

Hence, (b) is the correct answer.

=2t dt

(2x +1
Example 66 I )de
(x +4x+1)/
x* X
(@) 2 1/2 b 2 1/2
(x° +4x+) (x° +4x+)
O— % e e
(x2 +4x +1"/? (x2 +4x +1"/?
2x +1 _ 2x +1
Sol. I(x +4x+1)3/2d I . o7 dx
x3§+f+7
X x

O I:J'_T:7+C

Hence, (b) is the correct answer.
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Example 67 The evaluation of

X is
I 2p+2q +2xP*9 41
P q
(@) - —>——+C (b) ———+C
xPT T 41 xPTT 41
q P
©-—2—+C  (d——+C
xP+9 41 xPT T 41
pxp+2q —qxq_l
Sol. Here, [ = IZP+2‘I+2xP+‘I+1
pxP”q —gx?7! e = pxP Tl —gxT T ldx
I (xPFT+1)? 'r (xP + x77)?

Taking x? as x*? common from denominator and take it in

numerator.
Put xP+x 7=t O (px? '—gx™® )dx =dt
O ¢ 0O
o —_[*—- +C=-0———[+C
Oc? "9 +10
Hence, (c) is the correct answer.
=Inx) .
Example 68 J' .~ dx is equal to
n X=X
(a)hn?@—lln(lnzx—xz)+c
2 nxtd 4
O D _
o I T e,
4 nx+xD 2
Onx + xd -
© Lin B X4 D an %ﬂgﬂi
4 nx—-x4d 2 X
(@) EX =X D+tan %@+C
4D nx+x
Sol. Here, I = Iw
Inx*x — x
x?(1- lnx) _ 1—1n9i Ddx
nx@ . x@_lg
% %x
put PX = 1_lnx:dt
x x?

_ t_ dt
I_I(t4 —1)_-[(t2 +1)(t? -1)

2 +1)-(t* -1
I(t +1) (2 - 1)
dt E 1o, t-1 .0

10
75 - In —— - tan tE
2 t -1 I +10 2 t+1
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0! rnxg_'_ c
x

l (nx - x0

= " Bax+<H 2

Hence, (b) is the correct answer.

X =1
x> ,/2x4 -2x% +1
[IIT JEE 2006]
J2x" = 2x% +1 J2x* = 2x% +1
(@Q————+C (h)—FF—+C

x? x?

) 4 5,2
(C)JZX 2X +1+ (d)\IZX 2X +1+C

dx is equal to

Example 69 |

X 2x°
xt -1
Sol. Let I = dx
x24f2xt —2x% +1
2
_ X 51D dx
x \/Z_zu
2 4
x X
4_4
5
=Ll X2 X gl o2 b
4 9 2 1 xt x*
g
X
[N dx =2 f(x)+C|:|
517

Hence, (d) is the correct answer.

Example 70 Let f(x)= +1/nfor n=2 and

(1+x7)

fofo of (), then [x" 2 g(x) dx equals to
n tlmes
JIIT JEE 2007]
1 _1
(a) (1+nx”)1 n+C (b)—(1+nx”)1 n+C
nin-1) n-1
1+l ]+l
(c) (1+nx") " +C (d)—— (1+nx") " +C
n(n+1) n+1
Sol. f(x) = W
U f(f(x) = m,
_ pe _ pe
Where’ y= (l + xn)l/n - (1 +2xn)l/n
Similarly, f(f(f(x)) = ——
(1 + 3xn)l/n
and (fofofo...of) (x) = g(x) = %l/n
- n times (1 +nx )

n-1

n-2 — X
O J’x g(x)dx —Ii(l ) dx

1 _ _
:—ZInZBC" LI+ nx™) V" dx
n

1

1
+nx") n
:%él nxl) +C
n =X
n
1

ety
n(n —1)

+C

Hence, (a) is the correct answer.

Derived Substitutions

Some times it is useful to write the integral as a sum of
two related integrals which can be evaluated by making
suitable substitutions.

Examples of such integrals are

Type |

(a) Algebraic Twins

x°+1 x“ -1

2x° _
Ix4 _de—J'x4 +1dx+Ix4 +1dx

2 x?+1 x* -1
dx = dx — dx
Ix4+1 J’x4+1 Ix +1
2x? 2
X dx,I dx
(x* +1 +kx?)

Ix4 +1+kx?

(b) Trigonometric Twins

Iw/tan x dx,J',/cot x dx,

1 1
I 4 4 dx,I 6 6
(sin® x +cos” x) sin’ x +cos” x
+sin x *cos x

dx,

- dx

a+bsin x cos x
Method of evaluating these integral are illustrated by
mean of the following examples :

Integral of the Form
100 10

TG Hd ~ 2 B>

1 1
Putx+— =t [ D_T

0. _
. de—dt



[l 100 10
2 [fE - CHE* Zh™
1 O 10
Put x—;:t 0 g+x7de dt
x? +1

Divide numerator and denominator by x°.
-1

4. 7dx
Ix +kx? +1

. . 2
Divide numerator and denominator by x*.

Example 71 EvaIuateI dx.
T+ x4
Sol. Let [ = dx
I1+x 241+ x4
E 1+ x? 1- x? dx
2 @1+ x? 1+x 0
Ot
2 gx +l -fx +1
Remark

Here, dividing Numerator and Denominator by x° and
converting Denominator into perfect square so as to get
differential in Numerator

0O 2 - 2 O
ie. I:E 12+1/x2dx—I 12 l/xzdxm
2@ x“+1/x x“+1/x 0
§ l+1/x J. l/x dx
2@ (x—1/x)° +2 (x+1/x) -2

a dt du 0
Y s

1 1
[wheret—x——andu—x+—]

pe
501 Ot 1
=2 %f C
2|:r/,|j—2tan z@ 2\[ Du+\f%+

vl

O O _ s
501 pe-1/xg 1 ’”; V2
O I == F=tan g;g lo% +C
2 nl2 22 x+—+f
0 0 x
1
Example 72 Evaluate I ——dx.
x4 +5x% +1
1 2
Sol. Let I=—([——+—d
¢ 2Ix4+5x2+1 *
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1+ x? 1-x°

O I= —_dx + 7dx
2Ix *+5x% +1 ZIx 44552 +1

1+1/x*

1-1/x°
ZIx +5+1/x2

7dx
ZIx +5+1/x°

[(dividing Numerator and Denominator by x?)]

1/x%)

(1+1/x%)
2I(x+l/x) +3

J’(x—l/x) +7

_1 1 du
_ZIt2+(ﬁ)2 2_]'“2_'_(\/5)2

1 1
wheret =x —— and u=x +—
x

X
1.1 _q t 11 L u
0 szzugtan Ifg—faf%an I7§+c
2 V7 70 2 3 NE)

=— tan ! ~l/x @—itan_l +1/X%+C
257 V7 V3 V3

Example 73 Evaluate Jtan x dx.
Sol. Here I :J' tan x dx
Put tan x =12
O sec’xdx=2tdt O alx=2tdt4
1+t
2t?
0 I= tD—dt—J’4 dt
1+t tt+1
t? 1, -1
= dt
It +1 -[t4+1
1+1/¢? 1-1/¢?
_I / +I B / 2dt
2 +1/t8 1/t
J. 1+1/¢? _I -1/t gt
(t =1/t) +2 (t+1/t) -2

_ ds dr 0_
I_Is2+<ﬁ>2 N B

1 QI@-FilO Br = IH+C

1 1
t——andr=t +7D
t tH

2 V2 Dr+ID
O
f
0 - 2
FE B lgt%wc
D Hﬁ+ +\f%
0 t
[(where t = \/tan x)]
Example 74 Evaluate ] ; dx.
Sln X+COS X

dx

Sol. Let I=4(—M
-I’sin4 x +cos? x
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C e . 4
Dividing numerator and denominator by cos™ x, we get

I=4 &dx
-Itan x+1

I:4J.secz x (1 + tan® x)

Put tan x =t [

dx

1+tan? x
sec? x dx = di
2 +1

dt
t+1

O I:4J’

1+1/t

1+1/t?
I(l—l/t) +2

_4It +1/12

1
Again,put z=t ——

t

dz 4 10z

5 = — tan §T§+C
z°+2 \/5 2
I =22 tan" ! EFanx—\/lE/tan x@_'_c

x? —b)dx
\/c (ax? +b)?

(b) csin” @JX + %@+ k

) None of these

dt

O I:4J'

NS

Example 75 The value ofJ'
X

equal to

a)lsin_1 @Jx9§+k
o Dox + b/xD

(c)sin Big
(ax? —b)dx @_%Qd"

x\/CQx2 —(ax2 +b)2 _I\/ 5 + bg
¢ — ax + —
x

b
Putax + — =t
x

0 @—%@dx:dt
x
I:ILzsin_l %@+k
[z _ ;2
O sin”! %};x+b/x§+k
c

Hence (c) is the correct answer.

X(xZ+1)(Inx +1)

X4X +1

Sol. Here, I :J'

Example 76 IX dx

2x

xF+1)(nx +1
Dnx )
x*+1

Sol. I:Ixx(

Put x*=y 0O x*(lnx+1)dx =dy

1 g 10
Put, y-—=t O 0O+—0Ody=dt
y o y°0
dt 1 @ ot
I= =—Odan —=+C
e el &
0 10 L1
-0 o - =0

_ 1
= tan' 0 Y0+C=——tan' B— X O+ C
2 E\/EE V2 o V2
0 0

Example 77 Evaluate
(x? =1)dx

:

(x* +3x%+1)tan”" @x +

x| =

Sol. Here I = (x*-1) @x + l@
' _I(x4 +x° +1)tan”’ x

The given integral can be written as
(1-1/x%)dx

I =
(x*+3+1/x%)tan”! @x +l @
x
(dividing numerator and denominator by x?)
= (1-1/x%)dx

2 -1 1
{(x +1/x)° +1} tan §x+x§

Put,x+l:t O Ql—%@dx:dt
x

x
dt
I= I 2 1
(t° +1)dan" " (¢)
Now, make one more substitution

=du

O ..(0)

tan"' t = u. Then,

i +1
. du
O Eq. (i) becomes, I = I— =log|u| +C
u

O I=log|tan™'t|+C =log|tan™' (x +1/x)| +C

(X—7/6 _X5/6)dx
X1/2 (XZ +X +-I)1/3

Example 78
I 1/3 X +X+’|)1/2 —
7/6 (x 7/6 x5/6)dx
x7/6 DC1/3 (x + x +1)1/Z _xl/2 B7/6 (xz + x +1)1/3
_ (1-x%)dx
Ix3/2 (xZ + x +1)1/2 _x5/3 (xz +x +1)1/3

SoI.I:J'




@1_*§dx %utting x+ L=y
x
/2 /3 0 1
+*+1§ @ +1§ SJQ ?@d’f:dt

_I(t+1)1/2 (t +l)1/3

mooOogd

Substitute, (t + 1) = u®
6u’ du _

__Iu - u?

Put u—-1=z

3
dz = —6-[7(2 1) dz
z

u3
—6J’u_1du

22 +3z% +3z +1

GJ’ dz
= —6J'§z +3z +3 +; de

O 2 0
=-6 Dz—+3i+3z +log|z| O+ C
03 2

where,

1 /6
z:§x+—+1§ -1
X

Example 79 The value of J’{{[x]}}dx, where {.} and

[.] denotes fractional part of x and greatest integer

function, is equal to

(@ o (b)1 (02
Sol. Let I= I{{[x]}} dx

where, [x] = Integer and we know {n}
O I= IO dx =0

(d) -1
=0;n O Integer.

Hence, (a) is the correct answer.

Type li

Integration of Some Special
Irrational Algebraic Functions

In thls case we shall discuss four integrals of the form

I

and (p(x) is polynomial in x.

dx where P and Q are polynomial functions of x

(a) Integrals of the FormJ' 1(5(\75) dx, where P and Q

are both linear of x

To evaluate this type of integrals we put Q=t*ie. to

evaluate integrals of the formJ’ dx, put
(ax +D) 1/cx +d

ex +d =t2.
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The following examples illustrate the procedure :

Example 80 Evaluate J-(+'|)12 dx.
X X -

1
Sol. Let I = Im dx
Here, P and Q both are linear, so we put Q = t*
ie. x-2=t*
So that dx = 2t dt

1
O I= (2t dt =2
I(t2+2+l)\/7 It +3
‘1%Q+C
3
2 o, OYx—20
O I=—tan [F——~0+C
NE) 0+3 0O

(b) Integrals of the FormJ’ dx, where Pis a

\/’

quadratic expression and Q is a linear expression

To evaluate this type of integrals we put Q =t° i.e. to
evaluate the integrals of the form

1
dx
I(axz +bx +c)\px +q
put px tq =t
X+2
Example 81 Evaluate dx.
P I (x? +3x+3)/x +1

Sol. Let xrz

I=
J’(x +3x +3) /x +1
Put x +1=t% 0 dx =2t dt
_ (t*—1)+2
0 I=
‘[{(tz - 1% +3(+% -1) +3 iz

_y t?+1 R 1+1/t° ”
It +t +1 It +1+1/t

1+1/¢t°

I(t—1/t) +(4/3)?

[(2t) dt

_ du
t—z‘[iuu(\@)z
10

Ezvhere u=t —;E

=5
=— tan +C
5

0 1= 2 et B2 o
3 0+3t 0
2 an—*__Hec
= — tan
V3 GG +10
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(c) Integral of the F 0 I=- 1j 2 dz [
c) Integral of the Form =
: d I(ax+b) Jpx?+qe+r’ (z* +1+1)\F (z" ”)
x
where 1nI%Pls linear and Q is a quadratic put, I:—% tan""! %@ +C
ax +b=-10
t 1., Ofu-10
dX 1= Ttan BTD"'C
Example 82 EvaIuateJ’ = 0 2 0 0
=N/ X+ X +1 ) O/ -0
= - —tan |5 +C
Sol. Let I = | dx V2 E V2 @
(x —1)y/x% +x +1 0 20
_1 -_1 :—itan_1 Ni—x +C
Putx—l—; u dx——t—zdt A2 2%
0= -1/t*dt Aliter Put x = cos 6, dx = —sin 8d0
I 0 sin 6 d6 __ do
17t %4-1@24-%4_1@4-1 -[(1+cos 0) sin 0 J'1+cos 0
:_I dt :_LJ— dt __ sec? 9d9=_ sec? 0.dB
V32 43t +1 3 @ 1§ 1 Isec29+l -Itan29+2
+o0 +—
2 12 Puttan@=¢. O sec’0dB=dt
__1 2 dt 1 Ot
=——log|(t +1/2) ++/(t +1/2)* +1/12| +C 0O J7=-(-% -_1 ., 1§T§+C
V3 Jovs V2 2
- 12@%#@2“5 1 an 0
-1 2 =——tan ' §+C
—%logDDI +lﬁ+ 1 2 O+ c V2 2
3 gQHe-1 2 12 E |]Nhere,cosG:x

ad
D( _,20
a i O :—% 1-x §+ sin B =4/1 - x?
2

(d) Integrals of the Form‘[m , where P and Q both tang V17X

mOoooood

M O

are pure quadratic expression in x, i.e.P =ax® +b x
and Q =cx? +d, i.e.J' 0 Example 84 Evaluate
2 2
(ax® +b)\ex* +d 1 ‘=1 \/x T 2x® —xZ 2% 1 )
To evaluate this type of integrals of the form we put x :; - I x2 (x+1) X
dx 2 _ 4 3 _ .2
Example 83 EvaIuateI . Sol. Here, | :I(x 1 yx 2+ 2x x tox +1
1+ x%)J1-x? x%(x+1)
dx 2 2 1
Sol. Let I=[———— Q @\/ @x +ox -1+ A
J-(l+x2)\/1—x2 rx dx

1 1 x (X +2x+1)
Put x =, so that dx:——zdt
t t

_ -1/t’d _ dt _1\/ 24, 1 g
0 I_I(1+l/t2)t1i1/t2_ J’(t2+1t)\/t27—1 :J_§ xz@ @ungwgwx@ 1dx

1
Again, t* =u 0 2tdt =du @"";*‘2@

1 du . dx 1
— - [———— which reduces to the form [——= Put x + — :t Q —Qd =dt
ZI(u+l)1/u—1 J'P\/é e Le 2q™
where both P and Q are linear so that we put u — 1 =z* so 2 _ 9y 4op — [42 + 94 —
that du =2z dz :I . 1 _I P rE e dt
- (t+2) (t+2)




t2 +2t -3

_J’(t+2),/t +2t -

t(t +2) dt
= dt -3
I(t+2)\/t2+2t -3 I(t+2)\/tz+2t -3
I=1 -3I, (1)

tdt dt
here, I, = [ ——r— d =
Where. I J’wlt2+2t—3 and Lz J.(t+2)./t2+2t—3

tdt

I\/t+1) -4

(z-1)dz
Nzt - 2*
dz
_.].\/22_22 _I\/zz — 92
=z? -2% —log|z +\/ﬁ\
=\ Jt? +2t =3 —log|(t +1) +4/t* +2t +3| ..(ii)

Also, I,= J' dy

@JB;‘ZH”B; s

O

Put,t +1=2z —J’

Putt+2———
0,10
= Lsin™! D}D—%:ism‘l DSWHD (i)
V3 ntpg e
Us 4
O I=4t? +2t =3 —log (t +1 +4/t* +2t -3)

L+ +50

Bt

3sin

1
where, t = x + —
x

(e) Integrals of the FormJ'

dx
(x — k)" \Jax® +bx +c ’

Here, we substitute, x —k =—

wherer 22and r OI

dx
Example 85 EvaIuateI O
-3)° Jx? =6x+10
Sol. Substitute (x —3) = D d= - iz dt
t
dx
We get,
I(x -3)} \/xz —-6x +10
-1/t dt

‘[l/t s Jast+32 —6(1/t +3) +10
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t?dt _ . dt
__'r\/1+t2 _J’\/1+t2 Il+t2dt
—%\/1 +t? —%log|t +y1 +t? | +C
:llog|t+,/1+t2\—g,/1 +t? +C

Eﬂoggu\/xz —6x +100_ \/x* —6x +10 e
ZH 0 | x —3] 0 | x -3 g
ax® +bx +c

) (dx+e)w/fx +gx +h
Here, we write

ax® +bx +c =A, (dx +e) (2fx +g) +B; (dx +e) +C,

:log|t+\/1+t2

(f) Integrals of the FormI

Where A;, B; and C; are constants which can be obtained
by comparing the coefficients of like terms on both the
sides.

2x% +5x +9
Example 86 Evaluate | XX dx.

(X+1)4/x2+x+1
Sol. Let 2x* +5x +9 = A (x +1)(2x +1) +B(x +1) +C
or 2x%+5x +9 =x%(2A4) +x (3A +B) +(A +B +C)
0 A=1B=2C =6
2x% +5x +9
(x +1)4/x? +x+1
(x+1)(2x +1)
(x+l)\/x2+x +1

Thus, J’

=]

x +1

d d
x+2'f(x+l)\/x2+x+1 *

+6J. dx
(x +1)y/x%+x +1

_ 2x +1 dx
J"/x +x +1 ,/x +x+1 Ix+1)\/x2+x+1
- dt

:Ifﬂj\/(xn/z) +(3/4)+6I\/t —t+1

xt+x +1 andf:x+1]
t

=2vx? +x +1 +2dlog|(x +1/2) +Vx? +x + |

6 dt
I\/(t—1/2)2+3/4

=2Vx? +x +1 42 logagx +%@+\/x2 rx+10
a a
—6log5§—1§+\/tz—t+la+c
0 2 a
=2vx? +x +1 +210g§§( +%§+\/x2 +x +1§—6log
| [l
Bl—x +yx* +x +10

g+ C
0 2(x +1) 0

dx +2J'

[where u =
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Type lli
Integration of Type I (sin™ x [6os" x) dx

(i) Where m, n belongs to natural number.
(ii) If one of them is odd, then substitute for term of even
power.

(iii) If both are odd, substitute either of them.
(iv) If both are even, use trigonometric identities only.

2
(v) If m and n are rational numbers and %@15 a

negative integer, then substitute cot x = portan x = p
which so ever is found suitable.

Example 87 Evaluate Isin3 x[dos” x dx.
Sol. I :J'sin3 x [dos® x dx

Let cosx =t 0 - sinxde dt
I:—J'(l—tZ)lﬂsdt
I=(t"dt - tsdt—ﬁ—ﬁ+c

Jra-g 5 6
8 6
[0S x _costx .
8 6

Aliter = J’R3 (1 - R*)? dR,

if sin x = R, cos x dx =dR
I:J'R3 dR—J’2R5 dR +J‘R7dR

.4 .6 .8
I:sm x_Zsm x+sm x+c
4 6 8
Remark

This problem can also be handled by successive reduction or by
trigonometrical identities. Answers will be in different form but
identical with modified constant of integration.

Example 88 Evaluate Isin_”/3 x [dos /3 x dx.
_un_r,
Sol. Here, Isin_n/3 x[os™® x dx ie. % =-3

0 J= cos™V? x
_-Isin_l/3 x Bin?® x
I :J‘(cot_”3 x) (1 + cot? x) cosec? x dx
— _J-t—l/3 (1 +t2)dt = _J-(t—l/S +15%) di
[Put cot x =t, [+

dx = J'(cot_ 3 x)(cosec®x ) dx

cosec’ x de  di]

__DB s B/SD

=- " +2
2 8 D

__[B 2/3 3 8/3 M

= - (cot™” x) + = (cot®” x)+C
® 8 O

dx
Example 89 Evaluate J’_—D
2sin x +sec x
dx cos xdx _ 1 .2cos xdx

Sol. Let I = =
J-231nx+ sec x J-51112x+1 2I1+51n2x

(cos x +sin x) +(cos x —sin x) dx

2-[ (sin® + cos? x +2sin x cos x)
(cos x —sin x)

cos x +sin x J.
2J (sin x + cos x)?

ZI(51n x + cos x)

dx
= ([ += —,where,vzsinx+cosx
ZIsinx+cosx 2-[ 2
dx 1
-—+C

IJ’I 1 2v

—sin x + — cos x

D D
1 dx B 1

_ﬁf

; +C
N @x +E§ 2(sin x + cos x)
4
1 1
= —log|cosec§x+5§— cot§x+—n§——+c
2 4 4l 2(sin x + cos x)

Type IV
Integrals of the Formfx’"(a+ bx™)Pdx

Case I If P[ON.We expand using binomial and integrate.
CaseII If P01~ (ie, negative integer), write x = t*,
where k is the LCM of m and n.

+1
Case I £ is an integer and P o fraction, put

(a+bx")= t*, where k is denominator of the fraction P.
C IVIfDn+1+PD’ int d P Ofracti
ase is an integer an raction.
Hn ' 8

We put (a +b x") =t*x", where k is denominator of the

fraction P.
Example 90 Evaluate wa 2+ x"%)? dx.

Sol. I :Ixm (2 +xY?)? dx

Since, P is natural number.
O I=J'x1/3(4+x+4x1/2)dx

J‘(4x1/3 +x4/3 +4x5/6)dx

4x4/3 x7/3 4xll/()

= + + +C
4/3 7/3 11/6

—gy/3 43 73 L 24
11

x11/6 +C



Example 91 Evaluate [x~ 25 1+ x*3) 7 dx.

Sol. If we substitute x =t (as we know P [Inegative integer)
0 Let x= tk, where k is the LCM of m and n.
0 x=t>0de 3t*dt
3¢? dt -
or I=([———dt=3[——=3tan (¢t)+C
It2(1+t2) It2+1 ®)

O I=3tan ' (x/*)+C
Example 92 Evaluate J'x_z/3 (1+ x"/3 )1/2 dx.

Sol. If we substitute 1 + x> =+2, then —— dx =2t dt

3x%
O II

t Lot dt —6It2 dir =2t +C
or I=2(1 +xl/3)3/2 +C

Example 93 Evaluate I& (1+ x"3)* dx.
1 1
Sol. Here, m=—-andn ==~
2 3
Put x=t°0de ot dt
O I:J't3 (1 +t%) et” dt
O I=6_|'t8 (1+4t +6t* +4t° +1%) dr
:6J‘(t8 + 40 46t 4™ +11) dr

Dt9 4t11 61’13 4t15 t17 D
=6—+—+—+
0 9 11 13 15 17 0

1:6%2/3+ix11/6+£ ey 4 sz 17/6E+c
O 11 13 15 17 0

Example 94 Evaluate J'x5 (14 x3)?3 dx.
Sol. Here, Ixs (1+ x3)2/3 dx have m =5n =3 and p :g

O

6
= 3 =2 [an integer]
So, we substitute 1 + x> =t? and 3x? dx =2t dt

O J’x5(1+x3)2/3dx :Ix3 (1 +x*)3 x2dx
= [t = () gtdt

_2 2 7/3 _2 13/3 7/3
_ _1 . -
—3J’(t )t dt—3l(t t73) dt

Example 95 Evaluate Ix

S

Sol. Let

Chap 01 Indefinite Integral

g% 16/3_it10/3g+c

3 16 10 [l

1 /3 _ 1 315/3
—(1+x -—(1+x +C
8( %) 5( )

(14 x*)77% dx.

If we substitute (1 + x ) =2 x4,

then1+i4:t2 and_—?dx:2tdt
x X
dx dx
O I = =
lel (1 + x4)l/2 lel DCZ (1 + 1/x4)l/2

_ dx _ 2t dt
-rx13(1+1/x)1/2 4Ix t

_,J'(tz _1)2 dt = —%J'(t4 -2r? +1)dt

lgS —§+ID+C
25? 3 D

1
Wheret = |1 +—
x

Example 96 Evaluate ] ifl dx.
X

Yx

1
I=[-——=dx
-[\/3 x +ix
Put x"? =¢, O = ?and dx=12t" at

1 ¢8
0 I= Q2 ¢''dt =12
It4+t3 .It+

Againput(t +1) =y
-1,

O dt=dy=12]

43

(y*—8y"+28y —56y5 +70y* —56y° +28y% -8y +1)dy

:12J'
y

[using binomial]
= 12J’(y7— 8y°+28y° —56y* +70y° —56y° +28y -8 +/y)dy

8 7 6 5 4D
_ 8y +28y 56y +70y 0
_,08 7 6 5 4 O4c
U 56y°  28y° g
+ -8y +1lo
H = , 8y *tloglyl H

Where y=x""? +1
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Exercise for Session 6

= Evaluate the following integrals

1.

10.

4
X" -1 X +2)dx
2 4 2 172 dx 2. I 2 ( )

X9xT+ x°+1) (x2+3x +3)x +1
ax 4 dx
I(X+1)1/3+(X+1)1/2 " I(X+a)8/7(x _b)6/7

sec x . dx

I Jsin (x + 2A) +sin A

The value ofI [{x}1dx; ( where[.]and {.} denotes greatest integer and fractional part of x) is equal to

(@0 (b)1
(c)2 (d)y -1

IfIf(x)cos X dx :%fz (x) + C, then f(x)can be
(a) x (b) 1
(c) cosx (d) sin x

The value of, J’Z”jr);gicoszx dx is
SN £ZX

1 5+ 4 (sin x — cos x 5+4 (sin x — cos x
(a) — log +C (b) log +C
40 5-4 (sin x - cos x) 5-4 (sin x - cos x)
(c) A log 5+4 (sinx + cos x) +C (d) None of these
10 5-4 (sin x + cos x)
The value ofdex, is
1+ 2cos 5x
(a) sin22x + cos33x +C (b)sinx —cosx +C
© S'“22X - °°S33X +C (d) None of these
The value offw dx, is
1-2cos 3x
() sin x + sin 2x +C (b)sinx - SN2X ¢
(c) - sinx - sin 2x +C (d) None of these



Session 7

Euler's Substitution, Reduction Formula
and Integration Using Diffrentiation

Euler's Substitution, Reduction and
Integration Using Diffrentiation

Integration Using
Euler's Substitutions

Integrals of the formj'f (x),/ax® +bx +c dx are

calculated with the aid of one of the three Euler’s
substitutions

(i) yax® +bx +c =t +xa, ifa>0.
(i) yax? +bx +c =tx +/c, ifc>0.
(iii) \Jax® +bx +c¢ =(x —a) ¢, if

ax® +bx +c =a(x —a) (x —PB),ie. If is real root of
(ax? +bx +c).

Remark

The Euler’s substitutions often lead to rather cumbersome
calculations, therefore they should be applied only when it is
difficult to find another method for calculating a given integral.

x dx

O
(J7x=10-x%)?

Sol. In this case a<0 and ¢ <0. Therefore, neither (I) nor (II)
Euler’s Substitution is applicable. But the quadratic
7x —10 — x? has real roots o =2, =5.

[0 We use the substitution (III)

ie. J7x =10 - x% = J(x =2)(5 —x) =(x -2)t

Example 97 Evaluate | = I

Where (5-x)=(x —2)t*
or 5+2t% = x (1 +1?)
+ 042
0 =5 2t
1+1¢?
+2t2 O
(x—z)t:g’—mz—zmt: o+
01+t O 1+t
O dx:%
(1+1%)

+2r20 -6t
x dx O+t2 0 (1+1t2)? a
Hence, I:I :I
(\/7x—10—x2)3 O 3t 53
O +¢2 D

6 5+2t
27I
2[5

=_—J’%+2§dt——?+2ta+c

O J' x dx Jgj+2t@+c,
1l7x—10—x 5 9 t

2

where, t = 77)( “10-x
x—2
dx
Example 98 Evaluate J' 0

Sol. Since, here ¢ =1, we can apply the second Euler’s Substi-

ﬁxz—x+1 =tx —1

tution.

Therefore, (2t = 1) x =(¢t* =1) x* O x:2§—l
t°—1
2
—t+
0 dx:_u and x + xz—x+1_L
(t2_1)2 t—1
—_ + -_—
: dx 2t 2t -2

I = =

‘[x+\/x —x +1 It(t—l)(m)
Using partial fractions, we have
-2*+2t-2 A B c D
= = =4 + +
FE-1)(+1)% t t=1 (t+1) (r+1)>
=A(t -1)(t +1)* +Bt (+ +1)°

or (-2t +2t -2)

+C(t-1)(t+1)t +Dt
wegetA=2 B=-1/2 C=-3/2 D=-3

_,edt 1 . dt 3. dt dt
Hence,I—ZIT 2It—l ZI(t+l) 3I(t+l)2

=2log,| t |~ log | 1|

+C

log, |t +1] +
log. D

O Jx?i—x+1 +10
Gvherer =¥ — 2 7° 7°q

B X B
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Introduction of Reduction
Formulae (a recursive relation)
Over Indefinite Integrals

Reduction formulae makes it possible to reduce an integral
depending on the index n >0, called the order of the
integral, to an integral of the same type with smaller
index. (i.e. To reduce the integrals into similar integrals of
order less than or greater than given integral).

Application of reduction formula is given with the help of
some examples.

Reduction Formula for J’ sin” x dx

Let I, = [sin” x dx = [sin" " x sin x dx
n
I I
=—sin" ! x cos x +I(n -1)sin" "% x cos® x dx
=—sin" "' xcos x +(n —1)Isin” “2x(1 =sin® x) dx
=—sin" "' xcos x +(n —l)I(sin” % x —sin" x)dx

=—sin" ' xcosx +(n=1)1,_, —(n -1) I,

-1
Onl,=-sin""" xcosx +(n-1)1,_,
. -1
_sin" " xcosx n-—1
0 In - + n-2
n n
—sin" ' xcosx n-1
. _ . n-2
Thus, J'sm”xdx— Ism" x dx
n n

Reduction Formula for J’ cos” x dx

Let I, :J'cos” x dx :J'cos”_1 x cos x dx
I 1I
=cos" ! xsin x +I(n —1) cos" "% x sin® x dx
=cos" ! xsinx +(n —1)Icos" "% x (1 —cos® x)dx
=cos" ' xsinx +(n-1)1,_, —(n 1)1,
O nl, =cos" ' xsinx +(n-1)1,_,
' xsin x

cos" "~ n—1
+

or Icos” xdx = Icos"_2 x dx

n n

Reduction Formula for J’ tan” x dx
Let I, :J'tan" x dx
o 1, =Itan"_2 x tan® x dx =J‘tan"_2 x (sec® x —1) dx

=Itann_2x sec” x =1, _, =It"_2 dt-1,_,

where, tanx =t [0 sec® x dx =dt

tn—l
In :n_l _In—Z
tan" ! x
O In = _In—z
n—1
tan" ! x _
O Itan” xdx = —J’tan” 2 x dx
n—1

Reduction Formula for I cosec” x dx

Let I, :J'cosec" x dx :J'cosec”_2 x cosec? x dx

I II
=cosec” "*x (—cot x) —I(n —2) cosec” "% x (cosec’x —1)dx
= —cosec" % x cot x —(n —Z)J'(cosec" x —cosec” "% x) dx

=—cosec" ? xcotx —=(n =2) I, +(n =2)I,_,

O (n—1)1,=-cosec" % xcotx +(n —2)1,_,
_ cosec” ® xcotx n-2
or I, =- + I,_,
n—1 n—1
n-2
cosec xcotx n-—2
O J’cosec”xdx =- + J’cosec’7 2x dx
n—1 n—1

Reduction Formula for J’ sec” x dx
Let I, =[sec” x dx = [sec” % x sec? x dx
I J-I 1I

- -2
=sec” * x tan x —I(n -2) sec”
x sec x tan x [(fan x dx

-3

"2 x (sec® x —1) dx

=sec” " x tan x —(n —Z)Isec
=sec" *xtanx —(n-2)1I, +(n -2)I,_,
O (n=1)1, =sec" * xtanx +(n —=2) 1, _,

sec”" " x tan x +(n-2)

or I, =

(n-1) (n-1 "7°
-z -2 _

O Isec" x dx =25 X tan x +(n )Isec" 2 x dx
(n-1) (n—-1)

Reduction Formula for I cot” x dx
Let I, ZIcot” x dx :J'cot”'2 x cot? x dx
= J'cot"‘2 x (cosec® x —1) dx
:J'cot"‘z x (cosec? x —1) dx :_[cot"‘2 x dx

:J't”_2 at—1,_,, where t =cot x



tn—l

[ —_co X _g
n n—1 n—2
cot" ! x _
O Icot" x dx 2—71—Icot" Z xdx
n—

Reduction Formula for J’ sin™ x cos" xdx

Let A=sin™!

+1
xcos" " x

dA ) .
0 ‘T:(m —1)sin™ "% x cos" "* x =(n +1)sin™ x cos” x
x
=(m —1)sin™ "% x cos" x (1 —sin® x)
—(n+1)sin™ x cos" x
=(m —1)sin™ "? x cos” x —(m —1 +n +1)
sin™ x cos” x
dA -
0 d*:(m —1)sin™ "% x cos” x —(m +n)sin™ x cos” x
X

Integrating with respect to x on both the sides, we get
A=(m —1)J’sinm "2 x cos” x dx —(m +n)
J'sinm x cos” x dx
O (m+ n)J'sinm x cos”" x dx =(m —1)

. m-2
Ismm xcos" xdx —P

. (m -1 . -2
O Ismm x cos” x dx =7J'smm x cos” x dx
(m +n)
. m-1 +1
sin” " xcos" " x
m+n
. m-1 +1
! (m-1) ! sin” " xcos"" x
or m,on — m=-2,n
(m+n) (m+n)
Remarks
Similarly, we can show
s om+1 n+1

. sin XCO0S X n=1 ‘ -

1. J’sm’”xcos”x dx= + Ismmxcos” 2y dx
m+n m+n
sam+ 1 n+1

. sin X COS X . m+n+2

2. J’smmxcos”xdxz +
m+1 m+1

J’simm+ 2 x cos” x dx

inm”xcos””x+m+n+2
n+1 n+1
J’sinmxcos”"gxdx

. S
3. J’smm xcos” x dx =

m =1
n+1
Isinm_zxcos“?xdx

sin” " xcos” T x
n+1

4. J’sinm xcos” x dx = -

som+ 1 n-=1
5. Isinm xcos” x dx =" XCos X,
m+1

n=1

m+1
som+ 2 n-=2
J’sm X COS X dx
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Reduction Formula forI cos™ x sinnx dx

Let I, , =Icosm x sin nx dx
I I
cos™ xcosnx m mo1 .
= ——J’cos x sin x cos nx dx
n n

cos™ xcosnx m m—1
= ——J’cos x
n n
{sin nx cos x —sin(n —1) x} dx
[using sin (n — 1) x =sin nx cos x —cos nx sin x
[ sin x cos nx =sin nx cos x —sin(n —1) x]

cos™ xcosnx m mo
= —f‘[cos x sin nx dx
n

n
m
_1 .
+f‘[cosm xsin(n —1) x dx
n
_ cos"™ xcosnx m m
Im,n - _7Im,n +7Im—1,n—1
n n n
m+n _ cos™ xcosnx m
0 m,n — +7Im—1,n—1
n n n
! cos™ x cos nx Lm
or m,n — m-1,n-1
m+n m+n
Remarks

Similarly, we can show
cos™ x sin nx +_m
m+n m+n

1. J‘cos’” X COS nx dx =

J’cosm” xcos(n—=1)x dx

nsin™ x cos nx _ msin™~" x cos x cos nx

m® - n?

. [sin™ x sinnx dx =

2. (sin” x sinnx d —
me=n

m(m -1 - .

%J’smm 2 x sinnx dx

mc-n

+

nsin” xsinnx _ msin™ ™" x cos x cos nx

3. J’sinm X COS nx dx =

T2 T2
MM =D egim=2 ¢ cos nx dx
m®-n? I
dx
Example 99 Evaluate In :Iﬁ O
(x“+a”)"

Sol. Here,[,,:J' dez :J’ - 1 ] a dx
(x"+a”)" J(x" +a’)
Applying Integration by parts, we get
1 (2x)
= [k-[—=2 __[-n)lx)dx
(x2 +a2)n I(XZ +a2)n+1|] )m )
2
x x
=———+22n[———F——d
(xz +a2)n nI(xZ +a2)n+l X

X a2 —az

2
x° +
= 2n+2"_[ 2 awmi1 &
(x“ +a”) (x“ +a")
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o 1I,=
(x? +a)
—%+2nln—2na In+1
(x* +a)
O 2na21n+1:%+(2n_1)1n
(x* +a")
1 2n —1
or I+ = lezxz (n )EPI
2na® (x°+a°) 2n
Remark

Above obtained formula reduces the calculations of the integral
/. + 1 to the calculations of the integral /,, and consequently, allows
us to calculate completely an integral with natural index, as

B fec

L=

O From above formula
Let n=1

2a° x?+a
let n=2
ax 1 X 3
[y = = 0> _+_ =/
’ J‘()(2+52)3 48° (X’ +a)? 44’ ’
=1l g X + 3 0

W%Qw

...and so on.

Example 100 Derive reduction formula for

sin™ x
I(n, m) :I = dx.
cos” x

Sol. Using Integration by parts for Iy, ), we get

sin x

Ism dx

" x

I I

cos x)~ ™!

:sin"_lxlﬁi—j(n -1)sin" "2
(m_l) -m+1
x [kos x 052 x) dx
_1)
1 sin" 'x  (n-1)

= O
m-1 cos™ !x (m—l)qcos -2

1 sin” 'x _ (n-—1)

(m-1) cos™ ' x (m-1)

n,m (n-2,m=-2)

is required reduction formula.

ol et Integration Using

Differentiation

dx dx dx
n 3 ) >
J-(a+bcos x)? -[(a+bsin x)? I(sinx +asec x)?

a+bsin x

.[7 dx,... we follow the following method.
(b +asin x)*

sin x CcoS X
1. Let A=——or A=

according to the
a+bcosx

a+bsin x
integral to evaluated is of the form
dx dx
I S ey
(a +bcos x) (a +bsin x)
1

., dA .
2. Find — and express it in terms of ———— or
dx a+bcosx

————— as the case may be.
a+bsin x

3. Integrate both the sides of the expression obtained in
step 2 to obtain the value of the required integral.

dx

Example 101 Evaluate [0
(5+4cos x)
Sol. Here, A = &, then
5+ 4 cos x

dA _ (5+ 4 cos x)(cos x) —sin x (=4 sin x)

dx (5 + 4 cos x)°
5 25
. dA _ Scosx+4 _Z(4cosx+5)+4—I
dx (5+4 cos x)* (5+ 4 cos x)*
dA 5 1 9 1
O = --0
dx 4 (5+4cosx) 4 (5+4cos x)

Integrating both the sides w.r.t. ‘x’, we get
5 dx 9 dx

T ads+4cosx Z-'-(5+4(:osx)2
dx _5 dx
O ZI(5+4 2—7‘[ -A
Cos X) 4J5+ 4 cos x
_5 dx _ sin x
4 (1-tan® x/2) (5+4 cos x)

5+4 5
(1+tan” x/2)
d 1+t 2 4
J. x J. an® x/ de =X
(5+ 4 cos x)* 9 9 + tan® x /2
DJ. dx J.Zdt _4D
(5+ 4 cos x)* 9 9+¢% 9 5+4cosx

(where tan x /2 =1t)

sin x
9 5+ 4cosx

sin x




0 dx _10 ltan_l %Q éB sin x
I(5+4cosx)2 93 9 5+4cosx
40 sinx

dx 10 _1§an x/ZQ
Of—— = ta Hic
J'(5+4(;osx)2 27 Et+4 COSXH

dx

Example 102 Evaluate I%ZD
(16 +9sin x)
Sol. Let A=—"2% ()
16 + 9 sin x
0 dA _ (16 +9sin x) (= sin x) — cos x (9 cos x)
dx (16 + 9 sin x)*
O dA _ —16sinx =9
dx (16 +9sin x)*
16 256
. di— ?(9smx+16)+7 -9
dx (16 + 9 sin x)*
g dA__16 ! 175 (i)
dx 9 (16 +9sin x) 9 (16 + 9 sin x)?
Integrating both the sides of Eq. (ii) w.r.t. ‘x’, we get
A= - 16 dx 175 dx
9J-16+9sinx I(16+9smx)
+ tan?
175J_ dx A+EJ' (1 tz;n x/2)dx
9 J(16+9sinx)? 9 J16+16 tan” x/2+18 tan x/2

o 175 dx _ 2dt
9 J-(16+9smx) 9-rlét +18t +16

[Where tan x /2 =1t]
dx

175
. 9 J-(16+9slnx) 9-[

dx 9 cos X

-I(16 + 9 sin x) 175 (16 + 9 sin x)

_i[d6tan x/2+9

2
+ tan
(175)** J175

dx
(sin x + asec x)*

+C

Example 103 EvaluateI

when|a|>1/2.
Sol. Here, I= J’d—x or I= J’M
(sin x + asec x)* (sin x cos x + a)?

cos? x dx

-[a +2asin x cos x +sin® x cos® x
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cos? x dx

. 1 .
a® +asin 2x + —sin? 2x
4

4 cos® x dx (1 + cos 2x) dx

= =2
-[(4a + 4asin2x +sin?2x) -[ (2a + sin 2x)*

_ dx cos 2x dx
-[(Za +sin 2x)* I(Za + sin 2x)°

O I1=2I +J’d—2t [where (2a + sin 2x)=t, (2 cos 2x) dx =dt]
t

1

0 I=2,-— — +¢C
(2a + sin 2x)
d
where = Iixz (i)
(2a + sin 2x)
Put cos 2x
2a + sin 2x
0 /A _ (2a + sin 2x) (= 2sin 2x) — cos 2x (2cos2x)
dx (2a + sin 2x)*
0 dA _ —4asin2x =2
dx  (2a +sin 2x)*
0 dA _ —4a(sin2x +2a) -2 +8a”
dx (2a + sin 2x)*
2 _
0 dA _ _ 4a + (8a” —2)
dx  (2a +sin 2x) (2a + sin 2x)*

Integrating both the sides w.r.t. ‘x’, we get
dx

O A=-da[————
J’(2a+sin2x)

+(8a® - 2) I,

sec? x dx

D(8a2—2)11:A+4aJ' -
2a +2tan x +2a tan” x

_A+EI7‘”
2a t2+£+l

a
=A+2J' dt

3+ +B-2
+ 0 +00-—
2a 44*
0 0
— A 42 (2a) tan"! (2at+1)§
wl4a2—1 4a* -1
4

cos 2x

O (8a* -2)1I, =
( VI 2a + sin 2x \/4(12_1

. EMQ @)
From Egs. (i) and (ii) \/ﬁ

1 cos 2x + 4a
(4a* - 1) (2a +sin2x) (44 —1)*?

nl atanx+l|:| 1
44q% -1 @ (2a + sin 2x)

+C
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JEE Type Solved Examples :
Single Option Correct Type Questions

d
Ex. 1 The value ofJ'—X, is equal to
cos’ x +sin” x
(a)tan” " (2 cot 2x) + C  (b) tan™ ' (cot 2x) + C

(c) tan™" % cot 2x@+ C (d)tan™' (-2 cot 2x) +C

dx sec® x dx

Sol. Let I = =
J’cos x +sin® x J'1+tan X

(1 + tan® x)? Mec? x

—J' c dx
1+ tan” x
+ 2\2
Puttan x =t [ seczxdx=dt=J'(1 té) dt
1+t
_ (1+t)
I(l+t) -2+ 1)
ve L
1+ @+1/%dt Q
Il—t + I(l/t2—1+t I(t—l/t) +1°

1
Putt—- =z
t

l [— -

a §+ngt-dz—1
2 _ 10 2,10

=tan"! %tflg-‘- C =tan"! MD+ C

0 tanx 0O

—~ =tan ') +C
1

=tan ' (-2 cot 2x) + C

Hence, (d) is the correct answer.

tan_1

1 L B-
+ [47
(+x )é]sec 1+x?)? +cos TP EDdx

(x >0) is equal to

4 ~
(@)e™ *Oan"'x +C

Ex. 2J’

tan”" x -1 _\2
(b)e mztan X) +C

Msec '(\1+ x2)2 +C

(C) etan_1 X

. ~
(d)e™ * [cosec ™" (y1+ x?))* +C
20
Sol. Note that sec ! /1 + x? =tan ' x; cos ™ 5 —X E 2 tan ' x,
+ x?

For x>0

g IIl

Puttan'x =¢

{(tan x)? + 2 tan™" x} dx,

4 _
ZIet(tz +21)dr=¢ [@° =™ “(tan'x)? +C

Hence, (c) is the correct answer.

X _X
Ex.3 letl=[———d ——dx.
I4X+€ +1XJ_I4X+e2X+1X
Then, for an arbitrary constant c, the value of ] — | equals to
[IIT JEE 2008]
g2 410 +10
(a) — log ‘ Hec ®)2 Iog MD +C
Ce* + e +10 B> —e* +10
()1| Zx_ex E+C (d) -1 wg.yc
c) —log fog
2 ¥ +10 " - e +10
3x
Sol. ——d
i= J'l+ezx+e *
(€™ —e") @ -1) x
I = x=—F— =
7= Il+e“+e" 1+u® +u' e
3- @du Q el
1
| g=u
1+ QA g t—l u
—110 t-1 +C— 10 m +C
2 Blie1 2 Bl a1
1 e —e" +1
=" loglt % "+
2 o8 e et +1

Hence, (c) is the correct answer.

Ex. 4 Integral of\/1 + 2 cot x (cot x +cosec x) w.r.t. x, is
(a)2|ncos§+C (b)2|nsin§+C

(c)%ln cos§+C (d)In sinx —In (cosec x — cotx) +C

Sol. I =J'\/1 +2 cosec x cot x +2 cot’x dx

:‘[\/cosec2 x + 2cosec xcot x + cot? x dx

= J'(cosec x + cotx) dx

+
Il 8% ix —Icot %@dx 2log
sin x

Hence, (b) is the correct answer.

sm —

Ex. 5 Ifl, :Icot" x dx, then I+ I,+2

(I,+ I5+....+1g) +1g +1;y equals to (Whereu=c0tx)
2 9 Z 9D
@u+L +. . +C - [u+—+ +40
2 9 2 90

2 9 9

()= [+ +..+ u%(d)ﬂ+zi+ L

| 2! org 3 10



Sol. I, =J'cot" x dx :J'cot"fzbeoseczx -1)dx

n-1 n-1

==Y — =1, or I,+I,,=—"%— [putn=234,..,10]
-1 n-—1
u
L+, =-%
2 0 1
2
u
L+ =-%
3 1 2
3
u
L+L=-%
4 2 3
9
IlO+I9_ -

Adding, Io + I, +2 (I, + I5 +...+Ig) +I, +I;,

0 °0
=-Ti+2 4. +20
0 2 90

Hence, (b) is the correct answer.

Ex. 6 Let f(x)=x +sin x. Suppose g denotes the inverse

function of f. The value of g' ET[» + i%has the value equal
to

+1
(V2 -1 (b)ff
(©)2-+2 (d)+2 +1
Sol. f(x)=y =x +sinx
a d—y=l+cosx
dx
'( :g:¥
& dy 1+ cosx
where y=g+%=x+sinx O ng
1 1
O O+ —=0=—
g@% «/EQ 1+ (1/42)
V2

\/5+1=«5(ﬁ—1):2—«5

Hence, (c) is the correct answer.

Ex. 7 The value ofI

dx .
a— -
J(x—a) (b —x)

(a) 2sin™" /X_a+C (b) 2sin™" x—b +C
b-a b-a

(c) sin™ Z “4.c (d) None of these
-a

Sol. Let x =a cos® 8 + bsin® 0 in the given integral.
So that, dx = a (2 cos 0) (—sin 0) + b (2 sin 0) (cos 6) d6
dx=2(b —a)sinB cos 6 dO
2(b—a)sinB cos0dO

O

I =
J-\/(a cos’0 + bsin? 0 —a) (b —a cos’ B —b sin” B)
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sin © cos B dO

J'\/(hsm 0-a

sin? 0) (b cos® 8 —a cos® 6)

sin 0 cos 0 dO

— =2 (1d0
)I b —a)sinB cos O I
=20 +C=2sin"! [>—2+C
b-a
Hence, (a) is the correct answer.
x =1
( ) dx, is

Ex. 8 The value ofI

(a) 2tan_],/x—+1 +C
X
(c) 2tan™ 1 LXH +C (d) None of these
bs

Sol. Let I

(x+1)\/x3+x2+x
[ (" -1)
(x+12\/x3+x2+x

x2 (1 -1/ x%)

(x +1) /x> +x? +x

(b) tan™" LXH +C
X

:I (x—-1) dx

dx

Ix +2x +1)4/x° + x? +x

X2 1 -1/x

)

_J'x(x+2+1/x)|3(1/x +1 +l/x

1
Put x+ — =t

X

O@-1/x%)dx=dt

_ dt
J-(t+2)1/t+1’

Let t +1 =22

0 dt =2zdz =I

2z dz

(2% +1)Vz*

dx
which reduces toj'i 0
V0

dz =2tan ' (z) + C
z 1

=2tan ' (Jt+1)+C

Hence, (c) is the correct answer.

Ex. 9 The value ofI

(a+

2
- x“+x+1
=2tan1 7+C
X

x?) dx

2 2 il
(T=x7)4T+x° +x

‘\/x + X +1—\/7x‘

(@) -
‘\/x +x? +1+Ix‘

1 Vx*+x? +1+4/2x

(b) —=log +C
23 \/x4+x2+1—\/§x
1 Vx* = x? +1-8x

(c) —=log +C
2\/5 \/x4+x2+1+\/§x

(d) None of the above
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1+ x%) dx

(1-x%) 1+ x% +x*
Q %de
—x \/—+1+x

(1 +1/x%) dx

=_‘l'(l—l/x)wlx—l/x)z +3

1

ngdx dt 0 - It\/tT

Sol. Let I= J'

Put x——= =§+

Again, putt +3=5?

— R d - —
ad 2tdt =2sds = I 6 _3)— -[s _(\/,
- o83~ V3§
Z«f Ds+fg+c

DF_ID
\/mefD

e RV
o1 3 4

D/x+i+l_ftl

zflogH\/iﬂth

qlx + x? +1—fx
- 2[ qlx +x%+1 ++3x

Hence (a) is the correct answer.

+C

Ex. 10 The value of | =J' dx ,is

(a +bx?) b —ax?

(d) None of the above
Sol. Substituting ax® = b sin® @

:\/Ecosede
a

\Ecosede
O I= I[I —
Ea+b—sm Gleb b sin? @

cos0do
I (a® + b%sin® ) [kos O
do
“Jaf— %
J—a +b’sin’0’
dividing numerator and denominator by cos® 6, we get
2
_\/7J’ s 6029 ,puttan 0 =¢
a*sec* @ + b* tan® 0
dt dt
= = \/7
a-[az(l+t2)+b2t2 aI(a2+b2)t2 +a°
Ja dt
a2+ bz_[ P pe
a2+ b2

0 O 0
- Ja a +b2 tan- E{,m +b2D+C
a? +b? E H a H

1 a +b2 D+C D t= tanf = x B
\/a(a2 +b%) \/b ax’ Q Jb—ax? ]

Hence (a) is the correct answer.

dx
‘er1/1—x,/2—x)+ 1—x
HogD -I£+\/z +3z B% logs - +\/s -sH

S
2Q

Ex. 11 The value of | =

+C

N

k
and s — z =—, then value of k, is
X

(@)1 (b) 2 ()3 (d) 4

dx
2x {J1—x 42 —-x)+ 1 —x

put (1 —x) =t* —dx =2t dt
2t dt

J'2(1—1"")Ea‘,/1+t2+t
_ dt
I(l—t2)1/t2+t+1

dt 1 U1
‘[(t—l)(t+1)\/tz+t+l ZIEﬁ
N 1 101 1 0
CU-nGe+n 20b-1 tead

_1 1 1 1

Sol. Here, I =I

d dt

1
me/tz+t+l

- dt
2 1) P+t +1 2J’(t+1)\/t2+t+1

1 1
Let I=-1,--1 (1

ook (@)
where, I, =

J-(t—l)wlt +t+1
and

I, =
I(t+1),/t +t+1

1 1
ForIj,put (t-1)=— 0 dt=-—dz
z z
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-1 d d X m
/2% dz z Ex. 13 IfJ- . o+
1 3 0/ 2 +q%)3 4a (x“+a”) na
SyBtaatee @*1 @H, B8
2 2 0O x 1 [ .
3 O 5 5. T tan %%+ C. Then ‘m —n‘ is equal to
= _IOgEQZ +5 §+ Nzt +3z +3E L) [Ra (X ta ) 2a°
()4 (b) 3 (c)2 (d) 1
For I, put(t+1)=—
or I, put (£ +1) Sol.Let = Iidx -(0)
1 (x* + a%)*
d dt = —ds
and Il = Im dx ...(Il)
I % 7§Z 3 :J, lezl:ldx= J, -2(2x)
8 (o + ) & <x+a>
=—log5§ ! @+ﬁsz—s +1Q ...(iif) — X 4J-x2+a -a’ dx
2 0 (xz +a2)2 (xz +a2)3
1 3. 2. .
- 78 §+7+22+3Z+3§D = zxzz 4I zlzzdx_‘mz_[‘ 2dx23
20 (x* +d’) (x* +a’) (x* + a?)
@% @ [z _ B
log st *l + ¢ o 2% + 41, —4a®* O [using Eqs. (i) and (ii)]
. ) . ; (x“+a%)
where, z =———and s = ———
J1-x -1 1/1—x+1 D4¢121=m+311
O s-z= ! - ! —ED k=2 3
Ji-x+1 J1-x-1 «x :ﬁ — L ..(iii)
+
Hence (b) is the correct answer. da” (x" +a’) 4a
[using previous example,
Ex. 12 /f_f% L= @ __.__X +—tan %Q+CB
(x +a”) (x* +a%)?* 24 (x* +a?) 0
. M+ ! tan™’ X%+C Then the value of k, is x 30 «x 1
- - . f gl=——  + > G——— +—t ‘1%§ +C
ka? Ok* +a® a afl 4a*(x*+ a®)*  4a® Ra*(x*+a*) 24 " %
(a) 1 (b) 2 (c)3 (d)4 (i)
Sol. Here, we know m=3andn =4
o= Eec L) Amenl=l3—al= ) =
X +a a a _ Hence, (d) is the correct answer.
Also, J' 5 Adx= 5 x - J' * x dx
x+at x+at (" + %)’ Ex. 14 Ify (x—y)® =x, then
xt+a?-a*
= +2 X m 2 .
——=—In[(x - —=1].Then(m + 2n) is equal to
e IxH+a) [ e o3y = Inlx =) =1hThen(m-+2n) is eq
dx _  x + dx 2 dx . (a) 1 (b)3 (c)5 (d)7
I 2, 2 2. 2 ZI 7, 2 2a I 7 oz ) 1
x'ta xta X ta (x" +a) Sol. Let Pl — :Eln[(x—y)z‘l]
From Egs. (i) and (ii), we get (x=3y)
XX 1 X 2 dx (X_Y)H_*D
—tan —=———+2—tan  — -2a J'ﬁ dP 1 O dx0O .
@ 4 xra @ "+ ) Y & Ty ey -0
_ x-y) -
2 dx X 1. 4 x
. a4 I(XZ +a?)? TR+l * a tan a Given, y (x — y)* = x, on differentiating both the sides, we get
O O - -
or J’ dx 1 > 0 L ltan_1 X 0+ C dy _ 172y(x7y) ...(if)
(x +a) " 2a? Ox*+a® a a dx  (x—y)(x —3y)
1 O x 1 x[
s e - 122 B
. k_za . dp _ 0 (-y(-3)0
= — ) —
Hence, (b) is the correct answer. dx fx =y -1}
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(=) (xr-3y) -4y (x -y (x-y)’s

(x =3y) {(x —y)* -1} (x =3y) {(x-y)*-1}

o __1 (i)
dx (x—3y)

which is true as given

0 I “_”;y) = log {(x )" 1)

0 m=1n=2

g m+2n =5

Hence, (c) is the correct answer.

Ex. 15 IfI(x+1/1 +x%)" dx.
{X+\/17}n+1

{>(+\/1T}"1

~a(n +1)
Then(a + b) is equal to
(a) 2 (b)3 (c)4 (d)5
Sol. Let I =J'(x +41+x%) dx
Put x+ 41+ x% =t ()
0 . 0
a Hi+—— D2xHdx=dr
H 21+ H
0 2 O
0 R R (i)
H Ji+x* H

x—wl1+xz
—1l1+xz
F=x 441+

Weknow,t=x+\/l +x% =x +\/1 +x? x

1/1+x
—7—x—1l1 +x°

Subtractmg, we get

1 1 2t
241+ x> =t+= or = ...(iii
v ; s £+l (iif)

From Egs. (i), (ii) and (iii), we get
2+
dt

2t
I:f—dt—zj T dr

O I:J't o

1 Dtn+l
_55n+1

dx =

L e i+ )y +C.(iv)
2(n—1)

Then comparing the values of a and b by Eq. (iv)a =2, b =2
O (a+b)=@2+2) =4
Hence, (c) is the correct answer.

Ex. 16 IfJ’ j;(x) dx, where f(x) is a polynomial of
x” =1

degree 2 in x such thatf(0) = f(1) =3 f(2) = -3 and

f 2
J' S dx——log‘x—1‘+log‘x +x +1‘
x =1
m - @x+10 .
+—=tan +C.Then(2m +n) is
NrRR Nl
(a) 3 (b) 5 (07 (d)9
Sol. Let flx)=ax® +bx +¢
Given, f0)=f1) =3f(@2) = -
ad f(0)=c=-3
f)y=a+b+c=-3
3f(2)=3(4a +2b +c) = -3
On solving, we geta =1, b =—-1,¢ = -3
a fix)=x*-x-3
0 =L ey XT3 g
-1 (x=-1)(x*+x +1)
Using partial fractions, we get
(x* = x -3) __A Bx+C
(x—-1)(*+x+1) (x-1) (x*+x+1)
Weget,A=— B =2 C =2
@2x+2)
or=f-
I —1 I(x +x+l)
2x +1)dx 1dx
-1 -1] + +
oglx | J’x +x+1 Ix2+x+l
dx
= —log| x =1 | +log |x* +x +1|+
gl x =1 +log | A ISPy yr

=—log|x-1| +log| x* +x +1|+itan_ QLH§+C
8 8 5 NG

U On comparingm =2,n =3 U 2m+n=7.
Hence, (c) is the correct answer.

1+
Ex. 17 The value ofj’ﬁ dx, is equal to
X\ 2
x(1+xe™)
(a) |oga E+ ! +C
O1+xe* [0 (1+ xe*)
(b) |og% E+ ! +C
O1+xe*[] 1+ xe*
(c) |ogH H+
O1+eXg 1+ xe*
(d) None of the above
Sol. Let T = J' T e[ X g
1+ xe®)? (xe™) (1 + xe™)
putl+ xe* =t
dt

O @1+ x)e" dx =dt —J'(i applying partial fraction,
t

¥
A B C
ot ta

1
we get —— =
(t-1)t f—1 t



0 1=A@*) +Bt(t —1) +C(t —-1)
For t=1 0O A=1

For t=0 0 C=-1andB=-1

a
O I:J'Dli_l
-1 t

10 1
-—0dt=log|t—1|-log|t|+- +C
0 t

=log|xe™ | —log |1 + xe*| + +C
1+ xe*
= log Hox" H, ' L,
Ol+xe* ] 1+ xe*
Hence, (b) is the correct answer.
dx .
, Is equal to

a cos 0 dO

asin @ + \/a2 —a%sin*0

cos O +sin B + cose—sinede
sin O + cos 6

ad deacosGdBIJ’

cos 0 dO
_Isme+cose 2-[

—fJ’ldG+ Icose sin ©
2JsinB + cos O

log (sin® +cos ) +C

_7[(B+

JEE Type Solved Examples :

Chap 01 Indefinite Integral 55

x* U
fsm %Q log[l tyl-— 0+ cC
a g
1 - 1 1
=gsin ! %§+5{log| x +4a® —x* ) —Eloga +C
=%sin_l %§+%log| x+qJa’ —x* | +C

O 1 d
here C, =C ——log a
gt 2 %°H

Hence, (a) is the correct answer.

dx, is equal to

Ex. 19 The value ofJ‘
(x* +1)4/x* +1

— 0 2+ 0 _ N 2+ 0
(a)isec 1 EMEH‘C (b)\/Esec 1 EMD'*’C
V2o OVax O 0v2x O
|]2+ 0 D2+ 0
(c)icosec_1 Eulj*'c (d)\/Ecosec_1 EMI:HC
V2 Uvax o Ov2x O
Sol. Let I = I (" -1) x:J’ x*(1-1/x% dx
(x? +1\/x +1 x2§x+l§\/x2+l
x

1-1/x%dx

T e

Putx+l=t a Q—%de:dt
x

X

_ d _ 1 IQ\%Q”C
It,/tz—z 2 2

; Ox?
——sec EL[I +C

NG

Hence, (a) is the correct answer.

More than One Correct Option Type Questions

A(4+x2)*2 (Bx? -6) ic

5
X

Ex.20 | V44 =
X

then

1
a)A=—
® 120

(b)B =1

(A= - (d)B=-1

120

4 4
4-x* \/ﬁ \/ﬁ

4 4
Put t=[1+—0 t=1+—
X X
8
O 2tdt=-— dx
X
1 1 O SO0
:—I(tz—t4)dx:—[«k——|]+C
16 16[|3 |:|
+ 3/2
_7M( -6)+C
120 x°
A——B—l
120

Hence, (a) and (b) are the correct answers.
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Ex. 21 The value of the integral
J'es'” X (cos x +cos® x) sin x dx is

1 sin? x s 2
(a)Ee (3-sin“x)+C
(b) eSinzx Q + % cos x@+ C

22

(€)™ * (3 cos® x + 2sin*x) + C
L2

(d) e * (2cos® x + 3sin’ x) + C

Sol. Put t =sin’x
t

1 3 ti
The integral reduces to I =~ J'et(z —t)dr == ¢ - +C
2 2 2
1 .
- g esmz x(3 _ Sinz x) +C [option (a)]
) 1
= esm2 * % + E cos® x@ +C [option (b)]

Hence, (a) and (b) are the correct answers.

JEE Type Solved Examples :
Passage Based Questions

Passage
(Q. Nos. 23 to 25)

For integral If%x ﬂg[i +%§dx, put x 2oy
X=H o x X
For integral Ifix +£§[i —%%dx, put x +2 =
x4 U X
For integral If%(z —%i@ +—de put x* _iz =t
X

E@( 3 de put x> +— =t

many integrands can be brought into above forms by
suitable reductions or transformations.

For integral If @xz +—

Ex. 23 J'

4
X 2
dx
2\/x4+x2 +2
(a) /x +1+7+c (b) /X +1+—+C

() .|x? +7+c () 2+c
X X
2
x3
1+l
X

Sol. Here, I = dx

Ex. 22 IfI :J'(«/tanx ++/cot x) dx = f(x) +c, then
f(x) is equal to
(a) V2 sin '(sinx = cos x) (b)

2cos”'(sinx — cos x)

o

N

(c)+/2 tan™ ﬁjLH(d) None of these
Jtanx

sinx + cosx

Sol. I = ((Wtanx + vJeot x) dx = [vV2 BF————2Z dx
J'( an x cot x) dx J' \/M

If sinx — cosx = p, then (cosx + sinx) dx = dp

I:IJ'F

V2sin™ ptce= V2 sin”! (sinx = cosx) + ¢

Tt 1, - sinx — cosx
=— —2 cos”! (sinx —cosx)=+/2 tan™"

V2 \/1 —(sinx — cosx)?
=2 ta

_; sinx —cosx - tanx —1
n %:ﬁtan
4/2sinx cosx W2tan x

Hence, (a), (b) and (c) are the correct answers.

2 2
Putx2+—2+1:t O 2@——3@dx:dt
X X

dt gtli

1
z-rf 2 1/2

= x2+%+1 +C
x

Hence, (b) is the correct answer.

(x-1)

(x +1) /x> +x? +x

(a)tan_1§<+l+@+c (b) tan™" | x +1iisc
X X

(c)2tan”! JxF 1 +1+C (d) None of these
X
x? -1 @ @

dx =
(x+1)" %" +x +x i §x+7+2§/ +7+1

1
Putx+—-+1=¢ 0O @——ngx:m‘dt
x x

:\/; +C

Ex. 24 I

Sol. I

2t dt 1
—J’ I 5 dt
(t* + 1)t t*+1)

0 0
=20an™' (f) + C=2tan™’ H/x+l +1H+c
pe

Hence, (c) is the correct answer.




+4
Ex. 251261)(
(x® +x +1)?
5
(@)x°+x +1+C (b) ~———+C
x"+x +1
5
(Ox*+x°+C (d)5X7+C
x" +x +1

TN
Sol. Here, I = %
(x> +x+1)

JEE Type Solved Examples :
Matching Type Questions

Ex. 26 If x [J(0,1) then match the entries of Column |

with Column Il considering ‘¢’ as an arbitrary constant of
integration.

Column 1 Column 11
0 l O
(A)J'tan tan™! x 1Dabc (p) i)63/4+C
1+\/E +1H 3
D _ 40
®B) [ cot L+ Vx ‘/;Ddx @ e
1++x + YxH 5
Eﬂ—tanEﬁSin_1 Dl_\/;j:"]
O Bih&%ﬂ 2 44
(C)ID ) al f:DDdx (r) gx +C
+tan (& sin”' G-
Hn B s B

(D) Iftangztan IEJ{/\I/T[H_\NH[__I
x+1+\/\/1+\/; 1

Sol. Let Jx =tan’0
x=tan'® O tan6 =x"*

HRER
)
+E
a

. (o, 1
a dx = 4 tan® O sec’0 dO O x001 O
e (o m/aH
O x—sece
/ d
1+ -1
(A)I = J'tan tan™" x - |:ldx
1++/x +1f
0
1+ -1 —-10
tan tan”! x - B e tan@tan sec 1I:I
1/1+\/;+1 secO+ 10

=tan [ tan~" %an f% = tan6
% 2

o I =J'tan9@tan393ec2 0d6
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Divide numerator and denorninator by %', we get
5x7° + 4x7
r= Iﬁ x
1+x"+x7)

Put1+ x4+ x7 =0 (-4x7 -5x%) dx =dt
dt 1 1
| I:—I—Z:7+C:7_4 = +C
t t 1+x " +x
5
- *  4ic
X+ x+1

Hence, (d) is the correct answer.

étan 6+C=— (x5/4) +C

40
1+ x \/;Ddx

B) I= Icot %tan

1+ +§/§E
| 4
1+ 0 — |:|
O cot2tan™ \/7‘/; \/;EI t @ tan™" sec O — tan®
1+\/;+4x 0 sec9+tan9|:|
—cot(2tanl\/m
1 -sin60
:cotgtan -
cos 0

16 0(0, 11/4), thensec © — tan 6 >0

= cot % tan”! tan @g —§%= cot @;}—9§= tan0
0 I =J'tan9 (Atan® O sec’ 640

4 4
:gtanse +C =g(x5/4) +C

1, O-+x0 - tan?00
0 Jsin” L=
© 251n +\/;H (1 + tan’00]

1 - 1 -
== sin"" (cos 20) = = sin " sin ? 26@
2 2 2

— tan %sm ! Bﬁjé

: ID %,-lDl—J}j]
@1+tan sin Hﬁ%@

l—tan%—eg

=(————— 4tan®0sec’0dO

1+ tan ? —9@
4
:Itan %Z» - %—9%4tan3 Osec? BdO

=J'4 tan® 0 sec® B d0

M:l
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4 4
:g tan’0 + C :g(xm) +C

D) Let v/x =tan?’0 0 x = tan*®

: 0,1

O dx =4 tan® B sec’ 040 o =001 O
& (o /a9

O /1 +x =secO

B -
H\/\/1+J§+1 +\/\/1 +x —1EH

B G -
H\/\/1+J§+1 +\/\/1 +x —1EH

I= Iftan%tan

] ftan%tan

JEE Type Solved Examples :
Single Integer Answer Type Questions

Ex. 27 If the primitive of the function

0 2009 [ 10 x2 EV’ c
X) = w.r.t. x is equa to—k +
f +X2)1006 q nO+x20

n
then — is equal to ......
m

_ X
SOI. f(x) - IW dx
Put 1+x*=¢t O 2xdx=dt
t-1)"ar 1 17" 1
0 s ey (S =Y
1
Put 1—;=y O —zdt—dy
1 1 1005
0 [==[y™dy =—EF— +C
2-[y Y =% 1005
2 D1005
E‘ig +C
" 2010 " 2010 D1+x2D
0 m=1005,n =2010 0 1 =210 _
m 1005
"(x X
Ex. 28 Suppose f”( ) Ji( ) =0 where f(x) is
fx) f(x)

continuous differentiable function with f'(x)# 0 and satis-
fies f(0) =1and f'(0) = 2, then f(x) =e™ +k then\ + k is

equalto...............

Sol. £ (T ()~ FI" (9= 0 or LELZSO0)
[ (P

d Of(x)0_
dx Hyz H

) D\/sece+l —\/sece—lEl:|
D\/sec9+l +\/sec9 -1

= tan®0 [tan % tan

a o 6 6
0 Dcos — —sin — Dj
= tan®0 (an [2 tan~ Bﬁ[ﬂ
a hd 1
0 Ecos 5 + sin — 5 E

= tan”0 (an %tan_l tan @E - 9%
4 2

= tan?0 an @2! —9§=tan2 0 [dot © =tan O

0 I=[tan6tan’ Bsec’0d0= ', =§<x5/4> +C
(A) - (9): B) » (@): (C) - (q): D) - (9
Integrating, ) +C (i)
Put x:O,MZC 0 C=l.
1(0) 2
Hence, f) =1 ...(ii)
fix) 2
From Eq. (i), 2f(x) = f'(x) O f} ((;“)) =2
Again, integrating, In[f(x)] =2x +k

Put x = 0to get,k =0
fx)=e™ OAN+ k 2 & 2
sin(100x)(sinx))‘

Ex. 29 I{sin(101x) Gin” x} dx = " ,

A
then — is equal to ......

Sol. (1) I :J'{sin (100 x + x) [sinx)*} dx

= J'{sin (100 x) cosx + cos 100 xsin x} (sin x)*° dx

J'sin (100x) cos x [(sinx)** dx + J' cos(100x) [{sin x)'* dx
Nt g LA
1 II
sin (100x) (sin x)'*°
100

100 . 100 . 100
——— [cos (100x) (sinx)™" dx + [ cos (100x) (sinx) " dx
2 [[e0s (100%) (sinx)"" d + [ cos (100:) (sin )

_ sin (100x) (sin x)'*°
100

+C

=100 O A:@:1
u

o=1op 100



Subjective Type Questions

Ex. 30 Ifi, denotesj' z" €% dz, then show that

+n!z"").

(n+0)1, =1, +eV* (11z% +212% +...
Sol. I, =J' 2" e/* dz, applying integration by parts taking e"* as

first function and z" as second function. We get,

l/z n+1 n+1
I, = & J' el Q QDZ— dz
(n+1) 220 n+1
1/z n+1
€ B 1/z n-1
+ B d
(n+1) (n e ‘
! _el/z &n+l+ In—l
T+ ()
el/z &n+1 1 Ql/z &n 1 O
= + O + =TI
(n+1) (n+1)g n n 0
_ el/Z (Z)n+l . el/Z qz)n N 1
(n+1) (n+1)n (n+1)n
_ el/ZE(Z)n+l +€1/Z|]Z)n . el/zuz)n—l . 1 I .
(n+1) (a+Dn (+Daln-1) (i +Dnh-1)

el/z l]Z)l
(n+1)n...302
1

(n+1)nn-1)...302
Multiplying both the sides by (n + 1) |. We get,
m+ )L, = 3" '+ 3" (n-1)! +
+.o.o+eF M) +F 320 4,

O IL(n+1)!=1, +e’* (112% +212° + ... ntly

1/z n+1
_e eyt

n+1

1/z n
e'" Uz) + 4
(n+1)n

+nlz

Hence Proved.

Ex. 31 If1, =Ix" \a® —x* dx, prove that

Xn—'l (aZ _X2)3/2 (n_]) 5
In == + a n—2-
(n+2) (n+2)
Sol. I, =J' X" AJa? - x% dx :I X"V Ox AJa® - x%) dx
I II
Applying integration by parts, we get
0 32 0 — 232 ]
:xn—lm_(a ) D+I(n_l nZEU:'_(a x) Ddx
0 0 3 O
xn_l(az_x )3/2 (n-1) -2 2 2 2 2
=- 3 + 3 Ix" [a® — x°) Ja" — x"dx
n-1,2 _ 232 oy A2 _
0 In__x (a” — x%) +(n 1)a In_z_(n l)In
3 3 3
_ n=1,2 _ 232 iy 2
DI”+(n l)In:_x (a” = x%) +(n 1)a I,
3 3 3
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n=1,.2 _ _2\3/2 2
@n+2§1 __x (a” — x%) +(n 1)a L,
3 3
2 _ 2\32 2
In:_x “Ha® - x?) +(n 1)a I,
(n+2) (n+2)

Hence Proved.

Ex. 32 If1, =I(sin x +cos x)™ dx, then show that

m 1, =(sin x +cos x)™ "' [(sin x —cos x) +2(m 1) I,, _,

Sol. - I, ZJ' (sin x + cos x)" dx

:J' (sin x + cos x)™ ! [{sin x + cos x) dx,

Applying integration by parts

“!cosx +sinx) —I(m me 2

=(sinx + cosx)™ -1) (sinx +cos x)

[{cos x —sin x) [{sin x — cos x) dx

m=2

=(sinx + cosx)™ " !(sinx —cosx) +(m l)J' sinx +cos x)

(sm x = cos x)? dx

As we know, (sin x + cos x)? + (sin x — cos x)? =
01, =(sin x + cos x)™ ! (sin x —cos x) +(m —1)
J'(sin x + cos x)™ 22 —(sin x + cos x)*} dx

=(sin x + cos x)™ ! (sin x —cos x) +(m —1)
J'Z(sin x+ cos x)" Zdx—(m —1)J'(sin x + cos x)" dx

(sin x —cos x) +2(m —1)
Im—Z _(m _1) Im
T(sinx —cosx) +2(m —-1)I,,_,

I, =(sin x + cos x)™ !

or(m —1)I,,+ I, =(sinx +cosx)™

or mI, =(sin x + cos x)" ' (sin x —cos x) +2(m —=1) I,,_,

Hence Proved.

Ex. 33 Ifl, , :Icosm x [dos nx dx, show that

(m+n)l, , =cos™
Sol. We have,

x Binnx +ml ., 1,y

Ly, :I cos™ x [tos n x dx
’ I 1

[$in nx [

(cos™ x)E ;. Q

1 . m
== cos™ x Bin nx + — [ cos™
n n

. in nx
x (—sin x) dx
n

J'mcos

1 x {sin x Bin nx dx

As we have, cos (n —1) x = cos nx cos x +sin nx sin x

1 m -
O Iy =~ cos™ xIBinx+—I cos™ ! x{cos(n —1) x

n n
— cos nx [tos o dx
1 -1 m
=— cos xI]hnx+—J'cos'" x [¢os(n —1) xdx ——
n n n
J'cosm x [kos n x dx
1 . m m
=—cos" xBinnx +—1I, 1,1 —— L,
n n



60 Textbook of Integral Calculus

m 1 .
ILyp+t—1Ip,=—[cos" xBinnx +mI,_;,-]
n n
+n .
. I, [cos™ x Binnx + m I,y —y 5 -1]
(m+n)I,,=cos" xBinnx +ml,_ 4,

tan @E—xg
4

Ex. 34 Evaluate I

tan QE -x de
4

cos?® x \/’[an3 x + tan® x + tan x

Sol. I =J’

(1 - tan® x) dx

=J

(1 + tan x)? cos® x \/tan3 x + tan® x + tan x

0 1 O,
-0 - o —Usec” x dx
0 tan® xO

I:ID

0
Etanx+2+ H tan x +1 +
tan x tan x
1
let y=_[tanx+1+
tan x

O
0 2ydy Esec x —Elsec x[ldx

tan® x

—2ydy _ _
D J-y+1)|:j; 2.[1+y

_ _lEI 1 O
=-2tan " [ [tanx +1 + a+cC
0 tan x [

x? +n(n-1)

Ex. 35 Evaluate I( dx.
X

. 2
sin x +ncos x)

x2+n(n-1)

Sol. Here, I =J’ ( dx
x

sin x + n cos x)*
Multiplying and dividing by x* ~2, we get
{xX*+nn-1)}x""?

I_I no_: n-1 de
(x"sin x+nx""" cos x)

. -1 _
We know x" sin x + n x" "' cos x =t

O {(nx""'sinx)+(x" cosx) +n(n —1) x" 2 cos x

—(n x" " 'sin x) dx =dt}

O x" ?cosxOx*+n(n—1)}dx =dt
Keeping this in mind, we put
{x*+n(n-1) X"~ [tos x

-[ (x" sin x + n x" ! cos x)*

II I
Applying integration by parts, we get
0 0 1 0
=x" sec x[[I-

O (x"sinx+nx" "' cos x)O

-1
(x" sec x tan x + n x" " [3ec x)

cos’ x\/tan3 x +tan® x +tan x

dy —_ -1
;= ~2tan "y +C

Sol. I =J'

k" sec xdx

l
(x" sin x + n x" ! cos x)

= - —(x sec x) + [ sec? x dx
(xsin x + n cos x) I
(x sec x)

(xsin x + n cos x)

Ex. 36 Ifcos© >sin 0 >0, then evaluate

|:Tl+s.|n29DC0Se 0 cos206

H
I Olog B 501 8172%

=~ +tanx +C Hence Proved.

E|1+sin29|:|cSe O cos20 DB

-Here,fzfgogal_smzeﬁ " nze

_ Ckos O + sin 60
I EZ cos” 0 log Bcose —sin GH

0 i 0
= (2 cos 0 =1) log HM

cos O —sin 6

Ckos O +sin 6 (I
Bc Hd@
0s0 —sin O

= cos20 o Lpos @ + sin 60 d6, applying integration by parts
I g ma pplying integ y P
11 I
0 0 i
cos B +sin O DstB 2 I:‘§1n29 o

HcosG—smGH 2 IcosZG 2

_sin20 Ucos® +sin B 0

1 1 20| +C
2 Ochose—smeﬁ 0g | cos 20|
tan” ' x
Ex. 37 Evaluate Iidx.
X
-1
tar;4 X dx ZI tan”! x Bxl—4dx
I I
=(tan~ 'x Q @ dx
) 3 -[1 + x? ( 3x°)
tan~! x dx

3x° 3Ix (1+x)
Put1+xz=t,

2xdx=dt=—tan3x+7j’ >
3x 6J t-1)°0
tan~! x
I=- += 1
3x° 6 !
1 0 A B O
Where,Il=J'72dt:J'|ji+7z+£Ddt
t-1)°0 Ot-1 (@-1) t g

Comparing coefficients, we get
A=-1,B=1C~=1
0 0
O L=(0O- L . 12+ludt
o -1 ¢-1)° tp

—log|t-1| - + log | t]

1
(t-1)

()

...(i)



0 From Egs. (i) and (ii), we get
tan”'x 1]

1 O
I=- +f Flog | x*| —— +log |1 +x% |0+ C
3x3 s H gl x7| 7 gl |D
_ _tan Ex +15——+C
3’x3 6 D x? 0O 6x*

Ex. 38 EvaluateJ' x* log (1 - x?) dx, and hence prove

1 1 8
that — + — ... Iog2 -—
183 20 30 3 9
0 2 3 4 0
Sol. We know, log (1 — x) = —[Ox + 0 X 0[]
0 2 3 4 0
Put x? instead of x in the above identity,
0 4 6 8 0
O log(1-x*) =-0Ox* +— +X +X 4+ wp
0O 2 3 4 0
0 6 8 10 0
a x*log 1 - x*) =-g«* + XX 0[]
0 2 3 4 0
Integrating both the sides, we get
O x 7 9 O
Ileogl—x)dx——D X e X o [+ C
|:|1|3 2@ 309 0
Now, to find constant of integration, put x = 0
a 0=0+C
ad C=0
0,5 7 9 0
O J'leog(l—xz)dx——[jx—+x +x—+...oo|]
gl 200 30 0
I I
Applying integration by parts, and taking limits 0 to 1 for LHS
0 d
0 I]—log(l—x)l]—J’l— C22) 4y
0s g, J° 3 1-x*
0 d 20 + xpd
a Dx—log(l—xz)lj gD x——x+ IogEl xa
03 0 30 3 2 Dl—xDD

Taking log (1 - xz) =log(1 +x) +log (1 —x)

and log BI—H log (1 + x) —log (1 —x)
0 10 z+710 2-2 -2 1 im B 2 Higa -
& & 3 9 x-103 30 &

O O
= lim (x> —1) log (1 —x) =0
ElE R g

0 Z10g2 -2 =Rus

3 9
O L+L+L+_”:glog(2)_,
16 20 30 3
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a+bsin x
Ex. 39 Evaluatej’idx
(b +asin x)?
2
a
——b+(b+asmx)
Sol. Here, I = Im *J’ :
(b + asin x)? (b + asin x)
=2 2 -p? dx b dx
I(b+asmx) J-(b+asmx)
Now. let A = 98 % [IdA— —bsinx —a
’ b+asinx dx (b+asinx)
2
. di é%asmx+b+;—b%
dx ap (b + asin x)? 0
E
0 di__é'j 1 a? - b? S
dx agb+asinx  b(b+asinx)’

Integrating both the sides w.r.t. ‘x’, we get
dx _ (a® - b?)

dx
a-rb+asinx a

J—(b + asin x)*

boe  dx
Ib+asmx

a® - b? dx

I(b+asmx)

From Egs. (i ()and (i), we get
__7‘[ dx _ +BJ, dx

aJd (b +asin x) aJd (b+asin x)

O

—-A

O
O I=-A+C O Iz—H&Fc
b+ asin x
dx
Ex. 40 EvaluateI T -
(x=1)""(x +2)
dx dx
Sol. Let I = =
*l-(x‘l)m(9€+2)5/4 I I](x—l)D3
H(x+2 H
Let ol
x+2
So that, ——— dx =dt
+2)?
dt  _1 3y
O I=(——=-(t dt
I35 73]
—l (14 e éDx Dl
3 1/4 35;( B

61

dx

()

(i)
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Indefinite Integral Exercise 1:
Single Option Correct Type Questions

1. Let f(x) =I dx and f(0) =0. Then 8. I " dx is equal to

(1+x2)(1+4/1+x?) x4 2x% +1
f(1)is equal to J2xt —2x® +1 J2xt —2xt +1
@YX "X T e T L

(a) log, (1 + 2) (b) log, (1 ++2) == x? x
V2xt +2x? +1 V2xt —2x® +1
(c) log, (1 + V2) + g (d) None of these (c) % +C () % +C
2. If J’ f(x)dx = f(x), then J’{ f(x)}? dx is equal to 9. Let f(x)be a polynomial satisfying f(0) =2, f'(0)=3and
1 f"(x)= f(x). Then f(4)is equal to
(a) E {f(x)}z (b) {f(x)}3 @) 5(68 +1) ) 5 (eg -1)
3 2¢* 2¢*
(o L @ LY ot ot
3 (€) — (d) —
3. IfIf(x)dx:F(x), thenIxaf(x2)dxis equal to S St
(x2 +4Inx) 3 x?
(a) % [ {F(x)) _I{F(x)}z dx] 10. J' N X € dxis equal to
1 2 2y _ 2 2 n x nx _ x?
(b)E[xF(x) J'F(x)d(x )] (a)D%“ 2 e! E XZ+C (b)(x 12)xe s
X
(©) > [°F(x) = [ {FG} d] by
2 2 (c) =D _ & +C (d) None of these
(d) None of the above 2x
4. If nis an odd positive integer, thenI| x" | dxis 11. J'tan4x dx = Atan® x + Btan x + f(x), then
equal to 1
xn+1 xn+1 (a)A:g,B:_1’f(x) =x +C
@|>—|+c e ;
n+l n+l () A=2,B==1,f(x) =x +C
|x|" x
(c)ﬁ+c (d) None of these (c)A:;B Z1 ) =x +C
8. Let F(x)be the primitive of Sx+2 w.r.t. x. If F(10) =60, (d) A= g, B=1, f(x) =-x +C
Jx =9 3

then the value of F(13)is

!
12. If the anti-derivative of I S X s f(x), then
x

(a) 66 (b) 132
(c) 248 (d) 264 in
x ) dex in terms of f(x)1is
6. J'(x )" (2x log, x + x) dx is equal to x
. filp+4q) x}
@@x*)+C (b) (x*)* + C @ filp+q)x} (b) vt g
(c) x? og, x + C (d) None of these © fip+q) x(p +q) (d) None of these
7. The value ofJ' x log x (log x — 1) dx is equal to . Osin® _ sin38 _ sin98 [] 081 equal to
(2)2 (x logx = x)* + C ' IEbos 0 cos90 " cos 27601
1 Y
(b) 5 (xlogx —x)*+C (@) 1 Jog |56 276 rC ) 1 sec© rC
, 2 sec O 2 sec 270
(c)(xlogx)"+C
27
@ (clog? + © 1 tog | 2R ¢ (d) Nome of these




14. Let x% # nTi— 1, n ON. Then, the value of
Ix\/ZSin(xz +1) —sin2(x? +1)

2sin (x® +1) +sin2(x? +1)

dx is equal to

2 0
sec MD
o2 0O

(c) % log | sec (x* + 1)] + C  (d) None of these

(a) log +C (b)log +C

1
5 sec (x* + 1)

15. IL is equal to
cos (2x) cos (4x)
(a)ilo m—l(b |sec 2x —tan2x]) +C
2z B|1-VZsinzx| 200
1 1++2sin2x| 1
b) —= — =l 2x —tan 2 +C
()2\/5 og T+ V2 sinx 2(og|sec x —tan2x|)
1 1++2sin2x| 1
c)—=log| ——— |- 2x —tan2 +C
()\/5 og =3 sinZx 2(0g|sec x —tan2x|)
(d) None of the above
1-7 cos®
16.I €08 X gy = f&) +C, then f(x)is equal to
sin’ x cos® x (sin x)
(a) sinx (b) cosx (c) tanx (d) cotx
.3
17. smx dx is equal to

I(cos4x +3cos?x +1)tan *(sec x +cos x)

(a) tan™* (sec x + cosx) + C (b) log, |tan™" (sec x + cosx) [+C
(c) . —

(sec x + cosx)? (d) None of these
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18. The primitive of the function f(x) = x| cos x |, when

Tt L.
— < x <Ttis given by
2

a) cosx + xsinx + C
b) — cosx — xsinx +C
¢) xsinx —cosx + C
d) None of the above

—~ o~~~

19. The primitive of the function f(x) =(2x +1)| sin x|,
when TT< x <2Tts
(a) —(2x +1) cosx +2sinx +C
(b)(2x + 1) cosx —2sinx +C
(¢) (x* + x) cosx + C
(d) None of the above

Indefinite Integral Exercise 2 :
More than One Option Correct Type Questions

dx _ _
21. J‘m =A log(x + 1) +B10g(x 2) +C, where
(@ A+B=0 (b) AB =0
(c)A/B=-1 (d) None of these
22. IfJ'd—x =ktan ' x +[tan ' = +C, then
(x* +1)(x* +4) 2
_1 =2 =1 -1
@k=> 1= @k== @l=--
23. IfJ'x log(1+ x?) dx = @(x) log(1 + x?) + x () +C, then
2 2
@ gl = (b (x) = 17
2 2
O E— (@ gx) = -1

2 2

0 x% —sinx cosx —2
20. Given, f(x)=|sinx — x° 0 1-2x |, then
2—cosx 2x —1 0
J'f(x) dx is equal to
x3
(a) 5 - x%sinx +sin2x +C
x3
(b) 5 - x*sinx —cos2x +C
x3
(c) 5y - x% cosx —cos2x +C
(d) None of the above
de* +6e "
24, Ifj'% dx = Ax + Blog, (9¢** —4) +C, then
9e* —4de ™"
3 35
a) A== b) B=—
(a) ) (b) 2

19

(c) C is indefinite (dA+B= _%

25, IfItan5 xdx = Atan* x + Btan® x + g(x) +C, then
B=—

2
(b) g(x) =1In| sec x|

() A=

=

(c) g(x) =In|cosx|
=_-1pg=1
(d A= 4,B 3
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Indefinite Integral Exercise 3 :

Statement | and Il Type Questions

® Directions (Q. Nos. 26 to 30) For the following
questions, choose the correct answers from the codes (a),
(b), (c) and (d) defined as follows :
(a) Statement I is true, Statement II is also true; Statement 11
is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II
is not the correct explanation of Statement 1.

(c) Statement I is true, Statement II is false.

(d) Statement I is false, Statement I is true.

26. Statement I If yis a function of x such that

2 dx
X = = x, then
y(x-y) J = "

dx

Statement II I =log(x -3y)+C

x =3y
27. Statement I Integral of an even function is not always

an odd function.

Statement II Integral of an odd function is an even
function.

28. Statement I Ifa>0and b® — 4ac <0, then the value of
dx

————— will be of the type
ax® +bx +c

the integralI

4 xt+tA

M tan + C, where A, B, C, | are constants.

Statement I Ifa>0,b> — 4ac <0, then ax?® + bx +C

can be written as sum of two squares.

0 0
29, Statement I [ 3— Odx = tan " (x*)+C

O+x'0
Statement II J' 5 dx=tan'x +C
1+ x
4 tan~ ' x
30. Statement I J'Ztan *d(cot™ x) = +C
In2

d
Statement II — (a* + C) =a” Ina
x

Indefinite Integral Exercise 4 :

Passage Based Questions

Passage I
(Q. Nos. 31 to 33)

Let us consider the integral of the following forms

S ymx® +nx+ p)'?
Case I Ifm> O then put \|mx*> +nx +C =u +x/m
Case II If p> 0, then put \/mx* + nx +C =ux i\/;

Case I1I If quadratic equation mx* + nx + p =0 has real roots

o and B there put ymx* + nx + p =(x =) uor (x - B) u
3M.uf1=| dx
x—w/9x2 +4x +6

proper substitution could be

(@) y9x% + 4x + 6 =u *3x
(b) A/[9x* + 4x +6 =3u + x

©x="
t

1
(d)9x?* + 4x +6 ==
t

to evaluate I, one of the most

L eIy
Jlen
(a)i(x-'- 10+xz)16+c

dx is equal to

1

b) ——— +C
()15(./1+x2+x)
© ———+cC

(1 + x% = x)
(d) Cryirx) \/L:ixz)ls +C

dx
(x —1)/—x% +3x -2
suitable substitution could be
(a) - x* +3x —2 =u
(b) = x% +3x =2 =(ux ~/2)
() - x* +3x —2 =u(1 ~x)
(d) /- x* +3x =2 =u(x +2)

one of the most

33. To evaluateI



Passage 11
(Q. Nos. 34 to 36)

Letl, , = J'sin " xcos™ x dx. Then, we can relate I, ,, with

each of the following :
(i)ln—Z,m (11) 1n+2,m
(111) In, m=2 (IV) [n, m+2

(V)[n—Z,m+2 (Vl) [n+2,m—2
Suppose we want to establish a relation between 1,, ,, and
1, -2, then we get

P(x)=sin"*" xcos" ! x ...(0)

Inl, , andl, , _, the exponent of cos x is mand m — 2

respectively, the minimum of the two is m — 2, adding 1 to the

minimum we get m— 2 +1=m —1. Now, choose the exponent

m = lofcosxin P(x) Similarly, choose the exponent of sin x for

P(x)=(nH)sin" xcos™ x = (m —1)sin"*? xcos™ "% x.

Now, differentiating both the sides of Eq. (1), we get
=(n+1)sin" xcos” x —(m —=1)sin” x (1 —cos® x)cos™ "% x

=(n+1)sin" xcos” x —(m —1)sin” xcos” % x

+(m—1)sin” xcos” x

=(n+m)sin” xcos™ x —(m —1)sin” xcos™ "2 x

Now, integrating both the sides, we get

sin” ' xcos” Tt x=(n+m)l, ,, —(m =11, .-,

Similarly, we can establish the other relations.

34. The relation between I, , and I, , is
1
(@) I, , =g(—sin3 xcos® x +3 I;,)
1
(b) 1, , =g(sin3x cos’x + 31, )
1
© 1 ,= . (sin® x cos® x =31, ,)
1 .3 3
(d 1, :Z(—sm x cos”x +2I, ,)
35. The relation between I, , and I , is
1
(@) Iy, = S (sin®x cos’x + 8 Is. )
1. .5 3
(b) I, » Zg(—sm x cos’x +8 I ,)
1.5 3
(c) Iy, =g(sm x cos” x =8I ;)
1 .5 3
d 1y, =g(sm x cos” x +8I ,)
36. The relation between I, , and I 4 is

1
(@) I, , =§(sin5x cos®x +8 Iy 4)

polynomial of degree < 3 such thatI
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b1, =

(-sin’x cos’x +8 Iy 4)

()1, = (sin® x cos® x —81,.4)

N

(d) 1, , :g(sinS X cos® x +61,4)

Passage I11
(Q. Nos. 37 to 38)
If f:R - (0,)be a differentiable function f(x)satisfying
S+ y)= flx=y) =) Hf(y) - f(y) —yLUx yOR,
(f(»)# f(= y)forall yOR)and f" (0)= 2010.
Now, answer the following questions.
37. Which of the following is true for f(x)

(a) f(x)is one-one and into
(b) {f(x)} is non-periodic, where {Jdenotes fractional part
of x.

(c) f(x) = 4 has only two solutions.
(d) f(x) = f~'(x) has only one solution.

38. let g(x) =log, (sin x), andIf(g(x)) cos x dx = h(x) +c,
(where c is constant of integration), then h%@is equal

to 1
(@) 0 (b) M
1
(o)1 (d) 2011
Passage IV

(Q.Nos. 39to 41)

Let f:R — R be a function as

F(0)= (x = Dx +2)(x = 3)(x —6) ~100 If g(x)is a

X .
g(x) dx does not contain

J)

any logarithm function and g(— 2) =10 Then

39. The equation f(x)=0has

(a) all four distinct roots

(b) three distinct real roots

(c) two real and two imaginary
(d) all four imaginary roots

40. The minimum value of f(x)is
(a) — 136 (b) =100
(c) -84 (d) - 68

41. I‘;Ez; dx, equals

(a) tan™! sz—_z§+ c

(c) tan™" (x) + ¢

(b) tan™" Qxl;l§+ c

(d) None of these
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Indefinite Integral Exercise 5 :
Matching Type Questions

42. Match the following :

43.

Column 1 Column 11
@A) 1r7= Iw dx, where T x < 3—“, then / is equal to ) sinx
| sinx — cosx | 4 8
x+C
B 1f J’ % DLEH C,then f(x)is equal to @
@+DHE+2)
© if [sin™xCeos v = ) % X —xf 7 () =241 =2 E+ 2x +C, then f(x)is equal to 0 x|
-1
(D) IfJ' d = f(f(x)) + C,then f(x)is equal to () smx
xf (x)
Match the following :
Column 1 Column 11
+ A=1
(A) IfI MD cosec?x dx = Acot ' x + B LOXEY , then ®)
O 1+x2 sec x

1
|
—_

(B) Ifjwlx +4x2 42 dx:§ (x ++/x2 +2)¥2 —Wh, then @ B

) . _ . _.20 ) B=2
©) Iffivzxxdx:/; u.,.ilog%‘ XYHAY2ox mxT g x+1@then
X2 X 442 H X H

(D) Ifj'% dx = Bceot™" (tan’x), then 5) 4=-1
sin " x + cos ' x

Indefinite Integral Exercise 6 :
Single Integer Answer Type Questions

44, IfI (2x +3) dx =c-_! , where f(x)is of the form of ax?® + bx +¢,then (a+b +c)equals to ...... .
x(x +1)(x +2)(x +3) +1 f(x)
45. Let F(x)be the primitive of jﬂ w.r.t. x. If F(10) = 60, then the sum of digits of the value of F(13), is ......... .
x=9
. . : u(x) u' (x) Cu(x)d p+q
46. Let u(x)and v(x)are differentiable function such that =7.1f — =pand El—l] q, then =——= has the value
v(x) v'(x) Cv(x)D P—q
equal to ......... .
- 0
47. 1f J' ! In EX 1de =6A [In E)k;lmz + C, then find 24 A.
x? Ox +10 0 Ox+ 1%
X _ .2
48. If‘[L}C)dx:pex Elﬁg\ + C, then 2(A +)is equal to ......... .
(1-x)41-x° 0 - xl



cosx —sinx +1 —x

dx =In {f(x)} + g(x) +C, where

e¥ +sinx +x

49. 1f J’

C is the constant of integrating and f(x) is positive, then

fx) + 8(x)

isequal to ......... .
e’ +sinx
50. Suppose A ZIdixandB:ILD
x% +6x +25 x? —6x—27
-1 [x +30 x=9
If12(A + B) =\ [{an ™" + n +C, th
( ) B ETB H x+3 o

the value of (A +0)is ... .

+
51, HIM dx =

1—2cos5x

sin 4x

—sin x +C, then the

value of kis ......... .

Indefinite Integral Exercise 7 :

Subjective Type Questions

* cos® x — x sin x + 0
(xsinx+cosx)dx|] CoOS X xXsm x COoS xD

g x% cos® x g

57. Evaluatej'ﬂx +4/x% +2 dx.

58. EvaluateJ' dx .
(W(x =a)? =B?)(ax +b)
59 Ji+ 4x
3

, Evaluatej'idx.
[?
sin® (8/2) d®
cose/z\/cos3 0+ cos? B+ cos B
(2sin B + sin 26) dO

(cose—l)\/cose+cos2 B+cos’ 0

56. Evaluate e

60. Evaluate J' O

61. Evaluate J'

62. ConnectI x™ " (a+bx")? dx with

8
J’xm_”_l(a+bx”)p dx and evaluateJ‘ X dx
(1-x*)"3

63. Evaluate I cosec? x In (cos x + +[cos 2x) dx.

52,

53.

54,

55.

64.

65.

66.

67.

68.

69.

70.
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The value of tan x dx =x — L tan
J-1+tanx+tan2x \/Z
[2tan x +

10 .
+ C, then the value of A is......... .
NrElE

1 .
——si
C
then the value of (A + B) —Cis equal to ......... .

If] (X2010 +x804 +x402)(2x1608 +5x402 +10)1/402 dx

1 .
= (2x%10 +558 +10x%%)¥*% Then (a — 400)is
10a

. . ! O
J'smS/2 x cos® xdx=2sin?? x % n? XH+ C,

3 +x? -1 4 3
IfJ'e (3x* +2x” +2x)dx =h(x) +c Then the
value of h (1)[& (= 1), is .........

dx

(sin x + a sec x)*

d

X 0
x—wlx2 +2x +4

d
Y O
1++/x? +2x +2

xt+1
x® +1

dx

Evaluatej' —dx
(1 _ x3 )1/3

(x+ 1+x2)15d
—— 0 O
2

1+x

,allN.

Evaluate J'

Evaluate J'

Evaluate J'

dx.

Evaluate J'

Evaluate I

2

Ifyz =ax® +2bx +c,andu, :J’x—dx,prove that
y

(n+au,+; +@2n +1)bu, + "cy,-; =x"yand deduce

that au; =y —bu,; 2a’u, =y(ax —3b) —(ac —3b*) u,.
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Indefinite Integrals Exercise 8:
Questions Asked in Previous 10 Years' Exams

(i) JEE Advanced & IIT-JEE

71.

2
sec” x .
I o dx equals to (for some arbitrary
(sec x + tan x)
constant K) [Only One Correct Option 2012]
-1 o1 1 20
(@ ——————5 0~ ——(sec x +tan x)"[J+ K
(sec x + tan x)'V2 11 7 d
(b) %11/2 %& —l(sec x + tan x)ZE+ K
(sec x + tan x) "= OI1 7 a
-1 11 .0
() —————— [+ +—(sec x +tan x)"[J+ K
) (sec x + tan x)'"? (11 7( ) 0
1 01 1 20
(d) ————75 0 +-(secx +tan x)"[|+ K
(sec x + tan x)'2 11 7 U

(i) JEE Main & AIEEE

73.

74.

75.

dx is equal to

2 12 +5 9
The integral J' l X 5
( [2016 JEE Main]

x> +x7 +1)
5 10
-x x
() ——— +C b) ————— +C
(° +x* +1)° 2x® + %+ 1)

5 10
x -x
(c)————+C d)———F—+C

2x° + x° +1)° 2x° + 1 +1)°

where, C is an arbitrary constant.

The integralj' ; equals
xP(xt +1) [2015 JEE Main]
1
Oxt + 108 L
(a) Er%g e ) (x* +1)* +C
X

1
1 il
1 Ot + 1008
() ~(x* +1)¢ +C (d) —BLIIE +C
X

1

1[0 *+=
The integralj' Q +x ——@e *dx is equal to
x [2014 JEE Main]
x+l x+l
@(x-1)e *+C (b) xe *+C
x+l x+l
(c)(x+1)e *+C (d)-xe *+C

72. 1f I :I

X -X
e e
7 ; dx, ¥ = J'—_4 5 dx. Then,
e +e ™ +1 e e +1

for an arbitrary constant ¢, the value of 7 —I equals
[Only One Correct Option 2008]

1 4x_2x+1 1 Zx+x+l
(a) ~log| S |+C (b) ~log| 55—~ |+C
2 e +e +1 2 e —e" +1
1 e —e +1 1 e+ e+
() ~log| "= |+C (&) -log| 5 ——|+C
2 e“+ef +1 2 et¥—e +1

76. IfJ' f(x)dx = Y(x), thenJ' x° f(x*) dx is equal to

[2013 JEE Main]
@ - W) - [ R + ¢
3
(b) % YY) =3 [ XY dr + C
© 5 =[x (") dx +C
@ S 06 = [ ) de] +

5tan x

77. 1f the integrallji2 dx =x +alog
tan x —

|sin x =2 cos x| + k, then a is equal to [2012 AIEEE]
(a) -1 (b) -2
(c) 1 (d) 2
78. The value of \@IM is
sin %—EQ
4 [2012 AIEEE]
(a) x + log cos@x—%@+€ (b) x + log sin@x—g§+c
in b =T - _n
(c) x —log s1n§x 4§+C (d) x — log cos@x 4§+C




Answers

Exercise for Session 1 - % I + 3r 4\3}2 log

x+§ 2+§x
1. z(x+l)3/2+zx3/2+c 2-2+ 2 -3 Ty e 4 2

3 5 Z
3 3 S5x 13. \Ja = x(x = b) = (a - b)tan™" a z +C
\ x

—-x+tan'x+¢

X
R . 3 14, sin'x+1-x% +C
1 -1 -l
5. 5% + tan x%+ c 6.tan x —tan  x + ¢ 15. (Zx;- S)W +%log

1 a*

+C

3. logx+ 2tan'x + ¢ 4

+C

§r+l§+,/x2+x+1
2

O

7. —bx — 2alog |bx + a = Otc 16. log| tan = + 1|+ C 17.llog tan%+1[§ +C

b a+ bxp 2 2 6

2% " 64)( 1 . 1 1 .
+c 9.9 4+ 18. —log |sin x — cosx| + —cos 2x + —sin 2x +C
) 4 8 8

1+ log,2 .

x4t a* 1 19. sin”! MEH C 20. - 2 sin™ (cos¥?x) + C
10. + +c 11. - —cos4x + C O3 0O 3

a+1 loga 8

12 . 5 .
12. %ln\Sec3x|—%ln|Sec2x|‘1n|secx|+e 21. 6(3 51nx—200sx)—Elog(3 cosx +2sin x) +C

2 . . 3 . 1. 22.
13. Zsin 3x+ 2sinx + C 14. = sin x + — sin 3x + C -
3 4 12 R P —i%—EQJM -2 +§sin_1§27x 3%+c
3 1 3 2 2 4 5
15. — — cos2x + — cos6x + C 1
192 23. 21/x2+x+1+2log§r+5§+\/m

Exercise for Session 2 ~ 6 log L-x+ o +x 1], c
1. tan x —secx + C 2.sin 2x + C 24. (o) 2(x+1)
cos 3x 180 . :
3. - +C 4. —sinx° + C . .
13 Exercise for Session 4
Sox+C 6. 2(sin x + xcos @) + C 1. x%¢" = 2(xe" — ) +C 2. = x> cos x + 2(xsin x + cos x) +C
7. sec x — cosec x + C 8.tan x —cotx + C 5
9. (sin x + cos x)sin (cos x — sin x) + C 3. x(logx) - x +C 4. x(log x)” = 2(xlog x —=x) + C
- 1 _
10. tanx—cotx —3x +C ll.—ﬁcos%§+c 5. xtan 1)6—510g|1+x2|+C 6.x(sec1x)—10g\x+,lx2—1|+C
— cos 4x 1 . 2.1 -1 1
12. +C 13. —(x—sinx) +C 7. —tan ——(x—tan x)+C 8.—-—(1+logx)+C
8 2 2 2 X
14. = 2cosx + C 15. 5 +¢ 9. —xcot X +C 10. x log (x> + 1) =2x + 2tan ' x +C
Ne) 2
11. ¢ og (secx) + C 12.¢' tan x + C
Exercise for Session 3 13. xlog (log ¥) = > + ¢ 1L P an x4+ C
1 B0 1, o’ 0 log x 2
1. —tan +C 2. —tan +C & T+ x
48 4 36 3 15. +C 16.¢" 00— =+ C
4 32 ¥ I-x
1 4x* =5 1 ax
3 160 4t + 5 +C e 3/2% ¢ 17 26 x {acos (bx + ¢) + bsin (bx + ¢)} +C
a” +
1 3 6 . 6 1 2+ 36" 1 11 . ‘C
5. —log |x” + 4Ja® +X°|+C 6. —lo +C 18. —sec xtan x + —log |sec x + tan x|
3 12 7|2-3¢ 2 i [2 i
19. = 2(—+~/xcos~/x + sin vx) +C
1 X X o_
T g B T o BIxC 20. x(sin”'x)? = 2(=sin ' xQfl =2 +x) +C
e
— - 1 - 1 2
_gf — 2 _qan-! 1 21. xtan™'x — —log (1 +x*)—(1 —x)tan~'(1 —x) +=log{l +(1 +x*)} + C
8. — 85+ 2x —x° —3sin %Q+C 2 g ( )= ( ) ( ) 2 g
Ov, -1 |x X o [x0d
1 2 -1 22. a tanl\ﬁ—\ﬁ+tan \PD+C
9. Elog|x +2x+2/+tan" (x +1) +C E; P P at
10. =3 -2x—x° —4sin_1§x;1§+6’ 23 —lQ+lg/zﬂog§+i§+g§+ig/z+c
J6 3 ¥ #0 9 X
- cos x x 2 .
11. éHog |4x2 —4x + 17| +l tan_'gzxil§+ CH 24, ————— — = —"log|2cosx —sinx|+C
80 6 4 0 2cosx—sinx 5 5

25. " Y(x - sec x) + C
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Exercise for Session 5

1. %log|x—1|—4log\x—2\+Elog\x—S\+C

1 1 -1
2. —log |l + x| — log Il —x +x* +—— tan %Q
3 V3

S.llog +C 4.llg X+l +C
n X'+ 1 2 ¥+ 3
5. log| LTSN X | o
2 + sin x

1

6. E log |1 — cos x| —% log |1 + cos x| +§ log |3 +2cosx| +C

‘1 + sin x‘ 1
2(1 + sin x)

+C
4 ‘l—smx‘

8. - % log [1 + tan x| + 1 log |tan?x —tan x + 1|

-1 tanx—1§+
gzi C
V3

9. log |2 logx*+ 1, ~
3logx+ 2
tan”" x 1
10. - + log \x\—Elog I+ +C

Exercise for Session 6

A2 4
L[t 1 C. X

|
. + 2. — tan %\/ﬁ%-'— C.

2
3. 265 =317 + 61 —6log |1 + 1| +C, where, t = (x + 1)"/°.
/7
Ov- 50
7 Be-bf
(a+ b) Ox+ all

+C.

5. 2 sec A (Jtan xsin 4 + cosA) + C 6. (a) 7. (d)

8. (¢) 9.(d) 10. (¢)
Chapter Exercises

1. b) 2.(a) 3. (b) 4.(c) 5. .(b)  6.(b)

7. (b)  8.(d) 9.(b) 10.(d) 11.(a) 12.(a)
13. (¢) 14.(b) 15.(a) 16.(c) 17.(b) 18.(b)
19. (b)  20.(d) 21. (a,c) 22.(a,d) 23.(a,c) 24.(b,c,d)
25. (a, b) 26. (c) 27.(c)  28.(a) 29.(d) 30.(d)

31.
37.
42.
43.
46.
52.

65.

66.

67.

68. —

69.

74.

X 2(1+x1/3)3/2 +C

(a) 32.(d) 33. (¢) 34. (a) 35.(a) 36.(b)
(b) 38.(d) 39.(c) 40. (c) 41. (a)
A-qgB-rCop;Dor
A-p,¢;B-prnC-r1D-q 44.(5) 45.(6)
(1) 47.(1) 48. (3) 49. (1) 50.(4) 51.(4)
3) 53.03) 54.(3) 55.(1)
. (1] 1
(x sin x + cos x) _ C
¢ E@ X Ccos x%-'-
0
.7(x+wlx +2 )3/2— 7+C 58.tan — = ¢
x+ A +2 2

60. tan ' (cosB + sec 0 + )2 +C

./c056+ sec O + —f

c059+se09+1+«/
323 _ 3 3 3\2/3 _ 9
-—x(1—-x -

*) 20 ( ) 40(

1 _x3)2/3 +C

3. — cot x log (cos x + Jcos 2x) — cot x —x +4/cot’x =1 +C

1 _1%asin2x+lm
ﬁ%pa sin i+

(4a” =17 H 02a + sin 2x [

E i O
|- pasin 2x+1lj%

[2a + sin 2x EJ@

- 1 +C

(2a + sin 2x)

20n [+ 2x+ 4 —x| - 3log
2/ + 2x+ 4 —(x +1))

—%ln,lxz +2x+4 -x-1+C

log (x + 1 +4/x% +2x +2) + 2 +C
(x+2) +( +2x +2)
tan_lgr - l@—f tan™' (x*) +C
34 323 _ _3\U3 2
log (1-x%) —llog 1-x) x(I=-x)"" +x
3 X x
. D0 - ) D1/3
7tan_l Bi_x = X[ +C
NE) 0 3x 0
2515
(xr+ V115+x )" ¢ M) 72.(c) 73.(b)
(d 75.()  76.(c) 77.(d)  78.(b)



3x +

5. F(x)II x—29 dx. Let x =9 =

([ )
Solutions e
0 F) = [ ?@a@dt

:2I(29 +3t%) dr =2 [29¢ +¢°]

2
1 Let[:\/ : x dx F(x)=2[29 Jx -9 +(x —9)**] +C
T+ x)1+(1+x7) Given, F(10)=60=2[29 +1] +C O C=0
Putx=tan® O dx =sec’ d@ O F(x) =2[29 \Jx =9 +(x —=9)¥%]
2 _ —
Putting, x = tan®, I :J' tan’® do F(3) =2[29 x2 + 4 x2] =132
1+ sec® 6. We have, J’(xx)x (2x log, x + x) dx

=J'(sec 0-1)do

=log (sec O + tanB) -0 +C

f(x) =log,(x + y/x* +1) —tan'x +C
f(o)=0 O C=0

:Ix"z(z xlog, x + x) dx

:Ilﬂﬂ(xxz) =x +C =(x") +C

. We have, J'xlogx(log x—1)dx

O f(1) =log,(1 ++/2) —tan™* 1 = [log x (xlog x = x) dx

= _n
=log, (1 +/2) 4 :I(xlogx—x)d(xlogx—x)
2. We have,If(x) dx = f(x)

2

d ~ 1 _ _(xlogx—x)" .
O E{f(x)}-f(x) O %d{f(x)}—dx 2
O log {f(x)} =x +logC O f(x)=Ce" Q)% - ;de
0 (f))? = %™ 8. 172 N
2 22 C%®™ 1 2 2= 2 + 4
O [} dx:J’CEde: =—{f()} ©ox
2 Let po 2,1, Lledz
3. We have,J'f(x) dx = F(x) ¢ X Xt - 4-[«/;
1 1 2 1
O [ A= [ ) dee) 0 R A L
1 : 1 2x* —2x% +1
= PR — [ ) )] or ez ¢
4. We have the following cases : 9. We have, 1 (x)= f(x)
Casel Whenx=0 0 213 ' (0)= 2 ()  (x)
In this case, we have d d
JIx" [ dx= [l dx = [ <" dx [ x| = x] O o {f () = o {f(x)}?
G e 00 el 0 (R = (f) + € -0
n+l n+1 Now, f(0) =2 and f'(0) = 3. Therefore, from Eq. (i), we get
Casell When x <0 {f’(o)}2 = {f(())}2 +C
In this case, we have |x|=—-x 0 9=4+C O C=5
S L L 0 N = (P +5
=I(— x)" dx = —I x" dx [-nin odd] 0 f(x)= 5 + {f(x)}z
A _(0)'x L _[x["x 1
= - C= C=——"—""+_C . =
=0 o=l Ry O e U =
Hence, [|"[dx =154 ¢ 0 log| )+ 5 + P |=x +,
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O fo)=2 0 log2+3]|=C
g C, =log5

O log| f(x)+ 5+ {f(x)}*| =x +log5
0 log %f(x) * 55+ {fe)} %:
B &

O f(x) + 45 + {f(x)}* =5¢*
O 5+ {f(x)}* + f(x) =5¢* and /5 + {f(x)}* = f(x) =5e
ad 2f(x)=5(" —e ™)
D f) =2 e )
0 fw=2e e 0 fay= 70
x2+4]nx_ 3 x? x? 4 _ 3 x?
10. Wehave,Ie x—lx ¢ dx=Ie Dc_lxe dx

1
=Ix3 e dx = EItetdt, [where t = x?]
1 1
ZE(t—l)et +C :E(x2 “1)e" +C

11. J'tan4 x dx =J'(tan2 x sec’x —sec’x +1) dx

3
:tanx—tanx+x+C
3
a =%,B=—1 and f(x)=x+C
4
12, J.sm S0X = f) O J-Sln prgx, _fllp+qx
(p+q)x p*q

Ism“(p%dﬁf{(p *9) 1)

13. On solving, sin__1 [tan 30 - tanB)]
cos38 2

sin30 =1 [tan 90 —tan30]
cos 90
sin%0 =1 [tan 270 — tan90]
cos270 2
Osin® = sin30  sin96 [

IB:OSSG " cos 90 ¥ cos 27BH e —*J’(tan 270 — tanB) d0

11 0
=— 1 1276) -1 0+ C
5 % og (sec ) — log (sec )E

27
_1 log Tlsec 270 s

2 sec O

2 — ;
14. We have,J’x 2sin (x* + 1) —sin2 (x° +1) i
2sin (x® + 1) +sin2 (x* +1)

_ Zsm(x +1) —2sin (x* +1) cos (x* +1)
I 2sin (x® + 1) + 2sin (x* + 1) cos (x* +1)

- +
:J'x ! Cos(x ) dx J’xtanLDd
1+ cos(x* +1)

Oc? +10  O¢? +10 Oh? + 10
=Itan DuDd Dulj=log sec DuD +C
o2 00z 0O o2 0

sin (4x —2x) dx sin (4x) dx

3 I J' J'sec 2x dx
sin (2x) cos (2x) cos (4x) sin (2x) cos (4x)
cos 2x dx
—217 (log|se02x—tan2x|)
cos 4x
cos 2x

1
=2 [————dx ——(log|sec2x —tan 2x])
-rl—ZSm 2x) 2 el |

2 01 1++2sin2x|0 1
=— log|———=— |~ — log | sec 2x —tan2x |+ C
242 Bx1 o1 -Zsin2x | 2 el |
1 0 1++/2sin2x |0 1
= —= [log \/77 [~ - log|sec 2x —tan2x| +C
2«/55 1—«/§sm2xD 2
1-7 coszx ec? X
sin’ x cos x [bm x  sin’ x[
sec? x 7
—I J' —dx =1 +1,
sin’ x sin’ x
sec’x tan x tan x [tos x
Now, Il=J’ —dx =— +7I S dx
sin’ x sin’ x sin® x
tanx
= + 12
sin’ x
tan x
O L+, = +C U f(x)=tanx
sin®x
.3
sin” x
17. We have,I T 5 = dx
(cos® x +3 cos“x +1) tan ~ (sec x + cosx)
.3
sin” x
:I cos® x dx
(cos?x +3 +sec’x) tan”" (sec x + tanx)
_ 1 9 sinx (1 — cos® x)
J‘1 + (sec x + cosx)* cos® x
1
X — dx
tan  (sec x + tanx)
1 1

X

-rtan_1 (sec x + cosx) 1+ (sec x + cosx)?

(tanx sec x —sinx) dx
1

= — d |tan(sec x + cos x)|
1
tan (sec x + cos x)

=log, | tan™" (sec x + cos x) | + C

18. Wehave, f(x)= x\cosx|,§ <x<T

O f(x) ==xcosx [ cosx <0forx O(11/2, ]
Hence, required primitive is given by

J'f(x) dx = —J'x cosxdx +C =—xsin x —cosx +C
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19. We have, f(x)=(@2x +1)|sinx|, T <x <2 T Then I:J-l %E“( +4 Ei dz
, T4
g f(x)=—-(@x +1)sinx ? tigz== p
Hence, required primitive is given by 1 DZZ +8 0O
—J’(2x+l)sinxdx=—[—(2x +1) cosx +2sinx] +C _I (z + 4) BEdZ
I I
=@2x +1)cosx —2sinx +C J’22+35 J’2(2+4)+27dz
5 . 9 (z+4 9 z(z +4)
0 x“ —sinx cosx —2
20. We have, f(x) =|sinx — x° 0 1-2x ZJ-‘LZ + 2 IB; Hdz
2-cosx 2x-—1 0 9 4 z+4
0 sinx = x° 2 —cosx =%+Zglogz—zlog(z+4)+c
a f(x) =|x* —sinx 0 2x —1 3 ,
cosx —2 1-2x 0 glog( )=Zlog(e ) +C
[Interchanging rows and columns] __3 .+ 35 log (9% —4) 3 log3 +C
0 x% —sinx cosx —2 2 £
U f(x) =(=1)* |sinx = x* 0 1-2x 25. Itan3x(seczx -1) dx=‘[tan3 x sec” x dx —Itan3x dx
2 —cosx 2x —1 0 .
_ 3 2 _tan" x
[Taking (- 1) common from each column] L —Itan x sec’x dx = 4 +G
. f) == f(x) I, =J'tanx(sec2x—l)dx
0O f(x)=0 2
ad If(x)dx=0 ZmDTx—ln|secx|+C2
21. J,dix = Iﬁ_ 1 1 ﬁdx 26. The Statement II is false since while writing
(x+1)(x-2 3 1) 3(x-2) dx
R I 3 =log (x —3y) +C,
Zlog (x +1) +- log(x -2) +C *Ty
3 we are assuming that y is a constant. We will know prove the
1 1
U A= — B :g Statement L. From the given relation (x — y)? =% and
1
0 A+B=0 [ *=T3='1 2log (x —y) =logx ~logy.
3 Also, dy = % y@ﬂi [To prove the integral relation it is
1 O 1 1 U dx x =3y
22. J' 5 - ——0dx 7 .
S+ x4 4l sufficient to show thatd—RHS = 3 ad
1 - 1 - X X -
a gtanlx—gtanlg—ktan x + [ tan 1% Y
1 O O O
1 1 Now, RHS=7logDC—1 --(x—y)zzf
O k= 3 and [ = —g 2 B; H B yB
2 1
23. = Ix log (1 + x*) dx=log (1 + x )g*— .[ 2x0— dx = - [log(x —y) —logy]
N 1+ x2 2 2
I x -
—log(1+x) J’ dx %EM logyE:i[logx—ﬂogy]
+1 +10
:Lﬂlog(l+x2)—[~LD+C 0 iRHS =1D1 _3dyD
24 + x?0
O ox) == 1,t|J(x):—D St 10 .38y @wa: 1
24, = 4e* +67% d 45; y x—SyH x =3y
. ———dx
I 9e* —d4e™* Thus, Statement I is true. Hence, choice (c) is correct.

27. Let g(x) = f(x) + f(—x)
I= I o dx put9e™ —4 =z 0 18e*dx =dz
9e™ — Assuming, If(x) dx =F(x)+C
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28.

29.

30.

31.

32.
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[ &) dx = [{f() + (=)} dx

= [ ) dx + [ (=) dx

= F(x) + C +{~F(=x) +C'}

=F(x) - F(-x) +C +C'
which may be an odd function, if C + C' = 0.

Similarly, integral of an odd function is not always an even
function.

Hence, Statement I is true and Statement II is false.

Ifa > 0and b® — 4ac <0, then

g2
ax2+bx+c:a§><+£g+74ac b
4a
ax® +bx+c_or g )
Qx +k

4ac - b*
4a

S|
where k? =

> 0. which will have an answer of the type

x+—
1 1 -1 2a gxt+tA
—[—— tan +C or Mtan ——
a kida " kida !

Thus, choice (a) is correct.

+C

o 10 0 1 0
1.1 _ x~——0O 1 x+—~-10
I =-0E—tan™" Dix[H'*d*lOg O—* —g+cC
2 \/E o2 g 22 Oy + l +10
o O or 70
[J Statement I is false.
Since, cot™! x= LU tan ' x,
a d(cot " x) = —d (tan”' x)
an~! x _
Thus,J'Zt d(cot™ x) = —J'Zta“ tx d(tan™" x)
tan”! x
= - 2 +C
In2

[0 Statement I is false. Statement II is true.

Asm =9 >0, hence, we can substitute

wl9x2 +4x+6 =u +3x

Here, as per notations given, we can substitute

N1+ x% =(u-x)

As m=1>0andp=1>0

15

O I= J'—du J'ul4du u® +C
:?(x+1/1+x2)15 +C
33. Here, m=-1<0
p=-2<0
Also, — x% +3x =2 = —(x —-1)(x -2)

34.

35.

36.

37.

We can use case III

O Putting, \/— x* +3x =2 =u(x —2)

or (x—1)u or u(l-x)
Let P =sin’ x cos’ x
dpP . .
= =3sin’x cos* x =3 sin* x cos®x
dx
=3sin’x (1 —sin® x) cos® x —3sin* x cos® x
=3sin’x cos’x —6sin* xcos®x
O P =3I, ,-6l,,
1
o Iy, == (=P +3l,,)
6
Let P =sin’ xcos® x
O = =5sin* x cos* x =3 sin®x cos®x
x
=5sin® x (1 —sin’x) cos® x —3sin® x cos® x
=5sin* x cos® x —8sin® x cos®x
O P =51, , =8I,
1
o 14,2:g(P+816,2)

— i 5 3
Let P =sin” xcos’ x
dpP
o4 4 .6 2
O — =5sin" xcos x —3sin xcos” x
dx
_ .4 4 i 4 2 2
=5sin” xcos” x —3sin” x (1 —cos” x) cos” x

guid 4 .4 2
=8sin" x cos x —3sin” x cos” x

O P=81,, =31,
_1.
u 14,2—3( P +8I, )
Here, 2" (x) = hhmo Ef(x + h;l—f(x) + flxx —_};l) —f(x)g
(x+h) f(x h) )
hﬁ OEV Q (1)
Uf(h) - - h) - f(0)
3 20 lim Bf<h>hf<o>+f< 0= o
- i O S
hoo h

Now by given relation, we have

sty - f-my =EE DI

s h) and f(0) =1




&) _ o010

f(x

eZOlOe’ f(o) =1

From Egs. (i) and (ii), we have

O flx) =
O {f(x)}is non-periodic.
38. Here,J'f(g(x)) cos x dx =J'f(log (sin x)) .cos x dx

:J-eZOIO log (sin x). cos x dx
:I (sin x)*"° . cos x dx

II(sin x)21 cos x dx

_ (Sinx)Z()ll

2011
(sin x)!!

2011

0 e
2 2011

Sol. (Q.Nos. 39 to 41)
Here, f(x) =(x —1) (x +2) (x =3) (x —6) =100
=(x? —4x +3) (x* —4x —-12) —-100

+C

a h(x) =

=(x* —4x)* -9 (x* —4x) —-136
=(x? - 4x +8) (x* —4x —17)
=00 (x%

39. 0 f(x) 4x 8)(xP-4x+17=0

D>0 D<o

0 Equation has two distinct and two imaginary roots.
40. f(x)=(x* —4x —17) (x* —4x +8)
={((x -2)" —21} {(x -2)* +4}
(f ()min =(=21) (4) = —84

which occurs at x =2

41. - J-g(x g(x)
f(x)  (x* —4x —17) (x* —4x +8)

Ax + B
x? —4x -17

Cx+ D

x?—4x +8

Clearly, A, B and C must be zero.
8(x) _ D
(x® —4x —17)(x* —4x +8) x* —4x +38
U g(x)

§(-2)
&) _ 2x? - 4x -17) _ 2
flx) (x*—4x —17)(x® —4x +8) x* —4x+8

0 8x) . _ 2 _ dx
Ifx) Ix2—4x+8d I(x—2)2+(2)2

:2d: tan™! Qx—_z§+ C=tan™" @QQ+ C
2 2 2

=D(x? - 4x —17)

=D(4 +8 —-17) =-10 [given]
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Tt 3T
42. (A) Ifz <x <?, then sinx > cosx

sinx — cosx

O [———————dx=[ldx=x+C
I\smx—cosx| -r

xZdx ,H 1 1 %dx
I(x +1)(x* +2) 3-[ O’ +1  x° + 200
3
+
:lln xS 1+C
3 x +2

(C)‘[sin_lxcos_l xdx =J'%[ sin” x = (sin”' X)ngx

a g(x sinhx + 41 = x%) —{x (sin" x)?
+sin" x /1 —x* —x} +C (by parts)

_ _ Tt
O sin”'x |%[x—xsin lx—Z\/l —xzég\/l -x* +2x +C

O f(x)=sin"x, f(x) =sinx

dx
D =In|L +C
O f oy =il

0 f(x)=n|x
Ox? 250
43. (A)I =J'Dw[ﬂ:osec2 x dx
O 1+x* 0O

241 -
=I sin’ xl]l]:osec x dx
O 1+x%
0 2 U -1
=J'[tosecx— ;0dx=—cotx +cot " x +k
a 1+ x°0
0 A=1,B=-1

B)I= J'wlx+ xt 42 dx
Put x*+2+x=t [

2
a 2x =t ——
t

JxP+2 -x :E

t

a A=1 and B=2
2-x—x°
©1rI= dx
Ixz 2-x—x°
dx dx dx
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1
—dt
t

_ dx _ dt
- 9 1 = \/2_1_1+I\/2_1_1
;‘@”gg t 1 tf

1
%)utx=7§
t
- _sin”! §x+1§_lf (4t — 1)dt +lf dt
3 0 2 -1 2d P -
sin”! §x+1§ 14288 -t -1

zf.[\/ 1, _1
) _ﬁmgm P

logg Q+,/2t -t-1|+K
T2

2-x—x° 1 (4-x)+42-x —x°
=-—+ —1log

x 242 4x
- +1
—sinlg%@+K
sin2x

(D)J’ dx, dividing N and D" by cos* x

sin® x + cos* x

2 tan x [Sec’x
I= Iidx, put tan’x =t
tan* x + 1

=—cot’(t) +C

O 2taaneczxdx:dt:J' 5
t“+1

O- cot Ntan®’xy C O B=-1
44 2x +3
’ J'(x2+3x)(x2+3x+2)+1

Put x> +3x=t O (@2x+3)dx=dt
dt dt 1 1
O rT i e
Ht+2) + (t+l) t+1 x“+3x+1

O a=1,b=3,c=1 0 a+b+c=5
3x +2
P =

x -9
Let

45. dx.

x=9=t*0dx=2tdt
2 0
O F(X)ZIMQ%&

:2_[(29 +3t%) dt =2[29t +1°]

F(x) =2[29/x =9 +(x —=9)*?] +C
Given, F(10) =60 =2[29 +1] +C
O C=0
O F(x) =2[29/x =9 +(x —9)*?%]

F(13) =2[29 x2 + 4 x2]
=4 X33 =132
Hence, sum of digits =1 +3 +2 =6

46.

47.

48.

49.

50.

51.

u(x) =7v(x) O o' (x) =7V (x)
d p=7

v(x)

(given)
Again,

O

q=
prq._ 0_1
p-q 7-0

Lett =In Sli%ﬁ O

Now,

a _ 2

dx x* -1

H 1

I=[e

Ie Hl—x)\/l—x2
i%l+x%z 1
dx N 1-x0 (l—x)\/l—xz

1Y X ic0 1= +xfl”
Bi—xH

As

O I=¢e"
1-x

1
O :1,}\:,
H 2

1
:2§+7§:2 X3 =3
2 2

O 22U+ M) -
(e* + cos x +1)

—(e* +sin x +x) 4

|

e +sin x + x
=In(e* +sinx +x) —x +C
f(x) =€* +sin x + x and g(x) = —x

O f(x) + g(x) =¢* +sin x
G S
e* +sin x
D X3 Ly
206
0 A =R
O A+u=

X = x-9

x+3

x+

9|0 L [x+3
=3 tan Qx—§+ln
3lH 4

=1

4
15 3
2cos—xcosfx 2 cos® ——3 os— cos—

5
l—ZQCOS——IQ 3—40052?x

5x 3x
= -2 cos 7 cos —

—(cos 4x + cos x)

sin 4x

I1=- —sinx +C




sin x
tan x CcoS X
52 1= -[1+tanx+tan xdx_-[ 1 +Sinxdx
cos’ x  cos x
J. sin 2x dx —J'dx ZJ_ dx
2 +sin 2x 2 +sin 2x
sec’x

=x - ZJ'—dx
2sec’x + 2 tan x

Let ¢ = tan x,dt =sec® x dx
dx  _ dt

e

2] V3t
e+l §+é@2+B§H
I:x—%tan_lgmnTmQ+C

.5/ 3 (ain2e i 172 2
53. J'sm/ X cos xdx—J'sm x sin'’? x cos? x cos x dx
 (ain2e i 172 .2
—J'sm x sin”? x (1 —sin® x) cos xdx

_ItZ 1/2(1 _t dt :I[tS/Z _t9/2]dt

= (5245 — (1%t 12
A B

2
2 e

tll/Z

11/2

=Et7/2— +C :gsinmx—lsinu/zx +C
7 1
1
=2sin"?x 0 ——sinsz+ C
B u H
0 A=7,B=7C =11
a (A+ B) -

54. Let] =J'(x2010

=(7 +7) -11 =3

+ x804 + x402) (2x1608 + 5x402 + 10)1/402dx

:J—x(x2009 + x508 + x401) @xlsos +5x402 +10)1/402dx
:J-(x2009 + x803 + x401) I@X_ZOIO +5x804 + 10402)1/402dx
Put 2x%°10 + 55804 4 105" =4
0 4020(x*"" + x*® + x*) dx =dt
/420
0 :I )1/4°2dt - 1 g
4020 4020 1/402 +1
1 t403/402

4020 403/402

- 1 (2x2010
4030

0 a—400=3

+ 5x804 + 10402)403/402

55. Lete* ** 16x* +2x° +2x) dx
:Ixz s ! Bx? + 2x) dx +I eF tE @x) dx
I II
Applying by parts in first internal, we get

3 2 _ 3 2 _ 3 _
:x%x + x l_J— 2% [@* +x ldx_'_J-ex x

@2x) dx

56.

57.

58.

59.

Chap 01

=x2@° *F U4 C =h(x) +C
D h(x) :xZ @x3 +x2 -1
0 h(1)h(-1) =e' @' =1
; Ox* cos® x — xsin x + 0
I=J'e(“mx+cosx) |:lx cos x2 x512nx COoS X Odx
0 x" cos” x 0

in x +
=J-e(xsmx cos x) mxz cos x) dx

Indefinite Integral 77

_Ie(xsmx+cosx) Dﬁ chosx de

10

:e(xsinx+cosx)Eﬁx_ H+C
X COS X
I :J'\lx+wlx2 +2 dx

Let x + yx*+2 =p or x*+2=p* +x* —2px
0 p -2 _(p*+2)dp

x= 2

or dx =
2p 2p

”Z(p +2)

7= I dpzé'[pl/zdp*'fpﬂ/zdp
_ _ 1
_g(x+\/m)3/2 27){_,_ —

+C

dx
I=
Jarn) Jx —a)? -B?
=Bsec® O d= [secOtan 0d6
! :J_ do
a( cos® +fB)+bcosb
_ do
I(aot +b) cosB +af
_ do
(aax +b).r U o 0O

cos®+ B+ 1
ifgaiﬁgd

Jao + b ]

Put(x — )

O

! a

cot —+1 0
Then, I %E C

O

1
= [toseca’ logH
b) cot ——1
2

(a0t +
O

_ 1
where =cosq,

0
tan — =¢
ad + 2

B B,

a+b[]

Again, if H

cota’ tan™?

G
I= -
2

ad +b
af g
ad +b

dx=1( x =2/3 (l + l/3)1/2d X,
e

m=--,n=
3

0 d
[ tan— [J
0 ad

0
where sec a’ = tan — =t
2

|

p-l
o2

W | =

()
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m+1

O

=1 ie, integer
n

[0 Let us make the substitution,
1+x7P = 0 ~x"Pdx=2tat
Hence, 1 =GI 2dr=23 +C =2(1 +x1/3)3/2 +C

sin® (0/2)

I= d0
J'cose/Z\/cos 0+ cos? B+ cos O

2sinB/2kos0/22sin® B/2
2JFZCos 9/2\/cos 8+ cos® B+ cos
_1 sin O (1 — cos 0)
_zj(l+cose)\/c0539+c0s29+c059
Put cosO =tF sinBd& dt
_1 -1
_ZI(t+1),/t3+t2+t
=1 -1 dt
2 (t+1)2\/t3+t2+t
1 1-1/t%

do

de

g dt

1
Put t+1+—-=u" 0O (l——z)dt=2udu
t

2udu
ZI(u +1) [ Iu +1

1 /2
=tan_1§+l+fg +C
t

=tan" ! (cos® +sec 0 +1)"? +C

(2 sin B + sin 20) dO

=tan ' (u) + C

= I(cose )\/COSG"'COS 8 + cos’ B
Put cos © = x*
O - sinBd& 2xdx
2
[ e e
(1+1/x%dx

=4
‘rl/x— Y41/ x = x)* +3

Put -x=t

1
X
1
0 B -1Hdc=dt
X
dt
=4 ——
J‘t,/t2+3

Again, put t* +3 =u°

0 2t dt =2udu

—udu du
0 I=4[——=-4
Iu(uz—S) J’uz—?)

62. Let

EIWEURRER:
f Courio

_ D,/t + —ID

f Dw/t+3+\/75
1/x +1/x2+1 -3 [I+C
f D\/x +1/x2+1 +43

2 E1/cose+sece+ —IE L

3 |:| cosB+ secB+1 ++/3]

| =I x™ 7 (a + bx")P dx
and ) S =Ixm_"_1(a+bx")p dx
Let p=x" 1@+ bx"H !

where A and | are the smaller indices of x and (a + bx").

Here, A =m —n —-1,4 =p

O p=x"""(a+bx")P !
Differentiating w.r.t. x, we have

dp _ K" (p +1) (@ + bx") (nbx" )
dx

+(a+bx"P  (m—-n)x™ 7!
=nb(p+1) x" ' (a +bx")’
+(m—n)x™ """ (a +bx") {a +bx")
=nb(p+1) x" (a +bx")?
+am=-n)x" """ a+b") +b(m —n) x" ' (a +bx")?
=b(p +m)x" @ +bx") +a(m —-n)x" "' (a +bx")’Int
egrating both the sides w.r.t. x, we get
p=blmp+m Ly, +a(m-n)T,
Ox" "(a+bxY* ' =bmp+m)I,,_, +a(m -n)1,_,_,

XM @+ bxX"P Y a(m—n)
or I,-= - m-n-1
b (np + m) b (np + m)
Hence Proved.
X8
Agamj'i)mdx J'x Ya =X dx

Here, m=9, b=-1, n=3, p=-1/3 a =1

6 (1 _ .3\2/3
O = A=) 6 ()
-8 8
3 34\2/3
O Is—x(l Sx) +§Iz (here m =6)
_ .3\2/3
¥ 12_(1 x7)

1 3 9
Hence, Igz—gxf’(l - x%)%3 —%xa(l - -1 -+

63. Let I :J'cosec2 x In (cos x + ,/cos 2x) dx

:Icosecz x [n {sin x (cot x + 4/cot® x —1)} dx



= J'cosec2 x In (sin x) dx

+I cosec” x On (cot x + +/cot? x —1) dx

In second integral put cot x =1

0 cosec? x dx = dt

O I =J'cosec2 x (n (sin x) dx —J’ln(t +4/t? —1)dt

In first integral (integrating by parts taking cosec? x as second
integral) and in second integral (integration by parts taking
unity as second function).

We have, (In sin x) (- cot x) —Icot x (—cot x) dx

g

=—cot x(Insin x) —cot x —x —tIn(t +4/t* —1) +/t* -1 +C

= - cot x (In sin x) —cot x —x —cot x {In (cot x ++/cot®x —1)}
++cot’x =1 +C

= —cot x n(cos x +,/cos 2x) —cot x —x +4/cot® x =1 +C

64. [ = dx 2ON= cos? x dx
’ I(smx+asec x)? J‘(a+smxcos x)?

cos® x dx

I(a +sin? x [tos® x + 2a sin x [Fos x)

1+ cos2x

_ 4 cos® x dx
I 4a® + sin 2x + dasin 2x -[ (2a + sin 2x)*

1 di + 2 cos 2x dc
I (2a + sin 2x)* I (2a + sin 2x)*
=21 S ..(i)
(2a + sin 2x)
dx
I =I P EE—
(2a + sin 2x)
we know
du
o L :J'
2 2
1) Jaa? -1 1 -u
(2a —u)
+ -—
v =2a sin2x +1 _ 1 2a u)du

2a + sin 2x (4a -1 3/2-[\/1

du _ (4a® = 1) cos 2x
dx  (2a + sin 2x)*

- 2au —1
———[2asin”' u+ 41 —u*] =1, andsin 2x = ——
(4a* —1)¥? ! 2a - u
_ 1 0 _;H2asin2x+10
0 I—WDZ(JSIH Hi
a” -1)"" 2a +sin 2x
_U2asin2x +1 od 1

H2a +sinzx O n2)
2a + sin 2x § (2a + sin 2x)
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65. I:J'

dx
x—ﬁx2+2x+4
Putyx’+2x+4 =t +x

O x*+2x+4=¢ +x% +2ix

0 2x —2tx =t* —4
2 _
. _P-4_1(-9)
2-2t 2 (1-1)
0 dx——lgz_2t+4m
2 (-1 H
-2t +
q J,t 2t 4dt
2d =11 -1)?
IH 1—t) 1—t)2

LD log [ t] =3 log |1 —t] +—> 1
== r4log|t|-3log|1 -
2 ff a-nf

=21log|yx* +2x +4 —x]| —glog

3
[1-yx*+2x+4 +x|+
2(1 —x* +2x +4 +x)

3
=21log|yx* +2x +4 —x]| —glog
3
[Jx*+2x+4 -1 -x|-
2(Jxt+2x+4 —-x -1)

66. I=J’

dx
1+4/x* +2x +2
\x% +2x +2 =t —x, squaring both the sides, we get

x4+ 2x +2 =t +x% —2ix
2x + 2tx =% =2
ot -2
2(1+1)
2
t°+2t+2
O =
2(1+1)
5 -2 PP+ ar+4
O 1+ x"+2x+2 =1+t - =
2(1+1) 21 +1)
2(1+1)(t* +2t +2) (t* + 2t +2)

dt

. = I(t+4t+4)|2m1+t) _I(l+t(t+2)

Using partial fractions, we get

dt dt
S ey
t+1 (t+2)
=ln|t+1]+ +C
t+2)

I=In(x +1++/x% +2x +2) + 2 +C
(x

+2) +\/x2 +2x +2
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O

(x* +1)% —2x*

67. I= J’ dx = tdx
X0 +1 (2 +1)(x* =x* +1)

Hdx =dt or =dt

pe
Ji+x B Y1+ x?
L (1+1/xY)dx x? dx s
_I(x2+1/x2—1 I(x +1 DI:Itlsljit—t:It“dt:%+C:%+

"
O H1+
H

_ (1+1/x%dx — x% dx RS
I(x—l/x)2+l I(x3)2+1 70. '-'un+1:I y

In first integral put x — 1/ x =t and in second integral put
3 _
X’ =u

xn+l
dx =J'7 dx
Jax? +2bx + ¢
" (2ax + 2b) —2bx"
ZaI \/ax +2bx + ¢

dx

o el o _1 o @ax+2b)dc b X
2‘1'[ \/ax2+2bx+c aJ’\/ax2+2bx+c
_ (2ax +2b) _b

Uyt 1
=tan ' (x -1/ x) —gtan_l(x3) +C ZaI wlax +2bx + ¢
68. 1= _ L
: _J’(l Ry Upey =— [x" [24/ax” + 2bx +c

dx

- 2 -
= tan 1(t)—§tan Ywy+cC

2a

n- b
Put le/tde—l/tzdt —Inx IQ\l(ax2+bx+c)dx]—gun
dt 1 b
0 = - = - - ,n _ﬁ n—1 2 _Y
I —1/8)? It(t3 —1)73 . Xy Ix Qlax® +2bx +c dx ; u,

1 3.1= = + +
Again, put > =1 =4 0 3t* dt =3u° du P y_nJ, ! ax® + 2bx +¢) dx—éun
u® du u du \/ax +2bx + ¢ a
‘[”“)D“ I(l+”(l‘”+“) AUy oy =x"y —nlat, «, +2bu, +cu, ;] ~bu,
utl du O (n+1)au,+; +@n+1)bu, +ncly,_; =x"y ..(i)

3-[1+u 3Iu -—u+1

(using partial fractions) Now, putting, n = 0 in both the sides, we get

-0
1/2Q@u- l)+3/2du au; + buy =xy
Soru+1 SI @ -u+1) aw, =y —bu, ...(ii)
u-—1 1 du Putting n =1in Eq. (i), we get
= — - u-—-— —_—
BIu+1 GIuZ—u+1 ZI(u—1/2)2+3/4 2auy + 3bu + cuy = xy
- bu, "
=llog|u+1|—llog|u2 —u +1| = 2au, +3b Q%Qﬂ-cu":w [from Eq. (if)]
3 6 2
oo Ezu -1 H" C O 2a’u, + 3by —3b%u, + acu, =axy
V3172 0.3 O O 2a°u, =y (ax —3b) +(3b* —ac) u,
:%10g|(t3 -1 41 —%10g|(t3 -1 —@* -1)"? +1] 71. Plan Integration by Substitution
1 Oz -1)* -1 0 Le. I=[ fg(0}lg'(x)dx
- —tan ' g"—F—— O+ C
NR) 0 V3 0O Put gx)=t UO'g(x)d= dt
l H(l — )3 4 x% 1 log (1= x%)% =(1 =} + 0 I:J’f(t)dt
3 D x 6 x Description of Situation Generally, students gets confused
tan~! EZ 1- x3)1/3 —y 54. . after s:bstltutlon, 1.;31. selcdx+tanx=t.
Iy~ — m. Now, for sec x, we should use
N 5 Vi 5 sec’ x—tan®x =1
+ 1+ 2)5
69. I = w dx O (secx—tanx)(secx+tanx) =1
1+ x

1
O secx—tanx =—

Put  (x+ 41+ x%) =t t



72.

73.

sec?dx
Here, —179/2
(sec x+tan x)

Put secx+tanx =t

g (sec xtanx + sec’ x)dx = dt
o sec x [ dx =dt
dt
O sec xdx = —
t
1 1 1
U secx—tanx =— [ secx=7§+f
t 2 t

sec x [dec xdx

[ ===t
I (sec x+tanx)”?

1% i)
: N |1 i

__1D 2, 2 K
- ZD 7/2 11/2D+
ot 1t

O 1 1 O
=- + oK
11/2D

%(sec x+tanx)”?  11(secx+tanx)

-1 1 1
=0 Eﬁ+7(sec x + tan x)2%+ K
(sec x + tan x) "< 11 7 O

ex e3x

Since, [ =(——dx and J=[———dx
Ie4x +62x +1 j Il_'_er +e4x

(e”—e )

ad -1= dx
7 _[ -
Put e*=u 0O edx=du

2_1)
O I=
i- J'1+u +u

1
Ty ﬁl
1 1
Putu+—=¢t 0 - =dt
wurd =0 -2

dt 1 t—1
:Iz =—log +C
t“°—=1 2 t+1
2 2x x
1 u"—u+1 1 e —e +1
=—log| 57— |+ C=-log|()— | tC
2 wtu+1 2 e +e' +1
2x'2 + 5%’ 2x'2 + 5%°
LetI = J’ =J' e 5 dx
(+x*+1)° x71+x “+x7)
2x % +5x7°

=[—— dx
I(1+x +x5)3

Now,put 1+ x %+ x7° =¢
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0 (—2x"% =5x"%) dx =dt
0 @x"*+5x %) dx = —dt
dt s
O I=-(—=-(t"dt
It3 I
-3+1 10
= - t + :L = x + C
-3+1 2t 2(x° + x* +1)
dx dx
74. = 5
x“(x* +1)4 ,ﬁ@.,.i@“
x4
Put1+i4 0 ——dx=4dt
X X
0 d—f: -3t
X
1
1
O =—J’dt=—t+C=—§ +—4§4+C
pe

75. §+x—f% xdx Ie xdx+‘[x§ L% xdx
x
+l d x+l
—I "dx+xe "—J'd—(x)e xdx
x
1 L

x+7 x+— x +—
ZIe xdx + xe x—J'e x dx

- e

=
il il il
=Ie “dx+xe X —Iex X dx
x+l
=xe *+C
76. Given,If(x) dx = P(x)
Let I :I 2 f(x*) dx
Put x* =t
O x%dx =£ ..(1)
3
1
O I= 3J'tf(t) dt
10 0d 0O,n
=— t) dt t) dt[]dt
oy B afil
[Integration by parts]

_1 _
= WO -] wod)

1
3

=2 X - [ ) de + O

— [FPe®) - 3J'x Y(x*) dx] + C [from Eq. (i)]
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5tan x

77. Given Integral is J’i dx

tan x —2

To find The value of g, if
5t

J'ﬂ =x +alog|sin x =2 cos x| +k...(i)
tan x =2

5tan x
Now, let us assume that I = J—iz dx
tan x

Multiplying by cos x in numerator and denominator, we get
5sin x

I= Iidx
sin x —2 cos x

This special integration requires special substitution of type
I
O
M:AwW+B%@ﬂ
Odx O

[0 Let5sin x = A (sin x —2 cos x) + B(cos x +2sin x)

0 0cosx+5sinx =(A +2B)sin x +(B —2A) cos x

Comparing the coefficients of sin x and cos x, we get
A+2B=5 and B-2A=0

Solving the above two equations in A and B, we get
A=1 and B=2

[ 5sin x =(sin x —2 cos x) + 2 (cos x +2sin x)

5sin x

OrI= Iidx
sin x —2 cos x

78.

i I=¢q

(sin x —2 cos x) + 2 (cos x +2sin x)

I (sin x —2 cos x)
0= J,smx 2cosx 2J,(cosx+251nx)
sin x — 2cosx (sin x — 2 cos x)

¥ I:J,1dx+2'rd(§mx—2cosx)
(sin x — 2 cos x)
oI

where, k is the constant of integration.

=x+2log|(sinx —2cosx)| +k

Now, by comparing the value of I'in Egs. (i) and (ii), we get
a=2

Let I Z\/EJ' sin x -
sin @x @
O dx=dt

Tt
Putx—— =t
4

sin ? + t@dl‘
_ 4 B

sin t

01 10
=2 (== cott +—dt
Jaz ' B
=1+log|sint|+C
b0
sin [x ——
4

=x +log +C

dx

...(i)
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Session 1

Integration Basics, Geometrical Interpretation
of Definite Integral, Evaluation of Definite
Integrals by Substitution

T/ 2
= (1 =2 cos 2x + cos” 2x) dx

Integration Basics o

dx

. . . 40
What is Definite Integral ? 1 o2 1+ cos 4x
Let f be a function of x defined in the closed interval[a, b] 2 b [l T 2cos2x+ )

and ¢ be another function, such that ¢’ (x) = f(x) for all x s (3 - \
in the domain of f, then -2 [ cos 2x + cos x) dx

470 2
b 3 b B
[ ) dx =[0(x) +¢; = 6(b) = 0 (a) 1[ s dnax Tu
=—|3x ——sin2x + ——
is called the definite integral of the function f(x) over the 8 2 4 0
interval[a, b], a and b are called the limits of integration, a 1[(3n . 1 ]
being the lower limit and b be the upper limit. =3 L(? —2sinm s 2”) - OJ
Remark 21(3_7’5_0“)]:3_”
In definite integrals constant of integration is never present. 8\ 2 16
. 1| d 1 .
Working Rules ) Example 2 The value of L L’—(tan‘1 —de is
To evaluate definite integral'[ f(x) dx. X X
a (@Qm/2 (bym/4 (c)—m/2 (d) None of these
1. First evaluate the indefinite integral J. f(x) dx and p .
1 _
suppose the result is g(x). Sol. Let I = L{E(tan I;de
2. Next find g(b) and g(a). d 1 d
. L . . Here, —| tan™'— | = —(cot ' x) =
3. Finally, the value of the definite integral is obtained dx x) dx 1+ x?
by subtracting g(a) from g(b). 1 1 11
5 . o I= P 2dx=—.|._1 S dx
Thus, [ f(x) dx =[ g(x)]; = g(b) - g(a) L L
“ = —(tan™" 9()171 = —[tan"'(1) - tan"(=1)]
Example 1 Evaluate - _(E + Ej -_r
4 4 2
() [ ——dx (i) [ sin* xdx ,
034+ 4x 0 Hence, (c) is the correct answer.
1
Sol. (i) Here, I = Jll ! dx = [ —ln (3+4x) | Remark
0 3+ 4x 4 .

1 1 7 g g
:Z[ln7—ln3]=zln(§) J_(_Ejzﬁ
4 4) 2

/2
(ii) Let I = J.: sin® x dx
X

1 (m/2 .2 \2 1 (m/2 2
2 J.o (2sin” x)” dx = n .[0 (1= cos 2x)" dx ofdi(fan’1 l)on the interval [-1, 11.
x X

1
Note that J.ww(ditarfW 1)(1)( :(tan'1 lj =tan'(1) —tan™'(=1)
-\ dx -1

is incorrect, because tan™ (l) is not a anti-derivative (primitive)



Example 3 IfI, = Le(log x)"dx, thenl +nl,_, is equal to
1
()~

e

Sol. We have, I, = J; (log x)"dx = _L (IOgIX) - Ldx

(b)e (c)e—1 (d) None of these

II
nie ¢ n—1 1
I, =[x-(logx)' ] —j n-(logx)" "= xdx
1 X
=(e—0)— nJ;e(loge x) ldx=e-n-I,_,
SItnl_ =e
Hence, (b) is the correct answer.
Example 4 All the values of ‘d for which
2
J-] {a® +(4—2sa)x+4x>}dx <12 are given by

(@)a=3
(c)0<a<3

Sol. We have, '[12 {a* +(4—4a)x + 4x°}dx <12

(bya<s
(d) None of these

= [@®x +(2-2a)x* + x*]’< 12

=d@2-1)+2-2a)(4-1)+2"-1*)<12

= a® +3(2-2a)+15< 12

= a*-6a+9<0

= (a-3)*<0
a=3

Hence, (a) is the correct answer.

Geometrical Interpretation
of Definite Integral

If f(x)>0for all x €[a, b], then J.h f(x) dx is numerically

equal to the area bounded by the curve y = f(x), the
b
X-axis and the straight lines x =aand x =b ie. '[ f(x)dx

In general, J.b f(x) dx represents the algebraic sum of the

areas of the figures bounded by the curve y = f(x), the
X-axis and the straight lines x =a and x =b. The areas
above X-axis are taken with plus sign and the areas below
X-axis are taken with minus sign,

b

>
Il
[\

) 53
|
|

[
M\—/B i D

Figure 2.1

C

@) ~
I IS N
)
>
OT I
—
o
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ie. J.ab f(x) dx = Area (OLA) — Area (AQM) — Area (MRB)
+ Area (BSCD)

Remark

b
J' f(x) dx, represents algebraic sum of areas means that area of
a

function y =7(x) is asked between ato b.
b
= Area bounded = J. | f(x) | dx and not been represented
a

b
by'[ f(x) dx. e.g. If someone asks for the area of y = x>

between — 1to 1, then y = x> could be plotted as

Figure 2.2

0 1 1
Area =J‘71 —x2dx +f0 x? dx=5

1 1
. .t 3 3
or using above definition, area =J. [x7|dx =2 J.O x” dx
-1

1
4
1
4 2
0
But, if we integrate x* between —1to 1.

1
= J. X * dx =0 which does not represent the area.

Thus, students are adviced to make difference between
area and definite integral.

Example 5 Evaluate Jj | (x = 1) (x —2)| dx.

Sol. Let I=J.03|(x—l)(x—2)|dx
We know,
_ (x—=1)(x-2), x<lorx>2
|(X_l)(x_zﬂ_{—(x—1)(x—2), 1<x<2
+ ) ) +
1T 2

Using number line rule,

1=j03\(x—1)(x—z)|dx
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=J-; (x—l)(x—2)dx—J;2 (x=1)(x—2)dx
+j23(x—1)(x—z)dx

=J.; (x2—3x+2)dx—J.l2 (x? =3x +2) dx
+J.23 (x% =3x +2)dx

2 3
x®  3x?
x|+ ——-—+2x
3 2
1 2

(L3, o) (8o, 1,3,
3 2 32 32
27 2 8 12 11
LA
3 2 3 6

Evaluation of Definite
Integrals by Substitution

Sometimes, the indefinite integral may need substitution,
say x = 0 (t). Then, in that case don’t forget to change the
limits of integration a and b corresponding to the new
variable t. The substitution x = ¢ (¢) is not valid, if it is not
continuous in the interval[a, b].

Example 6 Show that

/2 X T
> :a,b>0.
0 a?cos? x+b?%sin? x ~2ab’
x =m/2 dx
Sol. Let I= ; ; —
x=0 " g°cos” x + b”sin® x
_x=mw2 sec? x dx
x=0 g% 4+ p®tan? x

(divide numerator and denominator by cos? x)

Put tan x = t = sec? x dx = dt
t=co  dt
1=0 g% 4 p?p?
We find the new limits of integration ¢ = tan x =t =0
when x =0andt = cc when x =1 /2.
1 (= dt 11 b 7
_ = tan” —
a Jy

Y (ajz , b alb
=] o+t
b
) .S
ab 2ab

2
Example 7 Evaluate |
4+ X

the substitution x =1/t. Examine as to why the answer
don't valid?

- directly as well as by

2
Sol.Let I=| dx -
“2 4+ x
2
1 _ 1 _ _
= Ztan!| | =—[tan '(1) - tan 1(—1)}
2 2,73
_1.2_(_2) _n
2| 4 4 4
T
e = —
4
On the other hand; if x =1/t, then
_[ _ J~1/2 dt _ _J-uz dt
2 44 x° “V2 4% (4 4+1/1%) Uz o44% 41
! B 1/2
=—|—tan" (2t)
2 -1/2
_ 1 tan_l(l)—(— tan~ ' (- 1))
2 2
__r_r__*7
8 8 4
. I=—E,whenx=l
4 t
In above two results, I = — 1 / 4 is wrong. Since, the
1
integrand > > 0and therefore the definite integral of

4+ x
this function cannot be negative.

Since, x =1/t is discontinuous at t = 0, then substitution is
not valid. (vI=m/4)

Remark
It is important that the substitution must be continuous in the
interval of integration.
_—
/2 sIn X
Example 8 Evaluate _[O R
1-Xx

-1
/2 sin x

dx

Sol. Let [ = j

1-x?

Put sin"!x =0, then x = sin® = dx = cos0d0

1
Also when x =0, then 6 = 0and when x = 5,

then 0 = sin_l(l) _T
2 6

I= j’”ssme- -cos0dd = j’” 0 -sin0do
0 0

%
V1-sin?@
=(-0-cos0)F® +.“;r/6cos 0 do,

using integeration by parts.
= (=0 cos0)¥® +(sin0)7'®

-\Br 1
+

12 2

L4 T LT
=—-—cos—+0+sin——0=
6 6 6



Example 9 For any n> 1, evaluate the integral

.
'[0 (x+\/x2+1)”
Sol. Let I =
'[ (x+V1+x? )

Put  x+v1+x%=t = Vi+xP=t-x
2
t° -1 1 1
=1+x%=(t-x)* = x = orxz—(t——)
2t 2 t
1 1
dx=—(1+—jdt
2 £
< 1 1 1 1 e, _ n—
I=| — —(1+—)dt=—f ("t
t=14n 9 2 241
1 1-n —-n-1 ° 1 1 1
_ e 1o
2|1-n —(n+1) L2 1-n n+1
_l{ -2n }_ n
2 1-n? n? -1
Example 10 The value of

X% +2x -1 )
fe—1e
0

2 e X -2
- . 2 i
i) d><+.|‘1 xlog x-e dx is equal to
(@ We) ) (b)We)” " ()0

x?+2x -1
2 x2 -2

dx+.|‘16 xlogx-e 2?2 dx

(d) (We)®' 2

Sol. Letlz_[;_ ﬁ
X+

Put x + 1 =t in first integral
22
e e
1=
-2 122

—f e ? { +1- logt}dt: logt-e 2
~(Jey 2 1

Hence, (d) is the correct answer.

x% -2

dt+J.le xlogx-e 2?2 dx

e

x dt
Example 11 Let f(x)= [
2 V14t

inverse of f. Then, the value of g’(0) is

and g be the

(@)1 (b) 17 (©) V17 (d) None of these
Sol. Here, f’(x)= 1 _ dy
1+x* dx

f
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Now, g'(x) = dx _ 1+x*
dy

dt
When y =0 ie. Jw
N1+t
=V1+16 =17

Hence, (c) is the correct answer.

=0, then x=2

Therefore, g(0)

Example 12 Leta, =r/2 (1-sint)" sin 2t,

then lim 2— is equal to

(a)1/2 (b) 1
c)4/3 (d) 3/2

/2
Sol. We have, a, = J.;I (1-sint)"sin2t dt

Letl1-sint =u = —cost dt =du

_ 1 neq_ _ 1 n _1 n+1
a, —Zfo u"(1 u)du—ZU0 u"du J.o u du]
:2( 11 )
n+l n+2

Therefore, G _ 2 (

1 B 1
n n(n+1) n(n+2)

1 1 1 11 3 1
= 2(1)—|—(1——)+(———)+(———)+... =2-=—==
L 3) 2 4) (35 2 2
Hence, (a) is the correct answer.

Example 13 The value of x > 1 satisfying the equation
["tint dt = Lis
1 4

(a) Ve (b) e )e’ (d)e-1
X tz
Sol. Let I=[" tintat _{ —}
1 2
_l.l.x l'tz =—lnx ! t—
29 ¢ 21 2
_X ’Inx _1]__
2 4
x‘Inx 1 ,
-—x“=0 = [2Inx-1]=0 (asx>1)
2 4
= ]nx:% = x:\/;

Hence, (a) is the correct answer.
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Example 14 If lim —j

TCZ
equal to e w

Textbook of Integral Calculus

x2+ax+1
1

Example 15 If the value of definite integral
Ja x-a198aX1 gy where a>1and [x] denotes the

-tan™ (l) dx is
X

here ke N, then k equals to

a0 1+ X

greatest integer, is — e then the value of ‘d equals to

(a) 4 (b) 8 (c) 16 (d) 32 (a) Ve (b) e Qe+l  (d)ye-1
2
Sol. Let I =_[ L‘le-tan_1 (—j dx Sol. Let I = .[a x-q o8 x] gy
0 1+x x 1
Put x =1/t and adding, we get Putlog,x =t = ad=x
[using tan "'(1/ x)+ cot ' x = /2] I= lna.J.l (@ -a.a") dt = lna-_[1 (a1 a")dt
0 0
e (x%+1)+ax 1 1
== — Tdx =Ina- B aVdt = Ina- [ o
4 .[0 145 =Ina J.O (a"-a’)dt =Ilna fO a® dt
= (xf +1) _xdx_ Ina a* '
=— dx+a _|Ina a | _1 2 s
4 |:.[0 1+ x 0 1+ x 5 lna (a l) [as {t} t, if t E(O,l)]
0
_n[ m _an n’  n’a 1,, e-1
— —-1)=— = = \/_
[Zx/_ } {8\/_ A a=ve
1 1[ n? +n a . 2 +7‘t2 - Aliter x €(1,a)
a—w q | 82 a—e| (82)a 16 | 16 = jogaxe(;),l) = [I(Lgaf] 0
I:J. xdxz—(az—l)——:>a—\/;
= k=16 1 2 2

Hence, (c) is the correct answer.

Hence, (a) is the correct answer.

Exercise for Session 1

1. fn/4coszxdx _[nlz dx
0 0 1+cosx
3. J.:/Z\M +cos X dx 4. .[:é?nZX -cos x dx
2 X 1
5. L N 6. -[o log x dx
J-n/4 (sinx +c.:osx) '[b 1 dx.b >a
0 9+16sin2x a\J(x—a)(b -x)
9. J.bJ X8 iy 10. J.m\/tanx dx
a\b -x 0
n m . 3y —si
11. I cos2x.log (sinx )dx 12. _[ 4 gsinx (xcosxzsmxjdx
0 0 COoSs” X
. . e 1 2 cosec 0 .
13. Iif f(x)is a function satisfying f| — |+ x“f(x) = 0 for all non-zero x, then J. o f(x)dx is equal to
X sin
14. The value of J.1 ﬁ(n +r) i T lax equals to
R e KX Tk
@)n (b)n! (c) (n+ 1)! (d)n-n!
15. The true set of values of ‘a’ for which the inequality J'O(S’ZX -2-3%)dx 20is true, is
X
(@0 1 (b) [~eo, = 1] (©) [0, =] (d) [Feo, = MU 1 =]



Session 2

Properties of Definite Integral

Properties of Definite Integrals
Property L [ f(x)dx =" f(t)dt

i.e. The integration is independent of the change of
variable.

Proof Let ¢(x) be a primitive of f(x), then
L o= £ = L o)1= £)
dx dt

Therefore, J.ab f(x) dx =[¢(x)] 2 =d(b) — ¢(a) (1)

and Lb £(e) dt =[o(1)]; = §(b) — O(a) ..(i)

From Egs. (i) and (ii), we have

Lb f(x)dx:ja” F(t) dt

b a
Property II. j f(x) dx =— jb f(x) dx

i.e. if the limits of definite integral are interchanged, then
its value changes by minus sign only.

Proof Let ¢(x) be a primitive of f(x), then
[ ) dx = ob) - oa)

and

~ [ fx) dx = =[6(a) - 6(b)] = 0(b) - 0(a)
[ feoydx == x) ax

Property III. J‘Oa f(x)dx = .[Oa f(a - x) dx (King’s property)

Proof On RHS put (a — x) =t,so thatdx =—dt
Also, when x =0, thent =a and when x =a,thent =0

jO“ f(a—x)dx:—jaO Ji0) dt:jo“ f(t) dt:j: f(x) dx
jo" f(a—x)dx:fo" f(x) dx

Remark

This property is useful to evaluate a definite integral without first
finding the corresponding indefinite integrals which may be
difficult or sometimes impossible to find.

Geometrically J:f(x) dx = J:f (a—x)dx

This property says that when integrating from 0 to a, we
will get the same result whether we use the function f(x)
or f(a — x). The justification for this property will become
clear from the figures below :

Yy A

— X

0

1
I

1

1

1

1

1

1

|

1

|

1
a—x
¢ I
a

X

As x progresses from 0 to a, the variable a — x progresses
from a to 0. Thus, whether we use x or a — x, the entire
interval [0, a]is still covered.

YA

—

0
The function f(a — x) can be obtained from the function
f(x) by first flipping f(x) along the y-axis and then
shifting it right by a units. Notice that in the interval [0, a]
f(x)and f(a — x) describe precisely the same area.

There are two ways to look at the justification of this
property, as described in the figures on the left and right
respectively.

Example 16 Show that
() [** fisinx)dx=[""" flcos x)d

(ii) Ig/z f(tanx)dx:_[:/2 f(cot x)dx
(iii) I:/zf(sinzx)sinxdx=I:/2ﬁf(c052x)-cosxdx
= J.;T/zf(sin 2x)-cos x dx

. T . T 7 .
(iv) Io xf(5|nx)dx=5f0 flsinx) o [IIT JEE 1982]
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Sol. (i) We know,
Ion/zf(sin x)dx = Ionlz f|:sin (g - x):| dx
[using jo" f(x)dx = jo“ fla-x) dx}
= Ionlz f(cos x) dx
_[Omzf(sin x)dx = J.Omzf(cos x) dx
. /2 _ /2 T x »
(i) jo ftan x)dx = | o f [tan (E D d
[using J.Oa f(x)dx = J: f(a—x)dx }
= J‘On/z f(cot x) dx
J-Omzf(tan x)dx = .[Omz f(cot x) dx

(iii) We know, I = Ion/z f(sin 2x) sin x dx ..(i)

- jo’”z f|:sin 2 (g - xﬂ -sin (g - x) dx
[using [ fxyax =] fla-x) dx}
= 0’” ? f(sin (0 — 2x)) cos x dx
1= 0"’2 f(sin 2x) cos x dx (i)

Adding Eqgs. (i) and (ii), we get
2l = I e f(sin 2x) (sin x + cos x) dx

—\/—J f(sm2x)sm(x+ )dx

Putx+£=(£—6) (i.e.x=£—6)
4 2 4

= =—\/_j””4 f(cos 20) cos O db
_\/'J‘

= 2\/§J.0 f(cos 20)cosB db (since it is even)

f(cos 20) cos 6 dO

1=V2 [ fleos 20) cos 0 do
(iv) Let  I=] 0“ x f(sin x) dx ()
Replacing x by (T — x), we get
I= jO“ (n - x) f(sin (T — x)) dx
= I= fo” (m - x) f(sin x) dx ...(i)

Adding Egs. (i) and (ii), we get
n . _Tmm .
21_.[0 T f(sin x)dx =1 = 5 J.O f(sin x) dx

Ion x f(sin x) dx = g Ion f(sin x) dx

Example 17 If f and g are continuous functions
satisfying f(x) f a- x) and g (x)+ g (a— x)=2,then
show that [ " f0g () dx= [ | fdx.

Sol. Let I= jo“ F(x) g(x)dx = jo“ fla—x)gla—x)dx
= |7 feo -2 - gl dx
[using [ feode=[" fla=x) dx}

 f(x)=f(a—x) and gla—x)+ g(x)=2 (given)
[ £ gtoyde=2 " fxyde = [ f(x)- glx) dx

or 2.[0[1 f(x)- g(x)dx = 2J‘0a f(x)dx
= [ fogxde=[" fx)dx

Example 18 Evaluate

n/2 X
0 IO 1+ tanx
(iii) I

Sol. (i) LetI= jo

log (tan x) dx

(i) jon/z

n/2 SiNX —COS X

log (1+tanx)dx (iv) _[ dx

0 1+sinxcosx

J-n/z 4/ cos x dx (i)
l+1/tanx \Vcos x ++/sin x

/2 Jeos(n/2—x)

Then, I= d

- ‘[0 \/cos(n/z—x)+\/sin(n/2—x) *
=J-n/z 4/sin x (i)

0 \[sin x + 4/cos x

Adding Egs. (i) and (ii), we get
4/sin x

I :J~TE/2— d
2 JJsin x +4/cos x *
I¢—+J—

sm X + 4/cos x

_[ ]7'[/2=__

/2

+J-n/2 A/ COS X dx
A/Sin x +4/cos x

_J-Tt/

0 = 21=— = I=E
2

4

(i) Let 1= [ " ™% log (tan x) dx ()

Then, I= jon/z log {tan (g - xj} dx

/2
= I= jo log (cot x) dx .. (ii)
Adding Eqgs. (i) and (ii), we get
2l = J. mzlog (tan x) dx + f mzlog (cot x) dx
0 0

/2
:J.o (log tan x + log cot x ) dx
= J‘Om log (tan x - cot x) dx = fon/z log (1) dx

= 2I=0 = I=0



/4
(iii) Let I = jO"

/4
= J'O

/4
= J'O

log (1 + tan x) dx (1)

log [1+ tan (/4 — x)] dx

log [1 +

log(1+tanx+l—tanx)dx

tan /4 — tan x
1+tan(m/4)-tan x

_J-Tl:/4
0 1+ tan x

= _[ i log (#j dx
0 1+ tan x

/4 /4
= jo log (2) dx — jo
I=(log2)(x)%' ~ 1

log (1 + tan x) dx
[using Eq. (i)]

=>21=£10g2 = 1=Elog2

. m/2 sin X — COS X
(iv) Let I= I

SMX TS X gy ()

1+ sin x cos x

. Y T
n/zSIH( E_ XJ— COS (E— x)
Then, I:J.o dx
1+ sin (E— x) cos (E— x)
2 2

m/2 coS X —Ssin x ..
= = I —_——dx ...(ii)

1+ cos x -sin x
Adding Egs. (i) and (ii), we get
Ccos x —sin x

/2
dx+_.. —dx =
0 1+ sin x cos x

m/2  sin X — coS X
z[:j SAXTCs T
0 1+ sin x cos x

2I=0 = I=0

Example 19 The value of JZ log (cot a+ tan x) dx,

where ae (0, /2) is equal to
(a) alog(sina) (b) —alog(sina)
(c) —alog(cosa) (d) None of these

Sol. Let I = J.Oa log (cot a + tan x) dx
_J~ (cosa smx)dx
sina cos x
:Ja log( —c.os(a—x) jdx
0 sin a cos x
= .[: log [cos (a — x)] dx — foa log (sin a) dx
- J.Oa log (cos x) dx
= J.: logcos(x)dx — .[Oalog(sin a)dx —J.Oalog (cos x) dx
[using J.oaf(x) dx = J.Oaf(a — x) dx to first integral}

— log (sin a) foa dx = — alog (sin a)

Hence, (b) is the correct answer.
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b b
Property IV. J; f(x) dx =J; fla+b—-x)dx

(King’s property)
Proof Putx=a+b-t =dx=-dt

Also, when x =a, then t =b, and when x =b
fb f(X>dx=fba f(a+b—t)(—dt)=—fb“ fla+b—t)dt
=Lb f(a+b—t)dt=Lb fla+b—-x)dx
b b
of” fydx=[" fla+b-x)dx

b
Geometrically f:f(x)dx =r fla+b—-x)dx

N

X a+b—x
S

1
i
a

As the variable x varies from a to b, the variable a + b — x
varies from b to a. Thus, whether we use x ora +b — x,
the entire interval [a, b]is covered in both the cases and
the areas will be the same.
VA

The graph of f(a + b — x) can be obtained from the graph
of f(x) by first flipping the graph of f(x) along the y-axis
and then shifting it (a + b) units towards the right; the
areas described by f(x) and f(a + b — x) in the interval
[a, b] are precisely the same.

/3 dx
Example 20 Evaluate [~ — .
P J."/6 1+ J/tan x
/3 /3 CcOoS X -

Sol. Let I = fn

.. (i)
/6 1+1/tanx /6 1/cosx+,/smx
3 Jcos(m/2— x) 4
x

/6 \/cos(n/z—x)+\/sin(7'c/2—x)

(ra+b=m/2)
3 J/sin x .
= I= L/s \/m n \/m ..(ii)

then, I=
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Adding Egs. (i) and (ii), we get
T MW

21:]7”3 ldx=F_T_% , -
m/6 3 6 6 12
Example 21 Prove that
J-b f(x) X_b— a
a f(x)+ fla+b—-x) 2
Sol. Let 1= ’ f(x) dx ()
@« flx)+ fla+b-x)
then, szb flatb-x) dx
a fla+b-x)+ f(a+b—-(a+b-x))
- 1=[ flatb=x) (i)
@ fla+b-x)+ f(x)
Adding Egs. (i) and (ii), we get
o] = J‘b flatb-x)+ f(x)
@ fla+b- x)+f(x)
B e :b—a
= ZI—L ldv=(b-a) = I=—
Example 22 Solve
B —sin ¢ wlf(Z)dZ
cos't [f(cos 2t —2) +/f(2)
Sol. We have, [ = C;Szntl4t f(z) dz ..(i)

Jf(cos 2t —z) +/f(z)

—sin® ¢ f(cos 2t —z) dz .
I=| , (i)
costt [f(cos 2t —z) +4/f(2) !

[using Lb f(x)dx = Lb fla+b-x) dx}

Adding Egs. (i) and (ii) we get
T

1
I=—E(sin4t+cos4 t)=—5(1—23in2tcos2 t)

“dr = 2l =(z) 0

cos’ t

1 1 1 1
=—-|1->sin?2t |=—>+ —sin? 2
2 2 2 4

Directions (Ex 23-25) Let the function f satisfies
f(x)-f'(—x)=1f(—x)-f’(x)for all x and f(0) = 3.

Example 23 The value of f(x)- f(-x) for all x is

(@) 4 (b) 9

(©) 12 (d) 16

Sol. Given, f(x)-f'(-x)= f(-x)- f'(x)
) _ f%)
f(x)  f(=x)

Integrating both sides, we get

Inf(x)=-f(-x)+C
In[f(x)- f(-x)] = C

f(x)-f(=x)=C
But f(0)=3
= fi0)=C .. C=
f(x)-f(=x)=9
Aliter f(x)- f'(x)-f(-x)-f'(x)=0
- L f)- fxn =0
dx

Integrating both sides, we get f(x)- f(-x) = Constant

Hence, (b) is the correct answer.

Example 24 I has the value equal to

5134 f
(@) 17 (b) 34
(c) 102 (d)o
Sol. Let I = j fl dx
i3+ f(x) 13+ f(-x)

[using Lbf(x)dx =J.:f(a +b- x)dx}

I 6+ f(x)+ f(=x)
MB+ (O] B+ f(=x)]

J- 6+ f(x)+ f(=x)
9 +3[f(x)+ f(=x0)]+ f(x) f(=x)

J‘ 6+ f(x)+ f(=x)
8 +3[f(x) + f(=x)]

251

=30

I=—=17
3

Hence, (a) is the correct answer.

Example 25 Number of roots of f(x)=0 in[-22]is
(@o (b) 1
(0 2 (d)4
Sol. Let x = o be the root of f(x)=0.
fl)=0
f(x)-f(=x)=9
Put x = 0, then 0=9 (impossible)

Therefore, f(x)has no root but f(0) =3.
~ f(x)>0,V x € Ras f is continuous possible function

flx)=3e"".

Hence, (a) is the correct answer.



Exercise for Session 2

1.

10.

11.

12.
13.

14.

14
The value of .[On log (1+ tan 0) dois equal to

T
a) = log 2
()2 g

For any integer n, the value of J: e

(b)—%log2

0052 X
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i
c)=log2
()8 g

.cos® (2n + 1) x - dx is equal to

(@)o (b) 1 (c) -1

The value of J.;\/Sfx\/;ﬂ/; dx is equal to

(a) 1/2 (b) 1/3 (c) 1/4

The value of.[o2 (17 + 8x _4Xdz); (@1 7) is equal to

(c) - 5 \;ﬁ {Iog’ 5; JJ; - Iog’ 3%{2;1 } (d) None of these

If f is an odd function, then the value of I_

(@)0

10
If [x] stands for the greatest integar function, then.[1 [

a f(sin x)

(b) f(cos x) + f(sin x)

(a)1 (b)2
The value of _[HLX,(O <o<m
01+ cos a.-sin o
(@)= (b) =
Sin o Sin o

Iff, g, h be continuous functions on [0, a] such thatf(a — x) =f(x), g(a — x) = —g(x)and 3h(x) =5+4h(a — x),

then the value of f:f(x)-g(x)-h(x Ydx is

(@) 0

(b)1

)is

a f(cos x)+ f(sin? x)

dx is equal to

(c)1
[x2]dx

S
x2—28x +196]+[x?]
(c)3

o

(€)—
sin o

(c)a

If2f(x)+f(-x)= lsin (x —lj then the value of Ie f(x)dx is
X X 17e

(@0

(b)e

Prove that f;;(f(sin X )dx = g.[.:f(sin X )dx.

T
Evaluate Io

x?sin 2x -sin (gcosx) dx

Number of positive continuous function f(x ) defined on [0, ]for which j;f(x Jix =1 j;xf(x Jdx =2and j;xzf(x Jox = 4.

X

1 1
Let/, = IO%dx and/, = |

(@3
e

x (

e fi
Iff(x):m, /1:jf

(a1

2x —m)

X2
“(2-x°)
(b)

S
Dlw D

(b)-3

(c)1/e

dx. Then I/i is equal to

2

() 3

x) fla) Iy .
(_a)x -g{x(1-x)}dx and [, = J;( _a)g{x(‘l—x)}dx, then the value OfT is

(c) -1

(d) None of these

(d) None of these

(d) None of these

(d) None of these

1
(d) P

1
(d)2



Session 3

Applications of Piecewise Function Property

Applications of Piecewise
Function Property

Property V (a). | flx)dx =" fx)dx+[" f(x)dx.
where ¢ <> R
Proof Let ¢(x) be primitive of f(x),then

[ ey dx = o(b) - 0(a) (i)

and [ f(x)dx +ij F(x)dx =[dc) — oa)] +[6(b) — c)]

= o(b) - i(a) (i)
From Egs. (i) and (ii), we get
ja” fyde=(" fx) dx +ij F(x) dx

Generalisation Property V(a) can be generalised into the
following form

[ feoydx = [ oy + [ o) de 4.t [ flx)d
a a I (o
where, a<c; <c,<...<c,_,; <c, <b
Property V (b).
a al2 al2
jo f(x) dx =j0 f(x) dx +j0 fla—x)dx
Proof Aswe know,

[ f(x)dx:jo‘”2 feoydx+ [ fx) dx

Put x =a -t = dx =—dt in the second integral also,
when x =a/2,thent =a/2 and when x =g, then ¢t =0.

[ feyax=[" fxyax+ [’ fla=1)(-do)
al2 a/2
=j0 f(x) dx +j0 fla—1)dt

[’ f(x)afx:jo‘”2 f(x)dﬁj:/Z fla—x)dx

Property V (c).
0, if f(a+x)=-f(b-x)

a+b

b
LI ) 15 ey a, it a0 = 10—

Proof Let us consider the function f(x) on[a, b] when
fla+x)=f(b-x),then f is even symmetric about the

. . a+b
mid-point x =

on the interval [a, b] when

fla+x)=- f(b—-x),then f is odd symmetric about the

mid-point x = ath of the interval [a, b]

0, iff is an odd function
2f(x)dx, if f is an even function

b 0, if flatx)=—f(b-x)
d — a+b
= faf(x) x 2J~a—2 f(x) dx, if fla+x) = f(b-x)

~. Using fa f(x) dx ={

x% for0< x <1
Example 26 Given function, f(x) =

, [ Jx, for1<x<2
Evaluate _fo f(x)dx.

Sol. Here, joz f(x) dx =j01 f(x)dx+J.12 f(x) dx

foz fyde=]x dx+j12 Jx dx

1 442 2 4VJ2 1 1
_+___=_\/___=_(4\/__1)
3 3 3 3 3 3

2
Example 27 Evaluate the integral IZJO | 1= x| dx.

b—a, if a<b
a—>b, if a>b

- |_{(1—x),OSxS1

Sol. By definition, |a—b|= {

Th
e (x—1), 1<x<2



. J.OZ|l—x|dx=J.01(l—x)dx+J.12(x—l)dx

-5

=l xXxX—-——| +|——Xx
2 2 .
4 1

(-3 o-of+{(3-2-G-1)
1 {0+1} 1
2 2

(if) _[02 | x? +2x —3|dx

Example 28 Evaluate
(i) Ion |cos x| dx

Sol. (i) Jon | cos x | dx = J.Omz

T
|cosx|dx+.|. | cos x | dx
/2

= J. e (cos x) dx — J. § (cos x) dx
/2

=[sin x] W2 _ [sin x] 2
=(1-0)—(0-1)=2

(ii) j02|x2+2x—3|dx
:fol|x2+2x—3|dx+.[lz|x2+2x—3\dx (i)
We have, x2 +2x —=3=(x +3)(x — 1)
x?+2x-3>0 for x<—3 or x>1
andx? +2x-3<0 for —3<x<1
So, | x* +2x — 3|
_ (x* +2x - 3), for
_{—(x2+2x—3), for —3<x<1

x<—-3o0r x>1

*. Eq. (i) becomes
I:Il —(x2+2x—3)dx+f2 (x? +2x —3)dx
0 1

=_{x?3+xz—3x l+{§+xz—3x I
=4
Example 29 Evaluate J._11 (x = [x])dx, where []
denotes the greatest integral part of x .
Sol.Let I=[ (x-[x)dv=[ x-dv—[" [x]dx

1
- (%ZJ - ( j_(’l [x]dx + jol [x] dx]

=%(1—1)-U7°1 ~ldx+ de]

=0+(x).,-0=1
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Example 30 Evaluatej. x} dx, where {x} denotes

the fractional part of x.
Sol. joz {x} dx = joz (x - [x]) dx = joz xdx - joz [x] dx

=(§}2 —Uol [x]dx+j12 [x]dx)
=%(4—0)—(J.01 0dx+J‘l2 1dx)

=2-(x)f=2-(1)=1

Remark

In above example, for greatest integer less than or equal to x, it is
compulsory to break it at integral limits.

Example 31 Evaluate J.Og {~/x} dx, where {x} denotes

the fractional part of x.
Sol. [" Wxyax =]’ (J; - [J;]j dx
= J.Og (x"%) dx - J.Og [\/;] dx
=2 - [ W)

- 2 271 [” [Wx]dx

As J.Og [\/;]dx =0<x<9 and 0</x <3

Thus, it should be divided into three parts

0<Vx<11</x<22<x <3
ie. 1=2(9)—j9 [Wx]dx

18— U Wxlde+ [ Wxlde+ [ (W }
18—“0 0dx+jl 1dx+f4 2dx)

=18—(0 +(x)3 +(2x)2j=18—(3+10)=

Example 32 If for a real number y,[y]is the
greatest integer less than or equal to y, then find the
value of the integral .f [2sin x] dx.

Sol. We know, —1<sinx<1lasx€[n/23mn/2]
= —2<2sin x<2
*. 2sin x must be divided (or broken) at x =57 /6, T, 77 / 6.
As2sin x =+ 1,0,

3m/2 . 57/6
J [2sin x]dx = I
/2 /2

— 1at these points.

[2sin x]dx + J.Sn/é [2sin x]dx
T

71/ 6 2 si d 37m/2 2 si d
+J;I [2sin x] x+f7n/6 [2sin x]dx
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57/ 6 T 7/
= 1dx+J. 0dx+f
57/ 6 T

/2
=(5_n_£)+0_(7_ﬁ_nj_2[3_n_7_n)=_£
6 2 6 2 6 2
100 1 )

Example 33 The value of J.o [tan™" x]dx is equal

to (where [] denotes the greatest integer function)
(a) tan1-100 (b)ym/2—tan1
(c) 100 —tan (d) None of these

Sol. Let I = J:OO [tan~ ! x]dx
where [tan™' x] is shown as

2
w2t | e

—tan 1

100
J.o [tan~ ! x] dx is shown as

Ay

ol 7 tant 100

=1x(100 — tan 1)

Hence, (c) is the correct answer.

Example 34 The value of
f_zz min {x — [x],— x — [— x1}dx is equal to (where [.]

denotes the greatest integer function)
(@)1/2 (b)1
(c)3/2 (d)2
Sol. Let f(x)=min (x — [x],— x — [- x]) = min ({x}, {-x})
Graphically, {x} and {—x} could be plotted as;

From the above graph, we need f_z min ({x}, {~ x})shown as

1/2

I e,

0} 1 2

A4

-2

2 1 1 1
j_z f(x)dx=4j0 flx)dx=4xox1x =1
Hence, (b) is the correct answer.
Example 35 The value ofJ.]2 (x4 [x27" ) dx is

equal to where [.] denotes the greatest integer function
(a)%+ﬁ+(zﬁ -2ﬁ)+|L(9-3ﬁ)

0g3
S LN RPYC LI E)
4 3 log2 log3

024320 1 0y, 1 g3V
4 3 log2 log3

(d) None of the above
Sol. Let T =j12 () 4 [T dx

V2 V3 . 2 P
=J.1 (x+1)dx+.[/§ (x2+2)dx+.[/§(x3+3)dx

2 ﬁ 3 x ﬁ 4 x 2
=—+x +|—+ +| —+
2 ) 3 log2 7 4 logi*»'\/g

:5+\/§+£+L(2£—zﬁ)+L
4 3  log2 log 3

(3 -3%)

Hence, (b) is the correct answer.

Example 36 The value of .fozn [|sin x |+ cos x |1 dx is

equal to
T in

() —

; (d) 21



Sol. Let f(x)=[|sin x|+ cos x|]
As, |sin x|>sin® x and| cos x | > cos® x
[sin x|+ |cos x| =1
and |sin x|+ | cos x | <41 +1°
= 1S|sinx|+|cosx|$x/§
Thus, [|sin x|+|cos x|]=1
o 2
-[o [|smx|+|cosx\]dx=_[0 ldx =2m

Hence, (d) is the correct answer.

Example 37 The value of the definite integral
/2
Jz sin|2x-o.| dx, where oc € [0, 7], is

(b) cosar © 1+ cosa d) 1-coso

(@1 S S

(n-o) dt
Sol. LetI=J.n 0Lsm|t|dt, where 2x -0 =t = dx=?
=0

1 r0 . 1 n-oa
=—J. —smtdt+—f sintdt
27-a 270

{1 T {1 Tu

=| —cost —| —cost

2 o 2 o

= 1[l—cosOL]—l[—cosoc -1]
2 2

1 1
==(1-cosat)+—(1+cosa) =1
2 2

1 1
==(1-cosat)+—(1+cosa) =1
2 2
Hence, (a) is the correct answer.

Example 38 Let f be a continuous functions

satisfying
, 1T for
flnx)=4

0<x<1

e*-1 for x> 1

and f(0)=0,then f(x) can be defined as

1, if x<0 1, if x<0
(a)f(x)_{FeX, if x>0 (b)ﬂX)_{ex—L if x>0
x, if x<O [ ox ,if x<0
© f(X)_{eX, if x>0 (d) f(X)_{eX -1, if x>0
Sol. f’(lnx)z{i’ o 0=t
Put Inx=t = x=¢

f'(t)y=e" for t>0
Integrating f(t)=e'+C; f(0)=e’+C = C=-1
[given, f(0) = 0]

Forx > 1;
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f(t)=¢e' -1, fort>0 (corresponding to x > 1)

Therefore, f(x)=¢e* -1, for x >0 ..(3)
Again, for0 < x <1,
f'(nx)=1 (ox=e")
f'(t)=1, for t+<0

f(t)y=t+C
f(0)=0+C = C=0 = f(t)=t, for t<0
= f(x)=x,for x<0

Hence, (d) is the correct answer.
Example 39 The integral
51 /4 . .
-[n/M (Jcost |sint+ |sint |cost)dt has the value
equal to
(@0
(0 1/+2

Sol. Let
T/ . T . .
I=J. 2sint cost dt +J. [(-sint cost)+(sint cost)]dt
/4 /2

(b)1/2
(d)1

Zero
5m/4
+ I (-2sin t cos t) dt
K
/2, 5m/4
=" sinz2tdr-["" sin2t dt
/4 b
These two integrals cancels

= Zero.

Hence, (a) is the correct answer.

Example 40 The value of [ *f (x) dx, where

n
0,whenx=—— n=1,23
f(X)=J n+1

" 3is equal to
[1 ,elsewhere

(@)1
()3

(b) 2

(d) None of these
2 1/2 2/3 3/4
Sol.Here,I0 f(x)alx=.|‘0 ldx+.|‘1/2 1dx+J‘2/3 ldx +...
+.[Eldx+...+flzldx

n
1 2 1 3 2 n n-1
== |+|[===|+]|=—=|+... + - +...+1
(2) (3 2) (4 3) (n+1 n]

n
= +..+1, asn — oo
n+1

We take, limit n — oo

We have, IOZ f(x)dx=1+1=2

Hence, (b) is the correct answer.
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Exercise for Session 3

1. The value of '[731 {| x —=2| + [x]} dx, where [.] denotes the greatest integer function, is equal to
(@)5 (b) 6 (c)7 (d) None of these
2. The value of.[_31 (Ix|+]x —=1])dx is equal to
(@9 (b) 6 (c)3 (d) None of these
3. Let f(x)=x —[x],for every real number x (where, [x]is integral part of x). Then, the value of J‘_Z f(x)dx is equal

to
(@)0 (b) 1 (c)2 (d) None of these

2
4. The value of _[0 [x +[x + [x]]]dx (where, [.] denotes the greatest integer function) is equal to

(a)2 (b)3 (c)-3 (d) None of these
X
5. The value of b1 27 dx is equal to (where, [.] denotes the greatest integer function
0 2[X]
(@) X1 by X (c) X1 (d) None of these
log 2 2log 2 4 log 2

4
6. The value of .[o {x} dx (where, {.} denotes fractional part of x) is equal to

(a) 3 (b) 3 (c) 3 (d) None of these

4
7. The value ofJ'1 (x> alx (where, [.] and {.} denote the greatest integer and fractional part of x) is equal to

11 13
@ ®) 5
7 19
© @5

8. The value of J'OX [t + 1° dt (where, [.] denotes the greatest integer function of x) is equal to

) 3

@[ LD o g 97 9 o) FLEED | @+ 9 9
3

() (W) + (X1 + 1% {0 (d) None of these

10
9. The value of J'O n[tan’1x]dx (where, [-]denotes the greatest integer function of x) is equal to

(a) tan1 (b) 10m
(c) 10m — tan1 (d) None of these

10. 1ff(x)=min{|x —1,|x|.|x + 1], then the value ofJ._11 f(x )dx is equal to

1
(a1 (b) 5

(d) -

(c) 5

Bl

11. The value of J.:[Ze"‘ ldx (where, [-]denotes the greatest integer function of x ) is equal to

(a1 (b) log, 2

(©)0 (@)
e



12.

13.

14.

15.

16.
17.

18.

19.

20.
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10
The value of.[1 n([sec’1x]+ [cot™"x])dx (where, []denotes the greatest integer function) is equal to

(a) (sec 1)—10n (b) 10 — sec 1
(c)m—sec 1 (d) None of these

/2
The value of _[n ' [cot™" xJdx (where, [-]denotes greatest integer function) is equal to
=T

(a) m+ cot1 (b) m+ cot2
(c) ™+ cot1+ cot2 (d) cot1+ cot2

14
The value of j: (tan"(x —[x])+ tan”‘z(x —[x1))dx (where, []denotes greatest integer function) is equal to

1 1
nin-1) nin+1)

(@) (b) —— (c)
n n-1

2
The value of J'O [x2 —x + 1dx (where, []denotes the greatest integer function) is equal to

5++/5 b) 1+ /5 © 1-/5 (d)5—£
2 2 2 2

(a)
Evaluate I:[x”]dx, (where, []denotes the greatest integer function).

Prove that J.: [xJdx = x[x]—%[x]([x]+ 1), where [-] denotes the greatest integer function.

99

[x Jdx
Iff(n)= '[‘377 (where, []and {} denotes greatest integer and fractional part of x and n € N). Then, the value

J.o {x}dx
of f(4)is ...

Iff(n)= X[cost]dt, where x €| 2nm, 2nm + T ;n € N and [-]denotes the greatest integer function. Then, the value
0 2

of is ...

)

If JZ[x]dx = .[([)X]xdx, x ¢ integer (where, [[]and {} denotes the greatest integer and fractional parts respectively,

then the value of 4{x} is equal to ...



Session 4

Applications of Even-0dd Property and
Half the Integral Limit Property

Appllcatlons of Even-0dd Example 42 Evaluate .[—7:1/;4 x> sin® x dx.
Property and Half the Integral -
o o Sol. Let  f(x)=x"sin" x, then
Limit Property f(= %)= (= x)° sin* (= ) =~ x* [sin (- 2)]"
Property VI. =—x’(=sin x)* = - x*sin* x = - f(x)
J‘a F(x) dx = 2 Ioa f(x) dx, if f(x)is an even function So, f(x)is an Od/d function.
- 0, if f(x) is an odd function Hence, .[ flx)dx=0

Proof We know,
[/ feyde=[" fx)ydx+ [ flx) dx,ifa<c<b

. /4 .
ie. J. x3sin® xdx =0
- /4

Example 43 Evaluate J._T;//zz sin? x dx.

[* fx) dx:j_O fox)dx + [ fx) d () »
a a Sol. Let f(x)=sin" x, then
Now, j_O f(x) dx =j° f(=1)(~dt), wheret=—x f(=x)=sin? (- x) = [sin (- x)* = (~sin x)?
‘ ‘ =sin® x = f(x)
=— LO f(=t)dt= Joa f(=t)dt So, f(x)1is an even function, hence

/2 . 2 _ 2
-[—n/z (sin x)dx-Z_[O (sin” x) dx

'[Oa f(= x) dx (using properties I and II)

:ZJ‘n/z 1— cos 2x d
fa f(x)dx, if f(x)iseven ’ 2/2
= aO ..(ii) =(x— sin 2x \" _T
—jo f(x)dx, if f(x)isodd - 2 ), 2
From Egs. (i) and (i), we get J-j/t/zz sin® x dx = g
a |2 ‘ f(x)dx, f(x)iseven
ar=] 2]
I_a flx) dx ’ 0, if f(x) is odd Example 44 The value off log ( j dx is equal to
1
Example 41 Evaluate '|._11 (x> + 5x + sinx)dx. @ 2 (b1 @0
Sol. Let, f(x)= x> +5x + sinx Sol. Let flx)= log( )
f(=x)=—x —=5x —sinx = — f(x)
So, f(x)is an odd function). Now, f(-x)= log( ) log( S x ]
Hence, J:l (x* +5x +sinx)dx =0 -

)

]=—f(X)

[\)N

0, f(x) is odd

2—
[usng. f(x)dx = {ZJ. f(x)dx, f(x)is even}
f(=x)=- log(



i.e. f(x)is an odd function.

1 1 2—-x
So, J:lf(x)dxz.‘:1 log(mjdxzo

{ [* fx)ax ={

Hence, (d) is the correct answer.

0, if f(x)isodd |
2J.Oa f(x)dx, if f(x)is evenJ

Example 45 The value of

X sin (2x)-sin( gcos X j

J.n dx is equal to
0 (2x —m)
8 o 8 n?
° b) = = d) —
(a)n ()8 (C)Tl',z ()8
x sin (2x) - sin ( gcos x J
Sol. Let I= jo P dx ()

(Tt—x)-sinZ(Tt—x)-sin(gcos(Tc—x))

Izjo 2(m—x)—m dx
(T — x)-sin (2x) - sin ( g cos xj
I= jo gy dc (i)

Adding Egs. (i) and (ii), we get

T
(2x — m)sin 2x - sin ( — cos x)

n 2
21 =I dx
0 (2x —m)

1 . . T
=—In 2sin x cos x -sin| — cos x |dx
270 2

(put cos x = t, then — sin x dx = dt)
=—L_1tsin( t)dt

T
2
=2 _[01 t-sin ( g t ) dt (using by parts)

o+—

Hence, (c) is the correct answer.
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lcosx X 2xcos? x/2|
Example 46 Iff(x)z‘ x? secx sinx+x® |,
| 1 2 X+ tan x |
n/2 2
then value of f P (X + D) Lf(x)+ f”(x)1dx is equal
-7
to
(@)1 (b) -1 (€)2 (d) None of these
| cos x exz 2x cos? x/2|
Sol. As, f(x) =‘ x*  secx sinx+x°
| 1 2 X + tan x |
= f(=x)=- f(x)

= f(x)isodd. = f’(x)is even.
= f”(x)is odd.
Thus, f(x)+ f”(x)is odd function, let
0(x) = (x? +1)-{f(x)+ ()}
= O(=x) = —0(x)
ie. ¢ (x)is odd.

/2
j " o (x)dx =0
Hence, (d) is the correct answer.

Example 47 The value of

X . 2 .
J._] F -Sin”" (2x /1= x“)dx is equal to
- X

(a) 42 (b)4(ﬁ—1) (©) 4(2+1) (d) None of these

SoI.LetI=J‘11 “x A1 - x%)dx
I

01 \/1— “H2x 41— x%)dx

using [ f()de =2 f() it = 5)= )|

Put x =sin® = dx = cos 6 dO
I =2J.0m2 sin 0 n ' (2sin O cos 0)- cos O d

— i
\1-sin® 0
) jo’”“ Sin©-20 do + 2 j/f (1 - 20)sin O dO
[using sin” ' (sin 20) = {

20, 0<O<m/4

nm—-20, n/4<0<m/2

=4f”’4e-sine 0 +znj”/zsine de—4j’”2 0 -sin do
0 /4 n/ 4

/2

= 4{0(~cos O))¥*— 4 jo"/41 (= cos 0)d0 + 21 (- cos0)/2
—4f0 (— cos )2 +4 [ " "% (Z cos 0) O

J_+zf+fn 5 4+2J__4f—4
=4(2-1)

Hence, (b) is the correct answer.
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Example 48 Suppose the function
g,(x)=x"""+a,x+b,(ne N) satisfies the equation

J: (px+q)g,(x)dx =0 for all linear functions (px+q),
then

(a)a, =b, =0 (b)b, =0;a, =——>
2n+3
3 3 3
c)a,=0;b, =- da, = b, =-
(© a T n+3 da, n+3" " n+3

Sol. We have, J‘il (px+q)(x™ 1 +a x+b,)dx =0
Equating the odd component to be zero and integrating,
we get

| 2a.p

+2b g =0for all p,
2n+3 3 nd b4

3
2n+3
Hence, (b) is the correct answer.

Property VII (a).

_[2“ f(x)dx = zLa f(x)dx, if f(2a—x)= f(x)
| 0. if flea-x)==f(x)

Therefore, b, =0 and a, = -

Proof We know,
joz“ flx)dx =" f(x)dx+L2a fx)dxe ()

Consider the integral J.Oza f(x) dx; putting x =2a —t, so
that dx =—dt

Also, when x =a,then t = a and when x =2a, thent =0.

2 [ feyaxe=[" fea-0) (== " fea-1ar
=[" flea-tydt=[" f2a—x)dx

| J e dx i fea-x) = fx) i
-[" fx)dx, i fea-x) = f(x)

From Egs. (i) and (ii), we have
J-2a Flx) dx = Zfoa f(x)dx, if f(2a-x)=f(x) }
0 0 ,if f(2a—x)=—f(x)

Example 49 Evaluate In — X i

1+ cos? x

Sol. Let

_J~n (- x)dx _J‘n T dx _J‘n x dx
O 14cos’(m—x) 0 1+cos’x 0 1+cos’x
I=1 nd—x_l

= 2l=m

. 2a dx = & f2a—x)=- f(x)
usng‘0 f(x)dx = 2.[0“ f(x)dx, f(2a— x)= f(x)

2
n/2 sec” x
0 sec” x +1

(dividing numerator and denominator by cos® x)

2
n/2  sec” x
0 2+ tan” x

Put tan x =t = sec? x dx = dt

Also, when x = 0,then t =0and when x = /2, then t = o

Iznfo‘”iz_

T (tan_le
2412 A2 V2 ),

oo

Hence,

=JL(£_0)=£1
V2 \ 2 242

Example 50 Prove that

J.n/z log (sin x) dx = J.n/z log (cos x)dx = — T og2

L log =, log = log2
Sol. Let I= J.On/z log (sin x) dx ..(1)
Then, I= .[On/z logsin (/2 — x) dx
= J.On/z log (cos x) dx ...(ii)
Adding eqs. (i) and (ii), we get

/2 . /2

2] = IO log sin x dx + IO log cos x dx

/2
= J.o (log sin x + log cos x) dx

= J.On/zlog (sinx cosx)dx = J.Omzlog (M)dx

2
= J. ﬁ/zlog (sm sz dx
0 2

= J.Omz log (sin 2x) dx — Jon/z (log 2) dx

= J.On/z log sin 2x dx — (log 2) (x),"*
=  ar-= jo’” ? log (sin 2x) dx — g log 2 (i)

/
Let I, = J‘On ’ log (sin 2x) dx



n . oodt 1pm . .
I, —.[0 log smt?—g.[o log sint dt (putting 2x = t)
1 /2
_E.ZJ'O

[using J.ja f(x)dx = {
=J-T[/2

. Eq. (iii) becomes 2] =1 — g log 2

log (sin t) dt

0, f(2a— x)=— f(x)
Zfo f(x)dx, f(2a-x)=f(x),

log (sin x) dx

/2 . _ T
Hence, fo log sin x dx = — 5 log 2.
Remark
Students are advised to learn

n/2 . _ /2 _.m
.I.o |og(smx)dx-j0 log (cosx) dx = EIogZ

Example 51 If f(x)= —IX log (cos t)dt, then the

value of f(x) f( J+2f (——g) is equal to
(@) —xlog 2 (b)glogz
() glog 2 (d) None of these

m X /4 + x/2
Sol. Here, —+=|=- 1 t)dt
ere f(4 2) J.O og (cos t)
__J-Tc/
T
T X /4 - x/2
f(; ;j— I
__J'“
T
T X T X
of| =4S |-2f| = -2
(5] (3-3)

_2J-n/4

T . . T .
Putt = T z in first integral and ¢t = " + z in second

J~‘n:/4+x/

log (cos t) dt — log (cos t) dt ...(i)

log (cos t) dt

/4 - x/2

log (cos t) dt —J- " log (cos t) dt ...(i1)

m/4+ x/2
log (cost)dt —2 J;m log (cos t) dt

integral, we get

:—ZJ. logcos(——zjdz—ZJ. logcos[z+§)dz

=-2 J.OX/Z log( E(cos2 z —sin® z) j dz

_ 2J~0x/2

/
=x10g2—2.[0x ’

(log 2) dx — 2 J‘OX/Z log (cos 2z) dz

log (cos 2z) dz
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’ log (cos 2z) dz

T

x T X
= Zf(Z+5)—2f(Z—Ej—x(log2)+f(x)
T X T X
or f(x)—zf(Z+E)+2f(z—3)——xlog2
Hence, (a) is the correct answer.
2
Example 52 If [ (—) dx = A, then the value
14 sin x

2x%-cos? x /2
for 'fn —2/dx is equal to
O (1+sinx)
(@) A+2n—m’

(c)2n—A-m?

(b) A—2m+m?
(d) None of these
n 2x% cos? x/2

Sol. Let B= - dx
0 (1+sin x)?

n x*(2cos® x/2-1)

B-A= dx
'[ (1+sir1x)2
_ X-cosx
0 (1+smx)
Using by parts,
2 T
B-A=l-——— 1 +2[" ——dx
1+sin x . 0 (1+sin x)
B-A=-7"+2K ()
where, K= [" A& _[r(@-Ddx
0 1+sinx 1+ sin x
K:nJ‘nd—x_K’
0 1+sinx

0. f(2a - x) = - f(x)
2[" f(x)dx, f2a-x)= f(x),

[using Jja f(x)dx = {

/2 d. /2 d
:>2K=271:J.OTE X =27'LJ.1I ad

1+ sin x 1+ cos x

/2
/2 1
=211',J‘7T —seczfdeZTr, tanf =27
o2 2 2/,
K=m
Thus, B-A=-n*+2K
= B=A-n*+2n

Hence, (a) is the correct answer.
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Example 53 The value of
fa (cos™ x —sin~" /1= x?)dx (a>0) (where,

.foa cos™' xdx =A) is

(@) ma—-A (b) ma + 2A
(c) ta—2A (d) ma+A

Sol. Let sza (cos™ ' x —sin~ ' 41— x?)dx
—a
=LO (cos™ ' x —sin~ ' y1 - x?)dx
a -1 -1 2
+J0 (cos™ x —sin™ 41— x°)dx

0 _ a . _
=J- coslxdx+A—2.[0 sin"t 41— x% dx
—a

(as a>0)

=—IO (m—cos 'x)dx+ A-2A

a _
=Tl:a—f0 cos 'xdx— A

=ma-A-A=ma-2A
Hence, (c) is the correct answer.

Property VII (b)
L" fe)dx=(b-a) [ fib-a) x +aldx

Sometimes, it is convenient to change the limits of
integration into some other limits. For example, suppose
we have to add two definite integrals I, and I,; the limits
of integration of these integrals are different. if we could
somehow change the limits of I, into those of I, or
vice-versa, or infact change the limits of both I, and I,
into a third (common) set of limits, the addition could be
accomplished easily.

b
Suppose that I =J. f(x) dx. We need to change the limits

(ato b) to (a’ to b’). As x varies from a to b, we need a new
variable ¢ (in terms of x) which varies from a” to b’".

At

> X

Of-mmmm e

Qf-mmm—=

As x varies from a to b, t varies from a to b, t varies from a’
to b’
t—a" b -a

b—a

Thus,

X —a

As described in the figure above, the new variable ¢ is

given by,
t=a’+ b-d (x —a)
b-a .
Thus, dtzb ~ @ ix
b—a
b
= I=J.0f(x)dx

:J‘b/,f(a+(blf_a,)(t—a’)j(bb/_a/j dt
a —-a —-a

The modified integral has the limits (a” to b’). A particular
case of this property is modifying the arbitrary integration
limits (a to b) to (0 to 1) i.e.a’ =0 and b” = 1. For this case,

Iz'f:f(x)dx:(b—a) [[fla+®-ay)ar
Example 54 Evaluate

)2
-5 2 2/3 9 (X —-)
_[ e+ a3 e 3) dx.
-4 /3
Sol. Here, we know Iexz dx cannot be evaluated by indefinite

integral.
_5 .
Let I, :J._4 e(x+ 5) dx=(=5+ 4)J'0 e[(—5+4)x—4+5]2 di
1 2
- -

2/3 _
I, =.[ e9(x 2/3) dx

Again, let
gain, le s

2

N 9[(2_1}”1_2}

:( jJ' e 3 2 3 3 d
3 3 0

L O A

—3J.0 e dx—3( L)

I
Where,I=11+312=Il+3(—;l)=11—11=0

-5 2 2/3 2
J. e+ dx+3f e? =2 gy =
-4 1/3

Property VII (¢) If f(¢) is an odd function, then
x) = .f ) f(t) dt is an even function.

Proof We have, ¢(- x) = j () dt

= o-x)=["" fwyde+[ " fieyat

U

O-x)=0+[ " f(t)dt

[ f(t) is an odd function, then j_“ f(t)dt = 0}



= 0(-x)==[" f(=y)dy, wheret=-y

= o-0=[" fo)dy
[+ f is an odd function, then f(-y) =— f(y)]
= o-x0=[" fo)d
= O(=x) = ¢(x)
Hence, ¢(x) = Lx f(t) dt is an even function, if f(¢) is odd.

1—
Example 55 If f(x)= on log (:ﬁj dt, then discuss

whether even or odd?

Sol.Let o) = log( i;i j
+

_ LI 1=t __
¢<—t)—log(1_t) log(m) o(1)
= O(—t)=— ¢(t), i.e. 0(t)is odd function

o(x) = J.Ox log G—:) dt is an even function.

Property VII (d) If f(¢) is an even function, then
O(x) = J.Ox f(t) dt is an odd function.

Proof We have, ¢(— x) = J.o_ ) f@)dt=- J.OX f(=y)dy,

wheret=-y
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= 0-x)==[" fiy)dy

[ f is even function = f(—y) = f(y)]
= 0-x)==[" f@v)at
- o(— x) == ¢(x)

Hence, ¢ (x) is an odd function.

Remark
If f(¢) is an even function, then for non-zero ‘a’,fX f(t)dt is not
a

necessarily an odd function. It will be an odd function, if
foa f(t) dt =0, because, if ¢(x) :J'X f(t) dt, it is an odd function.
a

= O(=x) == d(x)

= L’X f(t)dt:—fax f(t) dt

- LO fitydt+ [ f(f)dt:—jao fityot - fit) ot

= [Mftryat-[ = yydy==[" fyot - [ fit) ot
[where, y =~ ¢ in second integral of LHS = f(~ y) = ()]

= 2[ ot =[" fpay-[ ftyat

N 2[ " ft)at =0

= —jo"’ () dt =0 = joa f(t) dt =0

or o(n)=[" f(t) ot is an odd function, when f(t)is even]

Only, if joa f(t)dt =0
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Exercise for Session 4

m/
1. Letf:R >Rand g : R — R be continous functions, then the value of Jl /22 [f(x)+ f(=x)l[g(x) — g(—x)]dx is

equal to

@-1 (b)0 (c) 1 (d) None of these

.
2. The value of L (x|x|) dx is equal to

(a)1 (b)% (c)0 (d) None of these
1 (x2 +si
3. The value of_[ w dx is equal to
-1 1+ x
@2-n (b)m -2 (c)2- g (d) None of these

4. Iff(x)is an odd function, then the value ofja q f()sm;;). )
-a f(cosx)+ f(sin“x

dx is equal to

(@0 (b)f(cosx) + f(sinx) (c)1 (d) None of these

5 cos‘(1 2] + tan‘1[1 X szx
13 —
5. The value of j-vﬁ X X

[IITJEE 2001]

is equal to
1+ e* d
T T T T
a)— b) — Cc)—— d)—
( )2 ( )\/§ ( )2ﬁ ( )3\@
2
6. The value ofJ”T :OS f dx, wherea >0, is
-T 1+a
(an (b)an () 2n () %
. 12 1+ x . . .
7. The |ntegral'|. V2 {[x] +log, (1 J}dx is equal to (where, [[]denotes greatest integer function)
- -X
@)-2 ()0 ©1 ()2 log (Jj
2 2
2
8. Thevalueof [° — 1 dxis equal to
/2 sinx 1
-n/2 g +
a)0 b) 1 o)X )T
(a) (b) ( )2 (d) 5
. -]denotes greatest integer function, then the value o mEm + 0. X is
9. If []denot tt'tft'ththlf/zgosd'
T
a)m by~ c)0 d -
(a) ( )2 (c) (d) 5
. .
10. The equation ™ alsinx [+ ﬂ + ¢ dx =0, where a, b, ¢ are constants gives a relation between
2
-n/4 1+ cos“ x
(@)a, band c (b)aand c (c)aand b (d)bandc
sin? x

2
11. The value ofj ) dx, where [-] denotes greatest integer function, is

W

(a)1 (b)0 (c)4 - sin4 (d) None of these

. . n+1 3 3 i
12. Let f(x) be a continuous function such thatJ‘ f(x)dx =n°,n € Z. Then, the value ofJ. s f(x)dx is
m —

(a)9 (b) - 27 (©)-9 (d)27
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X1

e* + 1 .3
1dx = o. Then, j _, tf(t)dtis equal to

1 o1,
e)(_1a1nd.|'0x .

13. Letf(x)= e
e —

(@)0 (b) o (c) 2a (d) None of these

2
14. Letf:R — R be a continuous function given by f(x + y)=f(x)+ f(y)forall x,y €R. ifj0 f(x)dx = a, then
2
J.iz f(x)dx is equal to

(a) 2o (b) o (c)0 (d) None of these
2 .
15. The value of J:Z [x ]| dx is equal to

(a)1 (b) 2 (©)3 (d)4
= Directions (Q. Nos. 16 to 17)
{1 || lxl<1
Let f(x) = and g(x)=f(x+ 1)+ f(x —Dforallx e R.
0, x‘ >1
16. The graph for g(x)is given by
Y Y
(a)_3_1o IR (b)—é—é—io N S N
Y Y

17. The value of .[_33 g(x)dx is

(@2 (b)3 (c)4 )5
= Direction (Q. Nos. 18 to 20)
n sinx

Let I, =J. ————dx;n=0,1,2,..
-n (1+ n")sinx

18. Thevalue of/,, , -1, is equal to

(@)nn (b)m ©) -n A0
10
19. The value of Y Iy, 4is equal to
m=1
@0 (b) 5m
(c) 10m (d) None of these

10
20. Thevalue of ¥ I,,is equal to
m=1
(@)0 (b) 51
(c) 10m (d) None of these



Session 5

Applications of Periodic Functions and
Newton- Leibnitz's Formula

Applications of Periodic Functions
and Newton-Leibnitz's Formula

If f(x) is a periodic function with period T, then the area
under f(x) for n periods would be n times the area under
f(x) for one period, i.e.

j:T F(x) dx =nj0T F(x) dx

Now, consider the periodic function f(x) =sin x as an
example. The period of sin x is 27t.

y A
[« amn >
0 LA > X
a s 21 a+2mn
< am >
Figure 2.6

+2n
Suppose we intend to calculate r sin x dx as depicted
a

above. Notice that the darkly shaded area in the interval
[27, a +27] can precisely cover the area marked as

Thus,

at2m | 2n
J. sin x dx =J'O sin x dx
a

This will hold true for every periodic function, i.e.

J:HT f(x)dx =J;)T f(x)dx

(where T is the period of f(x))
This also implies that

[0 peyde=[" feords =n] fo) dx

and j'”"Tf(x)dx:L”f(x)dx

a+nT

and [ flx) dx =Lbf(x)dx +nf flx)dx

a

4m
Example 56 Evaluate JO | cos x| dx.
Sol. Note that | cos x | is a periodic with period 7.

Let I=4jon\cosx|dx

[using property, f:T f(x)dx = nf: f(x)dx}

/2
=4 In cosxdx—J‘7T cos x dx
0 /2

/2 T
=4{(sinx] —(sinx] }=4{1+1}=8
0 /2

Example 57 Prove that IOZS eX I dx =25(e —1).

Sol. Since, x — [x] is a periodic function with period one.
Therefore, e* ) has period one

XU ) U vl
I_J.o e olx—25.|.0 e dx

nT T
{using property, J.o f(x)dx = nJ.O f(x) dx}

1
=25J'0 e* % dx =25(e¥)} =25(e" - €°)
=25(e —1)

Example 58 The value of J.Oznn [sin x + cos x]dx is
equal to
(@)= nm (b) nm (€)= 2nm (d) None of these
(where [.] denotes the greatest integer function)
Sol. Let I = Iozrm [sin x + cos x]dx

T
We know,sinx+cosx=\/§sin( x+4) ..(1)

1, 0<x<m/2

0, m/2<x<3m/4
-1, 3m/4<x<T
-2, TW<x<3m/2
-1, 3m/2<x<7n/4

0, 7n/4<x<2m

sin x + cos x =

: I o [sin x+cos x]dx=J. i (1) dx + J. i (0) dx
“Jo 0 /2



T 3m/2 7m/ 4 27
+Lm4(- 1)dx +jn (-2) azx+jw2 (-1)dx +fm4 (0 dx

{25

=-7

n|-1[ 2240
4 2
Since, sin x + cos x has the period 2m.

So, 1=j0

2nm . 27 )
[sin x + cos x]dx =n IO [sin x + cos x]dx

nm

Hence, (a) is the correct answer.

Example 59 The value of _[_55 f(x) dx; where

f(x)=minimum ({x+ 1},{x = 1}),V x€R and {.} denotes
fractional part of x, is equal to

(a) 3 (b) 4 ()5 (d)6

Sol. We know, {x +1}={x —1}={x}
Thus, f(x) = minimum ({x + 1}, {x — 1}) = {x}
- f_ss F(x)dx = j_SS {x}dx = (5 (~5)) jol (x} dx

[as {x} is periodic with period ‘1]
- 10 jol (x - [x]) dx =10 jol x dx

1
2
x
=10 — | =5
2
0
Hence, (c) is the correct answer.

Example 60 Show J.OHMV |sin x| dx=(2n+1)-cosV,

where n is a positive integer and 0<V < 7.
[IIT JEE 1994, 2004]
m+V \4 m+V
SOI.J.n |sinx\dx=f |sinx\dx+.|.n |sin x | dx
0 0 \4

Vv b
=f sinxdx+n'|. | sin x | dx
0 0
. a+nT T 3
{usmg property, .[ f(x)dx = nJ.O f(x)dx ie.

nnV . T .
J |sin x|dx = nJ. |smx|dx}
v v

v
T .
=(— cosx) +n.“0 sin x dx
0

T
=(—cosV+1)+n[— cos x)
0
=—(cosV)+1+n(1+1)=2n+1)—cosV
+V
J.Onn |sin x | dx = (2n + 1) — cos V, where n is a positive

integer and 0 < V < 7.

(@) [=14,-13)
(€) (=15, —14]
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Example 61 The value of J._S; cot™" (tan x) dx is

equal to
m 7n’
(a) 5 (b) BN
O () n”

Sol. Let I = J. 5: cot™ ! (tan x) dx
— 27

= I:7J-07r cot_l(cot(g—x)jdx

[ j:T f(x)dx:(m—n)joT f(x)dx}

..(0)

. x ,0<x<m/2
As we know, cot™ ! (cot x)={

T+x, T/2<x<T

/2 (1 T
I=7{J.7T (—xjdx+ i (n+—xjdx}
0 2 /2 2
/2
s x? 31T x? "
=7 X —— +|—x—-—
2 2 2 2
0 /2
n? n? 3n? n? 3n? nt 7m?
=7 - T 4 =
4 8 2 2 4 8 2

Hence, (b) is the correct answer.

Example 62 Let g (x) be a continuous and
differentiable function such that

Joz “ﬁ [2x* - 3] dx }-g(X)dx=0, then g(x)=0

when x €(0,2) has (where, [.] denotes the greatest inte-
ger function)

(a) exactly one real root
(c) no real root

(b) atleast one real root
(d) None of these

Sol. As, 1<2x*-3<2 V xe(~2,45/2)
= J.gﬁ[sz—S]dx>O,VxE(0,2)

= g(x)=0should have atleast one root in (0, 2).

[ g"(x)#0]
Hence, (b) is the correct answer.

Example 63 The value of x satisfying
J‘z[“m { X }dx :I{X} [x+14]1dx is equal to
0 2 0

(where, [.] and {.} denotes the greatest integer and
fractional part of x)

(b) (0,1)
(d) None of these
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Sol. Given, .f L) { g } dx = .[O{x} [x +14] dx

S { ;}dx - fo} (14 + [x]) dx

0

= JOZS{;}dx+
- 14[{ }dx+.|. {z}dx=(l4+[x]){x}

using J.On f(x)dx=n J.OT f(x)dx and

J.Zzs+2[x] { Z}dx = (14 + [x]) {x}

8

L“"Tf(x) dx = J.Oan(x) dx; where T is period of f(x)

= 14 + [x]= (14 + [x]) {x}

= (4 +[x])(1-{x}=0

= [x]=-14

= x€[-14,-13)
Hence, (a) is the correct answer.

Property IX. Leibnitz’s Rule for the Differentiation
under the Integral Sign

(i) If the functions ¢(x) and y(x) are defined on[a, b]
and are differentiable at a point x € (a, b) and f(x, t)
is continuous, then

d v (x)
d[ J¢<x> f(x, 1) dt }

x W (x)
w( )if( ,t)dt + d f(xa\V(X))
dx 0(x)
_)d FEfe)
dx

d)(x) ax
(ii) If the functions ¢(x) and y(x) are defined on[a, b]
and differentiable at a point x € (a, b) and f(¢) is
continuous on[¢(a), ¢ (b)], then

d (v d
dx ( I¢<x> f)dt ) = {w(x)} f(w(x))
- ot o)

Example 64 Find the derivative of the following with
respect to x.
X X2
(i) '[0 cost dt (ii) .[o cost?dt

Sol. (i) Let  f(x)= jo" cos t dt
.4 _ 2V B B I O
- dx(f(x))—cos(x){ dx(x)} coso{dxm)} cos x
dx

d
{ using Leibnitiz’s rule, —

v (x) _d _d
oy £ =~ O (w0) = {¢(x)}+f(¢(x))}

= i{J.x costdt}zcosx
dx Y0

(ii) Let f(x)= foxzcos t% dt
S %(f(x» = cos (x°)? {d‘i (xz)} ~ cos (of{d‘i(m }
=2x-cos x4
d

2
= — Y (cost?)dt |=2x cos x*
dx(fo (cos t7) j

Example 65 Evaluate ™ Uw cos t dt) .

Sol. Let f(x)= J;/J; cos t% dt

L (F) = cos (V) {(f )}—cos( ){d(lj}
dx dx \ x
—cosx+i cos( ! )

2\/7 2
= d(J.\/; costzdt)

dx 1/x

Example 66 If (jy -t dt+f

7COSX+

wx

cos (1)
xZ
2 tdtj =

xZ
Sol. We know, i U 7 eit2 dt + f sin? t dt) =0
dx | Jo 0

- oV .{Czc(y)}_ {(0)}+sm (x ){ (x )}

d
—sin?0 {—(0)} =0
dx()
dy .2 2 dy

2
L t2xsin® x* =0 = L =-2xe” sin? x*
dx dx

dy
—s
fin N

2
= e 7

Example 67 Find the points of maxima/minima of
sz t> — 5t+4
0

2+ el dt

2 2
—5t+4
Sol. Let f(x)=[* L=+ g
0 2+¢
4 2
—-5x°+4
cfr) = T k0

2+e”
_(x D+ (x—2)(x+2)-2x

2+e”
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From the wavy curve, it is clear that f’(x) changes its f ; d n od(m dy
sign at x = 2, 1,0 and hence the points of maxima are = /3 —sin’ x'a (x) =43 = sin’ 3 k3 tcosy- I
— 1,1 (as sign changes from + ve to — ve) and of the
minima are -2, 0, 2 (as sign changes from — ve to + ve). — cos (0) i 0)=0
Example 68 Find a fx3 g 3~ sin? dy
dx | Jx? |Ogt . = 3 —sin x+cosyE=0
x3 Cein?
Sol.d(jz L dt)= Lo Ly L4 = dy_ _ABzsinx
dx \ <" logt log x* dx log x* dx dx cos y
_ 3x2 _ 2x d esin X
3log x 2log x Example 71 Let ™ (F(x))= x>0, If
X X
d 1 1 2
= dt | = (x? = x) 4 e .
dx [ fxz log t J log x J.1 dx = F(K) — F(1), then the possible value of
X
X . K is
Example 69 If y = t)sin{K(x —t)}dt, then
P y fo fOsin{k( X (a) 10 (b) 14 (c)16 (d)18
dzy 2 SIH X
prove that d—2+ K<y =Kf(x). Sol. We have, - (F(x)) =
X
Sol. We have, y = J.O f(t)sin {K(x — t)} dt N J' e - dx = F(x) (@)
Differentiating w.r.t. x, we get i 2 din (x%) ‘in s
dy ) 5 d Now, ‘e dx = te d(x?) = e dt
Ezfo = {f(0)sin K(x = )} dt + - (x) [ . I =z ) )

S () sin K (x = )}~ = (0) {£(0)sin K(x 0}
dx = [F(t)]}* = F(16) - F(1)
=Kj"f(t)cosz<(x—t)dt+o—o - K=16
d Hence, (c) is the correct answer.
= —y—KJ. f(t)cos K(x —t)dt
dx Example 72 The function

Again, differentiating both the sides w.r.t. x, we get
f(x)= f loggin¢| | SIN t+ dt, where x € (0,2m), then

dzy K{ [ ai{f(t) cos K(x — t)} dt
0 X f(

dx” strlctly increases in the interval

X)
{f(x) cos K(x — x)- (x)} {f(O)cosK(x—O)-d(O)}} a)(n j (b)(SR,Zﬂ:)
dx 6 6 6
x T /T 5t 7Im
= — i — — —_—,, d — .,
K[ Kjo f(t)sin K(x — t) dt + f(x) 0} (6 6) ()( . 6)
=-K .[()x f(t)sin K(x —£) dt + K f(x) Sol. Here, f ’(x) = log g, 4| (sin x+;J >0
d’y d*y
:>E=—KZY+KJC(X) = E+sz=Kf(x) = Sinx+é<l and (sinx+;J>0
Example 70 If J.n; 1/3—sin2tdt+_|.0y costdt=0, = 0<sinx+%<1
then evaluated—y. = —1/2<sinx<1/2
o = € T € (0,2m)
Sol. Differentiating w.r.t. x, we have * 6 6 asx =&

i[ f * 3—sin?t dt j + da J. Y (cost)dt =0 Hence, (d) is the correct answer.
dx /3 dx Y0
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Example 73 Let f:(0,%) >R and F(x)= " t f(t)dt.

If F(x?)=x" + x>, then 21 f(r*)is equal to
r=
(a) 216 (b) 219 (c) 221 (d) 223
Sol. Here, F(x%)=x"+x°= jo"zt F(t)dt

Differentiating w.r.t. x, we get
x? f(xz)-Zx =4x7 +5x*

= fty=2ex = [0tz
2": f(r2)=2n+gn(n+1)=7n(5n4+13)

- 2 Firt) = 12(60+13) 210

Hence, (b) is the correct answer.

Example 74 A function f(x) satisfies

f(x)=sin x+J.OX f(t)@2sint-sin?t)dt, then f(x)is

@Y (I (gl g
1-sinx 1-sinx COS X

tanx
1-sinx

Sol. Differentiating both the sides w.r.t. x, we get
f’(x) = cosx + f’(x)(2sin x —sin® x)

= (1+sin® x -2sinx) f’(x) = cos x

, cos x cos x
= ff(x)=—— — =
1+sin“x-2sinx (1-sinx)
cos x
Integrating, we get f(x)= J.iz
(l—sinx)
. 1 1
Putl-sinx =t, f(x )—— == +C

t 1-sin x

Also, f(0)=0,hence C=-
1 1-1+sinx sin x
flx)=——-1= : =—
1-sinx 1-sinx 1-sinx
Hence, (b) is the correct answer.
Example 75 1f F(x)= [ f(t)dt, where

2 A1+u”

fit) :L du, then the value of F”(2) equals to
7 15 15f
T b) — V257
)Lh/ﬁ ( )ﬁ (© o8
Sol Here, f*(1)= YL*1 Zt:m:ts ()
t
Now, F(x)=j1" f(t)dt = F'(x)= f(x)

F’(x)=f'(x) = F"(2)=f'(2)
From Eq. (i), f/(2) = v256 + 1 = ~/257

Hence, (c) is the correct answer.

Property X. Let a function f(x, o) be continuous for
a<x <bandc <o <d, then for any ot e[c,d],

if I(o) = _[ f(x,0) dx, then d.;(oc) Lb de

Joa
1 xP -
Example 76 Evaluate I(b)=JO | de 0.
n x
b
Sol. We have, I(b) =J.1 x -1 dx
0 Inx
d 19 xb-1
— (I(b)) = — dx +0-0
= HUo=] ab( In x ] o

b b+1 1
1 x"Inx 1y X
= dx: X dx=
IO IO (=) (b+1}0

In x

7[1_ ]_L

b+1 b+1
d 1
2Ly = ——
dx (I&) b+1
Integrating both the sides w.r.t. b, we get
I(b)=log(b+1)+C (1)
b
1 x -1
Given, I(b) = d
iven (b) J.o . x
I1(0)=0 (when b =0) ...(i1)
Also, from Eq. (i), I(0) = Iog nH+cC
: 100) = ...(iif)
From Egs. (ii) and (iii),C =0
= I(b)=log (b +1)
Example 77 Prove that
_m(a®+b?)

J-TL/Z dx
0 (a’sin? x+b%cos? x)*?  aa’b?
1dx

) 2 2
a®sin” x + b° cos” x

Sol.Let 1= e

/2 sec X
Then, I = —————dx =
J.O a”® tan® x+b2 J. 2 42 +b2
(where, t = tan x)
= ]:i tanl(at) =1(n_0)=n
ab b o, ab\ 2 2ab

1

2 . 2 2 2
a“sin” x + b° cos” x

Thus, [ dx = zlb = f(ab) .0
a



Chap 02 Definite Integral 113

Differentiating both the sides w.r.t. ‘a’, we get Fr(x) =

.[n/z —2asin® x __m T+x
0 (a* sin? x + b* cos? x)* 2a’b — f(x)=m \/m +C
/2 in? _ _
- J-n — sin ;c dx= 11'3 (i) where, f(0)=0 = C=-m
0 (a®sin” x + b° cos” x) 4a’b = f(x)=ml+x —m=n(J1+x—1)

Similarly, by differentiating Eq. (i) w.r.t. ‘b’, we get Hence, (a) is the correct answer.

/2 COS2 X Y
J.o (@ sin’ x + b* cos? x)? R () Example 79 Let f(x) be a continuous functions for
2sec’t
all x, such that ( f f(t) dt and
Adding Egs. (ii) and (iii), we get 4 +tant
J- w2 (sin® x + cos® x) dx _ = m f(0)=0, then
0 (a®sin® x + b? cos® x)°  4a’b  4ab® () f(n) =log 5 ( )f(nj = 3
4 4 4) 4
N jo’” dx =T (@ +b?)

(a®sin? x + b* cos® x)*  4a°b® (d) None of these

(© f(gjﬁ

Example 78 The value of Sol. Here,

In/z log (1+ x sin” )
0 sin @

2sec’ t
X)) = t) —————dt,
(' =[] f =
. > H
do;x201is equal to On differentiating both the sides w.r.t. x, we get

@mnT+x-7 by YT+ x =2 2f(x). f'(x) = f(x)- j-:etc x
an x
©Vm (J1+x =) (d) None of these ,
, _ sec X
Sol. Given, f(x)= jo’“ log(1+xsin"8) 4 5 - F = anx

.2
sin” 0 Integrating both the sides, we get

As above integral is function of x. Thus, differentiating both
the sides w.r.t. “x’, we get
sin® 0

frx=] -

0 1+ xsin’® sin’0

/2
" ! d0 +0-0

(using Newton-Leibnitz’s formula)

J~ _ (m2 cosec’ 0 dO
0 1+xsin?@ 0 cot? 0 +(1+ x)
/2
_; cotO _ I
{ Jivx \/1+xl IENET:

floy=] = sec” x —dx=log (4 +tan x)+ C
4 + tan
Since, f(0)=0
= 0=1log(4)+C
= C=-log4

f(x)=log (4 + tan x) — log (4)
= f(:) — log (4 + 1) — log (4) = 1og%

Hence, (a) is the correct answer.
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Exercise for Session 5

10
1. The value of L sgn(x —[x])dx is equal to (where, [-]denotes the greatest integer function)

(@) 9 (b) 10 (c) 11 (d) 12
2. The value of j([)”(x _[x])dx (where, []denotes the greatest integer function)
(a) [x] (b) % (c) x[x] (d) None of these

nn-n/4 .
3. Thevalue ofJ' M |sin x + cos x|dx is equal to
=T

a) 2J2n b)~/2n c)——n d) None of these
(a) (b) ( )2 7 (d)
4. Let f(x)= x —[x]for every real number x (where, [-]denotes greatest integer function), then J:f(x)dx is equal to
1
(a)1 (b) 2 (©)0 (d) 5

X 1
5. |fj0 f(t)dt =x +f j tf(t) dt, then the value of f(1)is
X

(a) (b)0 (c) 1 (d)--

N -
N

6. The least value of the function o(x) = J'SX /4(3sint +4cos t)dt on the interval [%%ﬂ is
T

3 3.1
(a)ﬁ+5 (b)—2\/§+5+ﬁ
3.1
(c) 5+ Wi (d) None of these
7. The points of extremum of ¢(x) = LX et *12(1-2)dt are
(@)yx=1,-1 (b)x=-1,2 (€)x=2,1 (d)x=-2,1
8. If f(x)is periodic function, with period T, then
() j: F(x)dx = j:”f(x)dx (b) j: F(x)dx = j::; f(x)dx
b b b b+2T
(c) jaf(x)dx = fa”f(x)dx (d) ja f(x)dx = L” f(x)dx
sinx sinx 2
9. Let L (Fix)=— x>0.1If f 267" dx = F(k)—F(1), then one of the possible value of k is
dx X LIS '¢
(a) 4 (b)8 (c) 16 (d) 32
10. Let f:(0,0) > R and F(x) = jo f(t)dt. If F(x?) = x2(1+ x), then f(4) is equal to
OF (b)7 (c)4 (d)2

11. LetT >0 be a fixed real number. Suppose f is continuous function such that f(x + T) = f(x) for all x € R. If
/= OT f(x)dx, then the value of jjm f(2x) dx is
3

(@)

> (b) 2 (c) 3l (d) &l

12. Letf(x)= LX V2 —t2dt, then the real roots of the equation x? —f’(x) =0 are

(a) +1 (b) + () +

(d)++/2

ol -
\CHIN



13.

14.

15.

16.

17.

18.
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Letf(x)be an odd continuous function which is periodic with period 2. If g(x) = J'; f(t)dt, then

(a) g(x)is an odd function (b) g(n)=0forallneN
(c)g(2n)=0forallneN (d) g(x) is non-periodic

Let f(x) be a function defined by f(x) = LX t(t2 -3t + 2)dt, 1< x <3.Then, the range of f(x)is

@[ 2 (b) {—21, 4} ©) [—:1, 2} (d) None of these
ZJ.COSX cos(t)
The value of lim —2——dtis
x—0 2x —sin2x
1 1 2
a)0 b) — c)—— d)=
(a) (b) > (c) > (d) 3
If jg btcos 41;2—asm4t dt = asindx for all x #0, then a and b are given by
(a)a:%,b:1 (b)a=2b=2
(c)a=-1b =4 (da=2b=4
1t(x) = [ (1)) "t and j; #(6)y" =2, then
(@) f(x)=~2x (b) f(x) = \/2log, x
(c)f(x)=+3x-1 (d) None of these
Letf be a real valued function defined on the interval (—1,1) such thate ™f(x) =2+ JZ Vt* +1dt, for all x € (-11)

and letf~" be the inverse of f. Then, (f‘1)’(2) is equal to JIIT JEE 2010]
(@1 (b) 1/3
(c) 172 (d)1/e

= Directions (Q. Nos. 19 to 20) Consider the function defined on [0,1] - R

19.

20.

sinx —x cosx
x)=—"——"ifx #0and f(0) =0.
f) x2 f O [IIT JEE 2012]
1
J.o f(x)dx is equal to

(@) 1—sin (1) (b) sin(1) —1 (c) sin (1) (d) - sin (1)

. 1 ¢t .
lim 2 -[o f(x) dx is equal to

t—0

(a) 173 (b) 1/6 (c) 1712 (d) 1/24



Session 6

Integration as Limit of a Sum, Applications of Inequality
Gamma Function, Beta Function, Walli’'s Formula

Integration as Limit of a Sum

Applications of Inequality
and Gamma Integrals

An alternative way of describing I ’ f(x) dx is that the

definite integral j ’ f(x) dx is a limiting case of

summation of an infinite series, provided f (x) is

continuous on[aq, b],i.e. I f(x)dx= lim h Z

n— o

f(a+rh), where h = b- - The converse is also true, ie, if

n
we have an infinite series of the above form, it can be
expressed as definite integral.

Method to Express the Infinite
Series as Definite Integral
(i) Express the given series in the form Z f ( r )
n

(ii) Then, the hmlt is its sum when n — oo,

ie. lim ), — f()

n—oco

(iii) Replace — by x and — by (dx)and lim Y by the sign of _[
n n n—se

(iv) The lower and the upper limit of integration are

limiting values of T for the first and the last term of r

respectively.
Some particular cases of the above are
o 1. (r
li —fl-
o 3 1r[1)

oo

r=1

or lim Z f( ) I f(x) dx

Pn
0 jim 3 5[] s

T
where, o0 = lim —=0(asr=1)
n—e p

and p= lim £=p(asr=pn)

n—e n

Some Important Results
to Remember

Q) Z n(n+1)

w2 _n(n+1)(2n+1)
(ii) 2‘ r S —

_ 4
H ar =1 sy
(r-1)
iv) In GP, sum of n terms, S, = an, r=1
n
al=r’) i<
(1-r)
(v) sinot+sin(o +P) +sin(at +2B) +...+sin[o +(n—1) ]
i 2
:w-sin[oc+(n—l)ﬁ/2]
sinf3/2
(vi) cosot+cos(or+) +cos(ot +20) +...+cos [t +(n—1)P]
i 2
_sinnBI2 o+ (n—-1)Br2]
sinf3/2
2
(vii)l—i+i—i+i—i+...oo=n—
22 3% 4% 5% 6 12
2
(viii)1+i+i+i+i+i+...oo=n—
2 3% 4% 5% 6 6
2
(ix)1+i+i+...oo=n—
3° 5 8
11 1 n’
(X) —4+—+—+...00=—
2 4% 6 24
0, - 0 _ -
+ —
(Xi)COS@Ze ¢ ,and sin 0 = ¢
21
6, -0 6 _ -0
+ —_
xii) coch@=-——"—andsinh6="——"——
.. no=¢ te dsinho=¢ —¢
2

Remark

The method of evaluate the integral, as limit of the sum of an
infinite series is known as integration by first principles.
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n—

Example 80 Evaluate the following :

Example 81 Evaluate S= ) ————asn—co.
1 2 3 n-1 P
(i) lim | —+—+—+. . +— 0 /4N
n—e \n° n° n n - -
Sol. Let S, 2 2
. 1 1 1
(i) lim | —+—+... +— =0 4n® —r® y=o n4=(r/n)’
n—e { N+l n+2 2n _
25—
. n n n no=o 4 -
(i) lim St 55ttt (r/m)’
n—ee | N7 41 n°+2 2n n-l
Hence, S = lim S, = lim —
0P +27 % +n") noe T oo n S5 —(r/n)2
(iv) lim o P>0
n—s oo n"t _J'l dx _l: 1x:|
Sol. Let 0 [4 — x? 2
. 1 2 3 n-1
@) Snzn—2+n—2+n—2+...+ - N Szgn_l@):: Sz%
-3 r—1_2 1(7‘—1)
oot el Example 82 Evaluate
. - 1(r 1 . 1 1 1
= S= lim —| = asn—>o=——-0 lim + +.o..+— |
nse “ nin n n—e | 2n+1 2n+2 6n
1 1
=) xde=— SoI.LetSnz( 1! +...+1J
2 2n+1 2n+2 6n
(i) Let S, =——+ 4+ = ! :i": 1 g1 1
n+l n+2 2n [Tyn+r “oom+r “on 2+(rin)
=2 = S=lim s, =" P |zt
r=1 (1_'_ ) n— o 0 2+ x
o . Sn i =log 6 —log2=1og3
ence, _nlj)nw n ngnw; 2 . S:]_l’13
r=1 1+7
n 4
2
_ Olldx ~[log (1 + x)]. = log 2 Example 83 EvaIuateJ; (ax“+bx + c) dx from the
+x . .
. " " first principle.
(iil) LetS, = sttt — 4-1 3
n“+1 n“+2 2n Sol. Let x =1 + rh, where h = -
n n
:i n zi 1 Asx —>1,r >0 and x =>4, r —>n
2 2 2 2
A A o [Maxt v bx ey de= lim. 2hf(1+rh)
1< 1 ' =0
Hence, 5 = lim §, = lim 7 Z:I L = lim 2 hla(1+rh)’ +b(1+rh)+c]
n’ L3 3r 3r
LT = = lim ) = a(l+) +b(l+)+c
= tan x| =— n—e 70N n n
0 14 x? o 4
&1 9r? 6r 3r
. P+l + .40 & AP no (Y =3 lim ) — a(1++]+b(l+)+c
(iv) LetS, = P+l =2 Pel 2 (J noe 2o n® n n
n r=1 1 r=1n n
AN 3 i 1{a(n+9n(n+1)2(2n+1)+6n(n+1)
S=lim S, = lim Z(J noen 6n 2n
n— oo n— oo
Tt +b(n+3n(:+l))+cn:|
n
|—xPH—| 1

_ P
—on dx = LP“J i =3[a(1+3+3)+b(1+3/2)+c]=21a+12—5b+3c
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Example 84 The value of
(n-1m n

. T 27 375 .
lim |sin—-sin—-sin—...sin ———
n— o 2n 2n 2n n

@3 (b) ©- (d) None of these
1/n
Sol. Let A :{ lim sin 7 -sin 2" sin 2T in 2n-Hm }
n— oo n n on n
#logA=lim ~log [sin T sin 2% sin Z(n—lmj
noe n 2n 2n 2n
1 2(n-1) m
= lim - log sin —
noeon 2n

r=1

_j logsm( )dx
[usmg tim x 2 f( )

r
n
= f " log (sint)-— dt [puttmg
0 i

22
- 0

2
log (sin t) dt

{using joza f(x)dx =2 fo“ f(x) dx, if f(2a - x) = f(x)_

4 T /2 T
=—1 ——log2 ;| usin, log (sin x)dx = —— log 2
n{ Lo H gf, " log (sinx)dx =~ log }

=-2log2
: log A=log(l1/4) = A=1/4
Hence, (c) is the correct answer.

Example 85 The interval [0, 4] is divided into n
equal sub-intervals by the points x,, X, X5, ..., X514, X,,

where0 =X, < X; <X; <X3<..<X,=4.

If 8x = x; - x;; fori=1,2,3,...,n then lim Zx dx is
dx—0
equal to 5
(@) 4 (b) 8 (c) 5 (d) 16
Sol. lim dx(x;+ x, + x;3+..4x,)
Sx —0
= lim 4[4+8+12+ ...... +4-n} ( Sx:4)
n—enn n n n n
h T T T T T
Ol X1 X2 X3 Xn1 Xp=*4
o O
= lim —(1+2+3+ A4 n)= lim 16 nlnt1)
ﬂ*>°°n n—oop

Hence, (b) is the correct answer.

/
j is equal to

2n

Example 86 The value of lim 124 is
noe N T\n?+r?

equal to

a)1+5 (b)) -1+45  (O-1+42  (d) 1442

2n

1
Sol. We have, lim —-27
noen SR 4t

r

|~

2 X

=liml-2 n__ - flx:(\/x2+1)(2):\/g
noen rl\/l_'_r2 0\/1+X2

Hence, (b) is the correct answer.

Applications of Inequality

Sometimes you are asked to prove inequalities involving
definite integrals or to estimate the upper and lower
boundary values of definite integral, where the exact value
of the definite integral is difficult to find. Under these
circumstances, we use the following types

Type L. If f(x) is defined on[a, b], then
}L” fydx | <[ | fx) .

Equality sign holds, where f(x) is entirely of the same
sign on[a, b].

Example 87 Estimate the absolute value of the
sin x

integral J. 5 ax.
10 14 x5
‘ 19 sin x ‘ 19 ‘ sin x ‘ .
Sol. To find, I = J. 5 dx SJ. 5 ldx (1)
|10 14 x | 101+ x |
(using type I)
Since, |sin x | <1for x =10
. i 1 ..
The inequality ’ s xg ‘ < . ...(1i)
[1+x®| |1+ x%]
Also, 10<x<19 = 1+x*>10°
1 1 1 -
= g<—3 or ———<10 8 ...(1ii)
1+x° 10 [1+ x° |

’snx‘

*
1 al<f

1+ x®

From Eqgs. (ii) and (iii), < 10™ ® is fulfilled.

sin x

| 19 | 8 7
|L° Cdx | <(19-10).107* <10

1+ x®
( the true value of integral = 10~ °)



Example 88 The minimum odd value of ‘@’ (a> 1) for

. 19 sin X
which J.m -

(b)3

1
dx < —, is equal to
a 9

(@1 (€5 d)9

Sol. Ler— [V Snxdc (v dx

0 1+ x? 0 1+ x*

. sin x 1
rsin x <1 = <
1+ x* 1+ x°

19 dx 19 dx
<
! J.lo 1+x“<j10 1+10°

(- 10<x<19 = 10°+1<1+x"<19°+1)
9
1+ 10°

= 1<

1
<—-=1+10">81 or10* >80ie. a=2,34,5,...
1+10° 9

.. Minimum odd value of ‘a’ is 3.

Hence, (b) is the correct answer.

Type II.
s\/( Lb fz(x)dx)( L” 22 (x) dx )

INCrer
where f ?(x) and g*(x) are integrable on [a, b].

Example 89 Prove that J: 1+ x) (1+ x>) dx cannot

exceed ,/15/8.
Sol. jol JA+ %) 1+ x%)dx < \/Uol(l + x)dxj Uol(l +x%) dx)

21 41
SJ(MJ (]
2 4
0 0
< 3.3 |15
2 4 8

Type III. If f(x) |g(x) on[a, b], then
J.b f(x)dx Zjb &(x) dx.In particular, if f(x) =0,

then Lb F(x) dx lo.

Example 90 If f(x)is a continuous function such
that f(x)| 0,V xe[210] and LS f(x)dx =0, then find
f(6).

Sol. f(x)is above the X-axis or on the X-axis for all x € [2, 10].

If f(x) is greater than zero at any sub-interval of [4, 8],
8
then J; f(x)dx must be greater than zero. But
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LS f(x)dx =0, which shows f(x) can’t have any value

greater than zero in the sub-interval [4, 8].

= f(x) is constant in the sub-interval [4, 8] and has to be
zero at all points, x € [4, 8].

= f(x)=0, V xe[4,8]
= £(6)=0

TypeIV.Foragiven function f(x)continuouson[a, b],if
youare able to find two continuous functions f; (x)and f, (x)
on[a, b]suchthat f;(x) < f(x) < f,(x),V x €[a, b],then

[" fac<[" foaxc<[" f00dx

T 1 dx T
Example 91 Prove that = < < .
P 6 J.O Jh—x2—x® M2

Sol. Since, 4 — x? |4 - x? = x* |4 —2x? > 1,V x € [0,1]

\/4—x2 |\/4—xz—x3 |\/4—2x2 >1LV xe[0,1]

= ! < ! < ! ,V xe0,1]
\/4—x2 \/4—x2—x3 \/4—2x2
1 dx 1 dx
= <
J-O \/4—x2 '[0 wl4—x2—x3
1 1
< - -
_fo de,Vxe[O,l]
x ) 1 dx 1 x )
= sin_lj < S(sin_lj
( 2 Jo J.O \/4—362—x3 \5 \/5 0
T 1 dx T
= —< —_— < ——
6 J.O V4 - x* =% 42

Type V. If m and M be global minimum and global
maximum of f(x) respectively in[a, b], then

m(b-a)<[" flx)dx <M(b-a).
Proof We have,m < f(x) <M forall xe[a,b]
= Ib m dx Sj.b f(x)dx Sjb M dx

= m(b—a)SLb F(x) dx <M (b—a)

Example 92 Prove that 4 SLB {3+ X7 dx<24/30.

Sol. Since, the function f(x)=+/3+ x” increases

monotonically on the interval [1, 3].

M = Maximum value of /3 + x> =43+3% = \/%
m = Minimum value of /3 + x* =3+ 1% =2

and
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m=2,M=\/%,b—a=2

z~2sj13 Y3+ x* dx <2430
- 4SJ;3w/3+x3de2\/%

1
Example 93 Prove that 1< fo e dx<e.

Hence,

2
Sol. For0< x <1, we have ¢’ <e* <e¢'

e (1—0)st1 e’ dx <el(1-0)

1 2
= ISIO e dx<e

Gamma Function

If nis a positive number, then the improper integral

J:)w e”* x" 71 dx is defined as Gamma function and is
denoted by I'n.

=

ie. Fn=.|.0 e ¥ x" ' dx,where xe Q.

Example 94 Evaluate

(i) T1 (ii) T2
Sol. (i) F1=J.me_x x'"ldx = lim fbe_xdx
’ 0 ’ b— oo Y0
b
= lim {— ex} = lim (—e ’+e%)
b—> oo 0 b—> oo
=0+1=1
. _ [ -~ 2-1 _ 1 b -x
(i) FZ—IO e” T x°7 dx —bh_)nlo J.O e x dx
- b
) N
= lim |—-xe " —e
b—> oo L JO
=lim [(—be "-e ") —(0-1)]
b— e
= lim _—b—i+11= lim _(b+1)+1
P J b b

(using L’Hospital’s rule)

Properties of Gamma Function
Gamma function has following properties :
(i) T'1=1,T0=0c and I'(n+1)=nln
eg I'5=4T4=4%x3T3=4x3x%x2I2
=4x3x2x1T'1=4%x3x%x2x1

(ii) If ne N,then'(n+1) =(n)!
(iii) ['(1/2) =1

Lz
(iv) J. sin™ x-cos” x dx =
0

2T m+n+2
2
v) InT'(1-n)=— ,0<n<1
nm
(Vi)l"ml“(m+1j: il I'2m
2 22m—1

(vii)FlF(zj r( ”_1)=(2”)2
n n) n nl2

Example 95 Evaluate fow e X x> dx.

Sol. By definition of Gamma function,
J.m e ¥ x° dsz.m e " x* ldx=T4
0 0

J‘Dc e *x*dx=6
0

1 1 n-1
Example 96 Evaluate J.O ( log xj dx.

n-1
SOI.LetI=J.1(logl) dx
0 x
Putlogl=t =dc=-¢"dt

X
Iz_[o t"‘l(—e‘f)dtzj‘ow e 't" T dr

1 1 n-1
.[ (logj dx=In
0 x

Beta Function

The beta function is
B(m,n) =J-01 xm—l (1_x)n—1 dx,

where m,n>0

Properties of Beta Function

(i) B(m,n) = B(n,m), where m,n>0

(ii) B(m,n) =m,where m,n>0
I'(m+n)
xm—l

(iii) B(m, n) = j -

O (A+x)"*"



Example 97 Evaluate J.O1 x® A/(1=x?) dx.

I= J.Ol x8 (1 = x?) dx

Putlet x? =1t

Sol. Let,

= 2xdx=dt

Fé.;,.z
2 2

Walli's Formula

T2 "
An easy way to evaluate J- sin™ x-cos” x dx, where
0
mnel,.

n/2 n/2
We have, J:) sin™ x -cos” x dx =J.0 sin” x -cos™ x dx

_(m-1)(m-3)...(1or2).(n-1)(n-3)...(1or2) m
- (m+n)(m+n-2)...(10r2) 2

5

when both m and n € even integer.
_(m-1)(m=3)...(1or2)-(n—1)(n—-3)...(1or2)
- (m+n)(m+n—-2)...(1or2)

>

when either of m or n € odd integer.

Remark
If nbe a positive integer, then
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n-1n-3 n-6 31 m .
n-1n-3 L2 2.2 niseven.
n n-2 n-4 4202

_n-1 n_3.n_5mf.g-1,nisodd.
n n-2 n-4 5 3

2
Example 98 Evaluate fon/ sin® x-cos® x dx.

Sol. Using Gamma function, we have

Iom i’ . oos x de < DG/DT(T/2)_T(5/2)T(7 /2)

2F(4+2+2) 2T6

3.1 5.3 1
:(zxle“(l/z)j(2><2><2><F(1/2)J_

2%5! 512

Example 99 The value of .fow e~ dx is equal to

Jn n
a) — b) —
(@) 0 ( )20
i
() ——= (d) None of these
V2a
oo 2.2
Sol. Let I=J.0 e % dx
o 1 1 pe _,
I=| e*. dt=— | e 't V%4t
J.o 2a\/? 2q Jo

(put a®x® =t = 2a°x dx = dt)

1 e _ _ o _ _
=— [ Vet g (usingJ. e ¥ x" ldx =Tn)
2a 70 0
1 .1 1 . 1
=f[‘7=f\/E (usmgF7=\/E)
2a 2 2a 2

Hence, (a) is the correct answer.
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Exercise for Session 6

P02
1. The value of f(x) = _[Omz log (1+ x sin” 6) de; x >0is equal to

sin® 0

@ (A x - 1) (b) V7 (JT+ X - 1)
T

n
2. The value of lim 12 (

n—en =

] is equal to
n+r

(a)1-log 2 (b) log 4 — 1

(c)m (J1+ x = 1)

(c)log 2

3. The value of lim 1{(n+‘1)(n +2)(n +3)...(n +n)}""is equal to
noe N

(a)de 4

(b)© (0)

e

b
4. Ifm,n €N, then the value of_[ (x —a)" (b — x)" dx is equal to
a

b-a)"""-mln!
(m+n)!
b-a)"-m!
m!

(@)

()

2r* 41

n! 5.1
( - )5” *1is equal to
nn

5. The value of lim

n— oo )
2 15
(@)e (b) < () (,js
e e
6. Thevalue of lim n{—; ! + s ! + ...+ ton terms! is equal to
n—se |3n“+8n+4 3n°+16n+ 16

(a)%log(%j

(b)

(b)llog(g)

b-a)y"t" ' min!
m+n+ 1!

(d) None of these

3 5

(d) None of these

2

5z (52~ 160)

(d) None of these

1 9
c)—log| =
© g(sj
7. The value of lim 12 sin? ™ 1 2sin3 2 4 +nsin® ™ Lis equal to
n—en 4n 4n 4n
(a) £22 (52~ 15n) (b)
on
1
(€)1 (150 - 15)
9n?

/12
8. Thevalue of f(k)={ " log(sin? 0 + k2 cos? 8) d8 is equal to
0

(@)mlog (1+ K)—mlog2 (b)mlog2 - log (1+ K)

’
9. Ifm,n eN,then I n :_[0 x™(1-x)" dx is equal to

m!n! 2m!n!
Mm+n+2)! m+n+1)!
2
10. The value of I(n) = [ " SI" 19 s (v n € N)
0 sin“0
nm

(@)nm

(b) 3

(c)log (1+ K) — 1 log 2

mlin!
m+n+ 1!

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1 IfJ.: f(x)dx = % and f(x) is an even function,

then J.: f (x —%de is equal to

(a)% (b)% (Om (d) None of these
o T
Sol. Here, .[0 f(x)dx =

1
Put x=t—-
t

Ex. 2 The value of
1 n n 1
J:) [E(X%—r)} (,2'1 m} dx equals to

(@ n (c) (n+1)!

Sol. The given integrand is perfect coefficient of H (x+7r)

r=1

(b) n! () n-n!

I:{lﬁ[ (x+ r)} =(n+1)!-n!=n-n!

r=1 0
Aliter (x+1)(x+2)(x+3)...(x+n)=¢'
So that, when x = 0,then t =Inn! when x =1, thent =Iln (n + 1)!
[In(x+1)+ In(x+2) +....... + In(x+n)]=t

( ! + ! + )dx:dt
(x+1) (x+2)

In(n+1)! I 1)1
Therefore, 1= e'dt =[€t]lﬁ$+ )

Inn!

(x+n)

! |
=D _elnnt _(y 4 1) —pl=n-n!

Hence, (d) is the correct answer.

Ex. 3 The true set of values of ‘a’ for which the inequal-
0
ityL (37¥=-2-37) dx > 0 is true, is

(@ [0,1]  (b)(=o=,=1] (c)[0,%0)
Sol. We have, [ 3737 ~2)dx>0

(d) (=o0, =1] U [0,0)

Put3 ™ =t=3"In3dx=-dt

m3 -2)drz0 = | L2 3 >0
= nJ.l(t—)t_—E—tl_
-2a
= [3—2-3‘“)—(1—2)20
2 2
I |
3

= 3% _4x3743>0 = 37°-3)3“-1)>0
= 39>3'=a<1 or3%<3"=4a>0
Thus, a €(-e0,—1]U[0,00)

Hence, (d) is the correct answer.

Ex. 4 The value of the definite integral

J.Ozrm max(sin x, sin~'(sin x))dx equals to (where,n€ I)

n(n? -4 n(m? -4
n(m? -8 n(m?-2
Cliuse @22
4 4
Sol. Let I =J.02Mmax (sin x, sin~'(sin x)) dx
YA
w2
0 TEX
—v2 2 NEL o
=
-T2

[ d+7‘t _d+2n' i
=n J.o x dx In/z(n x)dx J.n (sinx) dx

Hence, (c) is the correct answer.
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1
——(H—) al
Ex.5 limn %' " .(1"-2%.3%...n")" is equal to

n—oo
1 1
@ve  (b)—= (©) = (d) Ve
Je ie
_1(”1] L
Sol. Let L=limn % ™.@1'-2%.3% 0"
InL = lim %("* )m +72 Eln k

=lim—l(n+1)lnn %E (kRInk—kIlnn +kInn)

n—e 2

=lim—l(—n+ljlnn+lz K ln5+lr172rz.7n(n+l)
n

ngoon n n 2

=—l(n+1)lnn+flxlnxdx+l(n+ljlnn
2 n 0 2 n

1
1 1 —
=_[ x Inxdx=-— = L=e ¢
0 4
I g

Hence, (c) is the correct answer.

P

b
x—— 2 T
4 X" -—
16 [IIT JEE 2007]

is equal to

@32 b2 (c)if(lj (d) 4£(2)
T T T 2

f(sec’x)-2sec? x tan x — 0

Sol. lim im
x~>E x2 _ i xHE 2x
16 (applying L'Hospital rule)
_f@)-4_8f@)
/2 b

Hence, (a) is the correct answer.

Ex. 7 Let f be a non-negative function defined on the

interval [0,1]. If jox VI=(F/(1) 2 dx = jox F(t)dt0 < x <1and

f(0) =0, then [IIT JEE 2009]

1 1 1 1 1
@3] <3maslz)>5 03] 3ena (3]
(c)f(lj<landf(l)<l (d)f(%) %andf(%)<3l

Sol. Given, f J1- )dt_jf(t)dto<xs

Applying Leibnitz theorem, we get

\/1— (f'G)* = f(x)

= ~(f'x)*= f4(%)
= (f()* =1~ fAx) = f(x)=F 1~ f*(x)
= j—yzi\ll—yz, where y = f(x)

x
= &y =tdx

\ll—yz
Integrating both the sides, we getsin (y)=+x+C
f(0)=0 =C=0

y=tsinx

= y =sinx = f(x), given f(x)=0 for x€[0,1]

Its known that, sinx<x,VxeR"

1 1 1 1 1 1
sin (7j <- = f [7) <— and sin (7) <—

2 2 2 2 3 3
1 1

= f (fj <-—
3 3

Hence, (c) is the correct answer.

Ex. 8 The value of lim 13 _[X Mdl‘

x> 0,3 %0 44 T JEE 2010
1 1
(a) 0 (b) — c)— (d)—
) ) ( 24 ) 64
Sol. lim — j : M dt
x—0 x° 4+t
Using L’Hospital’s rule,
xlog(1 + x)
4
lim 4+)zc = lim log1+x) 1 4—i
x—0 3x x—0 3x 44+ x 12
{using lim 7101% (L+ ) = 1}
x—0 X

Hence, (b) is the correct answer.

Ex. 9 The value(s) ofJ. de is (are)
+x2

JIIT JEE 2010]
22 2 71 3m
(3)7—W (b)ﬁ ()0 (d)__T
Sol. Let Izj‘lL_J;yldx
0 1+x
:J-l(x4 -1)(1- x)42+ (1-x)* dx
0 1+ x%)
—j(x ~1)(1-x) dx+.[udx
1+ x%)
Ay
:IO{(XZ —D)A-x)* + 1+ xP) - dx + a +xx2)}dx
:fl((xz—l)(l—x)4+(1+x2)—4x+4— 4 2de
0 1-x



1 4
=I(x6—4x5+5x4+4— 2jdx
0 1+ x

Hence, (a) is the correct answer.
cos 0
Ex. 10 If J. o f (xtan®)dx (9 ¢%,n€ Ij is equal to

(a) —cosB J.:anef(x sinB)dx

(b) —tan® j: F(x)dx

JEE Type Solved Examples :

Chap 02 Definite Integral 125

(c) sinB .Ltanef(x cos0)dx

1 J'sinetan 0
tan®

(d)

f(x)dx

sin@
cos 0
Sol. Let, I=J._ ef(xtane)dx. Put xtan®=zsin0
1
1=jt , f(zsin®)cosBdz

=  dx=cos0dz
tan® tan©
=—cos 6-[1 f(zsin®) dz =—cos GJ.I f(xsinB) dx

Hence, (a) is correct option.

More than One Correct Option Type Questions

Ex. 11 Let f(x) be an even function which is mapped
from(—m, ). Then, the value offn (J: f(t) dt +[f(x)]) dx

can be (where, [-] denotes greatest integer function)
()0 (b) m
(c)2m (d)4m

Sol. As, f(x)is an even function, then on f(x)dxis an odd function.
[f(x)]=12
sn=]" ( NG dt)dx + [ 1fldx

Also, [as 1< f(x)<3]

=0+ J.n [f(x)]dx, [ since [f(x)]=1or 2]
=T
¥
=J. ldx
-
¥
or I 2dx =21 or 4m
-T
Hence, options (c) and (d) are correct.

Ex. 12 Let A, =j"”(mm{|x —nl,|x = (n+1)[}) dx,

2
Ay =[' " (bx=nl=[x=(n+1])dx

As=[""(x =0+ 4] ~|x —(n+3)) dx

and g(x)=A, +A, +A;, then

@A +A+A;=9 (b)A1+A2+A3=§

©F g0="2 @Y g0=30

Sol. Here, min {| x —n|,| x —(n + 1)|} can be shown as

y

(0] X x+1

A= minflx =l [ x~(n+ 1)) d

1
=—X1X

1
4

1

2
n+2

Now, Az=jn+1 (|x—=nj—|x—(n+1)|)dx

=L2(|t|—\t—l\)dt [put x=n+ ¢ = dx=d
_ 2 _ 2 _ 2
—'[l(t—(t—l))dt—J‘lldt—(t)l =1
n+3
and A3=_[ z(|x—(n+4)|—|x—(n+3)|)dx,
n+
=j;(|t-4|—|t-3|)dt [put x=n+t= dx=di]

=[(@-0-6-ma=[1a=1

1 9
Also, g(x)=A4A +A2+A3=Z+1+1=Z

100

o 2 g(x) = g(1) + g2) + gB3) + ...+ g(100)

n=1
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JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions (Q. Nos. 13 to 15) For the following questions,
choose the correct answers from the codes (a), (b), (¢) and
(d) defined as follows.
(a) Statement I is true, Statement II is also true; Statement II
is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II
is not the correct explanation of Statement I.

(c) Statement I is true, Statement II is false.

(d) Statement I is false, Statement II is true.

Ex. 13 Statement | If f(x) = j; (x £(t) +1)dt, then
jj F(x)dx =12
Statement Il f(x) =3x+1
Sol. Let j; FO)dt =k, so f(x)=xk+1
Now, j;(ktﬂ)dt:k - §+1:k,sok:2
flx)=2x+1
ij(x)dlez

Hence, (c) is the correct answer.

Also

Ex. 14 Statement 1 The function f(x) :J: 1+t2dt is

an odd function and g(x) = f’(x) is an even function.
Statement Il For a differentiable function f(x) if f’(x) is
an even function, then f(x) is an odd function.

Sol. If f(x)is of odd, then f’(x)is even but converse is not true.
e.g. If f'(x)=xsinx, then f(x)=sinx- xcosx+C

JEE Type Solved Examples :
Passage Based Questions

f(-x)=-sinx+ xcosx+C

On adding, f(x)+ f(-x)=constant which need not to be zero.

For StatementI f(x)= J.Ox\ll +t2dt g(x) =V1+ x*

f(—x):jo"‘ 1+ t2dtt=—y

flex)=-[ 1+ ydy

J)+ f=x)=0
= fis odd and g is obviously even.

Hence, (c) is the correct answer.

Ex. 15 Given, f(x) = sin® x and P(x) is a quadratic
polynomial with leading coefficient unity.
Statement | J:n P(x)- f"(x)dx vanishes.

2
Statement 11 J.On f(x)dx vanishes.
Sol. P(x)=ax*+ bx +¢; f(x)=sin’ x

21
zzjo P_(ic)-i'@dx

I I
. ’ 21 n ’ ’
Using LB.P. P(x)- f'(x)|, _J.o P’(x)- f'(x)dx
zero I 11

= [P0 S0k = [ ) S |

n_ 2n g
=J‘0 P (x)~f(x)dx=2J-0 sin” xdx =0

Hence, (a) is the correct answer.

Passage 1
(Q. Nos. 16 to 18)

Suppose we define the definite integral using the following formula _[b f(x)dx = b_Ta(f(a) + f(b)), for more accurate result

_c-a

force(ab), F(c) =——(f(a) + f(C))+?(f(b) +£(c)).

2
When ¢ = #, then [* f(x)dx = bjT“( F(@)+ f(b) +2.£(c)).

[IIT JEE 2007]



Ex. 16 J:/z sinxdx is equal to
(a)§(1+\/5) (b)%m\/?)
T dy T
€ R
Too 0+ZX

/2
Sol. -[0 sin xdx = -2 sin(0) + s1n( ) )+25m 5 2

T
—g(1+«/5)

Hence, (a) is the correct answer.

Ex. 17 If f(x) is a polynomial and if
[ rood-"2 s+ e

lim =0 for all a, then the
t—a (t— a)3
degree of f(x) can atmost be

(a) 1 (b) 2

()3 (d)4

Sol. Applying L’ Hospital’s rule,
(

10-200+ fan -2
lim =0
t—a 3(t- a)
- + fay -1 “) E=9) oy
=  lim 2 =0
t—a 3(t-a)?
-0+ fay - =a) rrp)
= lim =0
t—a 12(t—a)
= lim & =0
t—a 12
Fo-1¢0+ fa- 2
= lim =0
t—a 12(t-a)
= lim K0 =0 f"(a)=0for any a.
t—a 12

= f(a) is atmost of degree 1.

Hence, (a) is the correct answer.

Ex. 18 If f”(x) <0,V x € (a, b) and c is a point such

that a < c <b and(c, f(c)) is the point on the curve for which
F(c) is maximum, then f’(c) is equal to
(a) f(b)—f(a) (b) 2 (f(Z)_—af(a))
EACAC) 2f(b) f(a)

2b-a (@0
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Sol. F'(e)=(b—a)(c)+ f(a) - f(b)
Fc)=f"c)(b-a)<0
= F'(c)=0
= o= f(b) - f(a)
b—a

Hence, (a) is the correct answer.

Passage 11
(Q. Nos. 19 to 20)
cos(a+PB) —sin(a+P) cos2P
Let f(o,B)=| sina cosol sinf |.
—cosol sincl cosfP

Ex. 19 The value of

I=J:/2eﬁ(f(0,0)+f(%,[3) +f(3_“ E—BD dB is

(b)0
(d) None of these

(a) en/z
(c) 2(2¢™? = 1)

Sol. Here, f(0,f)
I= j/ ﬁ(f(o 0)+f[— n)+f(3n T B))dﬁ

/2
= J.O P2 +2cosp + 2sinB)dp

=2cosp ie. independent of o

. /2
Hence, =[P (2 + 2sinf)]}
=4e™* —2=22¢"* - 1)

Hence, (c) is the correct answer.

Ex. 20 IfI= JZ?Z coszﬁ[ f0,B)+ f(o,g—BDdB, then
[1]is

(a) en:/z
(€)2(2¢™? = 1)

Sol. Again, I =J:mz cosZB(f(O,B)+ f(OZ—BD dp

(b) 2
(d) None of these

= J.iz cos?P(cosP + sinP) df
= J'Zi cos’*Bdp + J. cos”Bsinf df
= 2_‘: cos’BdB+0

= I=§:>[I]=2

Hence, (b) is the correct answer.
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JEE Type Solved Examples :
Matching Type Questions

Ex. 21 Match the following.

Column 1 Column 11
cosx 1 -1
(A) The function f(x)= exiix is not defined at ®
sinx
x =0. The value of f(0), so that fis continuous at

x=0,1s
L Lodx . @ O
The value of the definite integral | ——~is a
®) s |

equal to a+ bIn 2, where @ and b are integers, then
(a+ b)is equal to
nsec’d— 1/2
(C) Given, '[! 110 451 then the valu of
e
tan nis equal to

() 1

1
(D) Let anz.[ﬂl tan~! (nx) dx and

n+1
1

- .a

b,= '["1 sin™! (nx) dx, then lim ~* has the value
_ n— oo
nt+1 n

equal to

Sol. (A) = (), (B) = (p), (C) = (s), (D) = (1)

e*cosx—1—-x XY —1—x

(A) lim = lim 5
x—0 , sinx x—0 X
=
(applying L'Hospital’s twice)
— lim e* % . (=xsin x + cos x) — 1
x—0 2x
— lim e ¥ (—x cosx —sin x —sin x) + e* “**(—xsin x + cos x)
x—0 2
1
2
(B) Put x=u’ = dx=6u’ du
1 6u° du 1P +1-1
= 3 > =6 du=5-61n2
O uw+u 0 u+1

=a+b=5-6=-1
©)€" J:l e 9 (sec’ 0—tan 0) dO=1
Put-0=t =>do=—dt
—e" J'(:"et (sec’t+ tant)dt =1
[use [ * (f(x)+ f/(x) =€ f (x)]
= —¢"[¢ tant],"=1=—¢"[-e " tann]=1=tann=+1

/n
.[11/ " tan™" (nx) dx
(D) lim ==

o [1/n .
" J- sin~! (nx) dx
1/n+1

1
Putnx=t = dx=—dt
n
1,1 _
= tan”" () dt
lim 2 n/n+1
n— oo lJ‘l
nJn/n+1

sin”' (t) dt

S
+

tan”' | — T
; o . 1) 4 1
Use L’Hospital’s rule, lim ———== Py

n—oee n 2
S
n+1 2

Ex. 22 Match the following [IIT JEE 2006]
Column 1 Column 11
1 dx 1 2
A ~log| =
® [ ® og@

dx
(B) J.Olﬁ (@) %log(;)

d
© [ 0 =

3
2 dx T
(D) I‘T\/T—l (s) B

Sol. (A) = (s), (B) = (s), (C) = (q), (D) = (1)

1 dx
(A)
'[—1 1+ x*
1 . .
flx)= > is an reven function.
1+x
1 d
I=2 X —[2(tan” 0] =2
0 1+x 2
1 dx 1
B =[sin " x], =
( ) -I.O m [ ]0 2

2 dx
(D)LetI =| —— [put x=sec O = dx =secOtan0do]
J.l x\lxz -1
_jﬁ/3 sec Otan 0dO
0 sec Otan O

/3 T
=[ 1d0=—



JEE Type Solved Examples :
Single Integer Answer Type Questions

Ex. 23 Let f:R — R be a continuous function which
satisfies f(x) = JOX f(t)dt. Then, the value of f(In5) is

JIIT JEE 2009]
Sol. (0) From given integral equation, f(0)=0
Also, differentiating the given integral equation w.r.t. x, we get
f'(x)=f(x)

If f(x)#0, then %zl = f(x)=ee"

flo)=0
f(x)=0,Y xeR = f(In5)=0

= =0, a contradiction

Ex. 24 For any real number x, let[ x] denotes the largest

integer less than or equal to x. Let f be a real valued func-
tion defined on the interval[-10,10] by

_ | x-[x], if[x]is odd
f(x)_{1+[x]—x, if [x] is even’
n? o ,
Then, the value of —_[ f(x)cosmxdx is.
10 7-10 [IT JEE 2010]
if [x]is odd

Sol. (4) We have, f(x):{ x—[x],

1+[x]—x, if[x]iseven

f(x) and cos 1tx are both periodic with period 2 and are both
even.

E J-jo f(x) cos mx dx =2 J.;of(x) cos Ttx dx
=10 .[2 f(x) cos mx dx

f(x)cosmxdx=| (1- x)cosnxdx——J. ucosmudu

\Mm/

-10-9 -2 -1

.[zf(x) cos Ttx dx =J‘2(x—1) cosTtx dx = —J‘1 ucosmudu
1 1 0

10 1 40
.[ f(x)cosnxdx=—20_[ ucosnudu=—
-10 0 T

2

2 0

—J. f(x)cosmxdx=4
10 J-10
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Ex. 25 Let f(x) be a differentiable function satisfying
f(x)+ f(x + %j= 1Vxe Rand g(x) = J.OX f(t)dt. If g(1) =1,

then the value of 2 8 is.

n

LY (gx + k)~ g(x + k)

k=1

Sol. (6) Here, f(x)+ f(x+ %] =1

Replace x by (x+ g) , we get f(x+ %) + fx+1)=1
On subtracting, ()= f(+1) ()
Also, g(x+1 )_f Uy de= jf(t dt+j f(t)dt
Since, f(x+1) = f(x)

gCe+ 1) = [ fleyde+ 12-j; Fdt

gCe+2)= [ fyde+ 2 [ fodr

glx+k¥)= jo ftydt+ k- j; f(tydt ...(id)
and g+ k)= f)de+k- j; F(b)dt (i)

Thus, Y (g(x+k?)
k=1

gt Y=Y (k). [ fwd
k=1

=Y, (K*~k)-g(1) given g(x) = [ f(t) dt
k=1

=(n(n+ D@n+1) n(n+ 1))><1
6 2

_n(n-1)(n+1)

- 3

oo

D>

) i 8 8 x3
Y (g k) -glerky 2 TR
k=2

122 ((n+l)

n-1)_ 1 1
i (n—1 n(n+l) (n—l)n n(n+1)

( 1 H
" l(m-Dn n@+1)

=12

1 1 1
12| ——— |+ ——— |+
1><2 2><3 2><3 3x4

1
2 n(n+ l) e
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Subjective Type Questions

Ex. 26 Find the error in steps to evaluate the following
integral.

Iﬂ: dx
0 1+2sin®x

2
sec” x dx

2
sec” x dx J‘Tr
0

sec? x+2tan’ x 1+3tan® x

T
_Io
[tan™ f 3 tan x)]
\E

Sol. Here, the Newton-Leibnitz’s formula for evaluating the defi-
nite integrals is not applicable because the anti-derivative,

flx)= f [tan™ (\f 3 tan x)]

. . T . Lo .
has a discontinuity at the point x = 5 which lies in the interval

[0,m].
LHL—hm—tan 1f{tan(—hﬂ atx=E
K043 2 2
— lim - tan"!
—hll_)rrl“/gtan (\Bcoth)
—hm tan”! (eo - 3
im e tan () =T ()
Also, RHL—hm—tan I\f{tan( +hﬂatx=rE
W03 2 2
- lim L fan~ (-
—hh_r>n0 Jgtan (\Ecoth)
= lim tan™! (—o0) = —

Lim f ; J§ ..(id)
From Egs. (i) and (ii), LHL #RHL at x=m / 2
= Anti-derivative f(x)is discontinuous at x=m /2.
So, the correct solution for above integral;

n sec’ xdx
_0 1+2sin® x IO 1+3tan’ x -t
. 0 fea=x)=-f(x)
Usmg,L f(x)dx= J‘ f(x)dx, f@a-x)=f(x)
We know, if f(x) =L"2 - x)= f(x)
1+3tan” x

/2 2 d
*. Eq. (iii) reduces to ] =2 .[0 M
1+3tan” x

( ut +/3 tan x=t = 3sec’x dx = dt)
p

T .
V3o 1442

2 I
—f[tan )]s

2 . ( j T
=—(tan teo—tan ' 0)=—| = -0

5 =5 ]
I“in
0 1+2sin®x \E

Remark

Students are advised to check continuity of anti-derivatives
before substitution of integral limits.

Ex. 27 if[’ |sin x|dx=sandj0“b

|cos x| dx =9,
b
then find the value of.[ X sin x dx.

b
Sol. We know, J. |sin x| dx represents the area under the curve
a

from x=a to x=0.
We also know, area from x=ato x=a+ T is 2.

b
J |sin x|dx =8
a

8T
= b—a=— (1
. @)
a+b
Similarly, J.O | cos x| dx =9
= a+b—0=97n (i)

From Egs. (i) and (ii),a=m /4, b=17n/ 4

. 17m/4 .
Hence, J. xsin x dx =J. ,, Xsinx dx
a n/4

17n/4
=[-xcosx]i* + J. cos x dx
/4

17n 17t @ T
=— """ cos —— + — cos — + [sin x|/ ~*
4 4 4

41

N
b
J. xsinxdxz—zx/in

sin (sin™" -1
Ex. 28 Evaluate [""" " cos(cos” x) | 4

cos (cosf] o)

sin (sin” ' x)
Sol. We know, cos(cos™" x) and sin (sin”! x) could be plotted as

sin(sin”! x) and cos(cos™" x) are identical functions.

sin(sin'B) cos(cos™! x sin(sin” ' B)
[ cos(eos x) 4 - L ldx=(B-0)
cos(cos” @) gin (Sil’lil x) cos (cos™ " o)
y=sin(sin"'x)

y=c0s(cos'x) O]

Tp--m---— i 1

1 1

i 1 :

1 1 — 1

— X X
1




B -
Ex. 29 Evaluate J. dx.
(04
B o .
Sol. Let I= j dx ()
o —
Put x=0tcos® t + Psin® ¢

x—o=0.cos’ t +Psin? t — o =P [sin(t) + ocos’t —1)]

=Bsin’t—asin®t = (x— o) =B — ) sin’ ¢
Similarly, B — x =B - o) cos®
dx=2(—o)sint costdt
where, x=0=sin’t=0 = t=0 (- a<P)
and x=Pp=cos’t=0 = t=m/2

*. Eq. (i) reduces to

J-n/Z

_J-TE/Z sint

([3 o)sin® ¢

-2(B—o)sint costdt
— o) cos® ¢

-2(B-o)sint costdt

. sin® ¢ _
cos® t

= (B—OL)J.OR/ZZ sin®tdt =B — o) J.omz(l —cos2t)dt

cost

sint
+

aste[o,n/z]}
cost

sin2t\"?
=@B-a)|t-
oo 1222
=B- (X)K— 7s1n11:j (O—ESinOﬂ:(ﬁ—oc)[E
2 2 2 |
i
=—PB-a
Z(B )
put ,/B—xzt_
Aliter Let Iz.[ﬁ or PB-x=t
* = —dx=2tdt
When x=0, thenf-a=t* = B-a=t
When x=p, then0=t* = 0=¢
o YJB-t")-o
I= ——(-2t)dt
= ; (-2t)

N !
=2_[0ﬂ JB-a)? =% dt

{‘/(BT 5t [Jst—o«]}jﬁ

b= sin_l(l)} —{0 + 7(6 ; o) sin_l(O)}}

Chap 02 Definite Integral 131

V@ +b%)/2 X

Ex. 30 Evaluate dx.
3a? +b2)/4 \/( —a?)(b? - x?)
\J@® +b%)/2 x
Sol. LetI= i dx ¢!
\/(3a2+bz)/4 \/(XZ_aZ)(bZ_XZ) ()
Put x*=a’cos’ t+ b*sin’ ¢t
= 2x dx =[2a* cost(=sint) + 2b*sin t (cos t)] dt
1
= xdng(bz—az)sintht
2, 42
For x2=a +b =a?cos?t+ b%sint,

2
a*+b*=2(1—sin’t)a® + 2b*sin’® ¢
or (a*+b?)=2a*+2(b*—a)sin’t
.2 1 T
= sin t=5 = cos2t=0 = t:Z

2, 12
3a“+b .
x?= . =a’cos’t+ b%sin’t,

3a + b* =4a® + 4(b* —a®)sin*t

For

.o, 1 1 T
= sin“t=— = cos2t=—- = t=—
4 2 6

Eq. (i) reduces to
w4 1

ne 2 \/
/4 ™ (m om) =
=-[ dt:(t} =(——— = —
/6 /6 4 6 12

eS¢ |:sin (x +Eﬂ
4
! d

X.

(b2 —a®)sin2t

dt
)sin? £ (b —a®) cos® ¢

Ex. 31 Evaluate J‘On/

cos x (1—sin x)

i
2%~ {sin (x + ﬂ
/4 4
dx

cos x (1 —sin x)

Y
Sol. Let Izjo

/4 eSBCX(

sin x + cos x) (1 + sin x)

dx

zﬁj'o
1 n/4 e
zﬁfo

1 J'T[/4 gSecx

cos x (1 —sin” x)

S€¢¥ (sin x + cos x) (1 + sin x) dx

COS X+ COS X

J2 o
1

-(sec x tan x + sec x)(sec x + tan x) dx

/4
J. €5°°* . [sec x tan x (sec x + tan x) + sec’x

V7Rl
+ sec x tan x]dx
1 n/4 secx 2
=T e -[sec x tan x(sec x + tan x + 1) + sec” x]dx

1 /4
:T'[ e%*°* . sec x tan x (sec x + tan x + 1)
0

)

/4
SeCx sec?x dx
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Applying integration by parts, /2 2
: _T (n—o)+4(1ogcosfj T aog
I =—={(sec x + tan x + 1) e5¢*} 8 24 8
NG 0
2 2 2
/4 2 secx 1 1 T4 secx 2 d =E 7'E-i-410gL _TE +T510g7—l
—J.O (sec x tan x + sec“x)-e x+EJ.0 e .sec” xdx 3 N 3 38
2 2
_ _L secx /4 21—111:10 ZZL—EIO 2
[{‘[““ 1+1)e} \E[e K 5~y Mlogz="—-log
V2 1 V2 1 2
=—(\5+2)e —\Ee——(e —e)=—(1+ﬁ)e — n 2
V2 V2 V2 V2 Ex. 33 EvaluateJ. LOSXZ dx.
(1+sin x)
2, .
n/4 x° (sin 2x —cos 2x) dx
Ex. 32 EvaluateJ. ( ) . _¢m x’cosx (T . -2
o . 2 Sol. Let I—_[ —_— x—.[ x“{(1+sin x)”“ cos x} dx
(1+ sin 2x) cos” x (1 +sin x) 0
n/4 x* (sin2x — cos 2x) dx Applying integration by parts,
Sol. Let1=f0 o — NN 4
(1+sin2x) cos” x I_(x2(1+sinx) J _jnzx.(1+sinx) dx
/2 - — 0 —
7J-0n 2 (sint — cos t) (put2x=1) 1 1

(1+sint)(cos’t/2)

2 n x

. =(-7 +0)+2_[ -
1 ¢mz  t2(sint—cost) ) 0 1+sinx
=7J.0 _ ..(i)

(1+sint)(1+ cost) [using’ .[oa ) de= .[Oa Fla—x) dx}
[using, J.Oa flx)dx= _[Oa fla—x) dx}

dx (1)

-
2 I=-m?+2 j -2 , ...(ii)
T : 1+smx
(E_tj -(cost—sint)
=,J'n/2 : ...(ii) Adding Egs. (i) and (ii), we get
470 (1+ cost)(1+sint) P
2l =-2m +2I ~dx
Adding Egs. (i) and (ii), we get 1+sinx
2 n 1-sinx
m
mt—— |(sint—cost) =-2n’+2n . o dx
1 rw2 4 cos” x
== dt (i) , .
470 (1+ cost)(1+sint) =-27" + 27 [tan x —sec x],
/2 int— t =—on? —(=1-1)]=-272
where,jn sint — cos di=0 2 +2n[0—(—1—-1)]=—2m" + 47
0 (14 cost)(1+sint) I——m’+om

[as J‘Zaf(x) dx=0,if f(2a—x)= —f(x)}
0 Ex. 34 Compute the following integrals.

*. Eq. (iii) becomes dx
_lj“/z nt(sin t — cos t) dt I S +x7 |”X7—0
0

8 (1+ cost)(1+sint)
m2 t{(1+sint)—(1+ cost)} dt (ii) I fx™+x"")Inx dxzzo
'[0 (1+ cost)(1+sint) T+x
_nJ-n/z tdt nJ-rr/Z tdt Sol. (i) Let t=Inx = x=¢
0 1+cost 870 1+sint de=e dt or @:dt
T2 tdt T2 (m/2-t)dt x
27-[0 1+cost_gJ.0 1+ cost Also, X=0 = t=—o0
om cm2 tdt mEopmz dt and X=eo = 1=eo
=?J.0 1+cost_g'|‘0 1+ cost J.OW f(x”+x7")lnxd—;:.|li fle +e™™)tdt=0
—.[ t(sec’t/2) dt——j (sec’t/2)dt (. integrand is an odd function of t)

t
€

=[7 fle"+e ™)t -dt
'I.’“ 142

0 0

e _ dx
/2 2 /2 (ii) fx"+x ") Inx-
n t n/2 t T ¢
=— (Zt-tanfj —J. 1-2tan—dt ——(Ztanf) '[0 1+x°
8 2 0 2 16



te'

Now, if h(t)=f(e" +e ™) —
1+e

_ 1 ¢! 1
Then, h(—=t)= fle ™ +€™)-(—1)- =
n=1 ) =) e +e! [ 1+e? et+et)

h(—t)=—h(t)
Thus, integrand is an odd function and hence
o dx
(x"+x ") Inx- =0
'[ 0 1 ) 1+ x°

Ex. 35 Show that
(a) Io sinxdx=1 (b) JO cosxdx=0
Sol. Let us first evaluate;
I =_[ e ¥sinxdx and ¥ =J. e ** cos xdx
Using integer by parts, we get
I=—¢ " cosx—sJ ...(3)
and F=e Fsinx+sl ...(ii)

Subtracting Eqs. (i) and (ii), we get

[ cos x + ssin x
2
1+s
§2
= F=e ¥|sinx————sinx— 5 COS X
s“+1 1+s

sin x —s cos x

1+5°

—e %

Thus, '[ e Ysinxdx= 5
0 sT+1

2

and J. e ¥ cosxdx=
0 s“+1

Now, J. sinxdx= lim e ¥ sin xdx = lim 5 =1
0 s—>0 Y0 s—>0s“+1

and J. cosxdx= lim e cos xdx = lim =0
0 s—>0 Y0 s—>0 s“+1

Ex. 36 Find a function g : R — R, continuous in[0, =)
and positive in (0, e°) satisfying g(0) =1and

%LX g%(t) dtzi( [ gty d )2.

Sol. Let f(x)= jo" g(t)dt
= f(x)=g(x)
1px ’ 2 1px 2 .
= | Cerd=_ [ e D)

S INCIE
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Iy g‘”T 1 (f)?

1
- -
2 X 2 X
T 1> _lM
= 2 Z[Jog(t)}dt_z x
2

Differentiating both the sides w.r.t. x, we get

’ _ 2
é[f,(x)]z _x2f0f (926) (f(x)

X

= %[g(X)]2 x* =2x f(x)(g(x)) = (f(x))*

N [xg(x)]zz{xg(x)j_z
f(x) f(x)

= t2—4t+2=0,wheret=Xg(x)
fx)

= t=4iJ§=2i\E or xf’(x)=2i\/§
2 fx)

= Inf(x)=2% V2 In x + constant
= f(x)=cx2+‘/E or cx?V?
= gx)=f"(x)=¢ X2 or c, XV

where, ¢; and ¢, are constants of integration.

But g is continuous on [0, <), then c, V2 is ruled out.
Hence, glx)=¢, x'* 2
Also, g0)=c'=1 = gx)=x"" V2

/
Ex. 37 Letl, = _Ln * tan" x dx (n>1and is an integer).
Show that
1 . 1 1

(i) In+ln—2=E (i) 2(n+])<ln<2(n_1)

/4 /4
Sol. (i) Given, I, = J.O tan”" x dx = J.O tan" "% x- tan® x dx

/4

/4 B B
:J‘ sec’ x- tan” zxdx—.[ tan" "2
0 0

x dx

1
:J‘O " 2dt—1I,_,, where t =tan x

1
ot 1
I+1, ,= L+, =
n—1 0 n-—1

(ii) For 0 <x <7 /4, we have 0 <tan” x <tan" % x

So that; o<I, <I,_,
IL+1,, <2l <I +1I,_,
= <2I, <
n+1 n—1
1 1
= <I <
2(n+1) 2(n—1)
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n 1—cosnx . .. Sol. To prove; sin2Kx =2sin x[cos x + cos3x + cos5x +
Ex. 38 IfU =‘[ ————" dx, where n is positive P [
..+ cos(2K —1) x]
Taking RHS, [2sin x cos x + 2sin x cos3x + 2sin x cos5x +
..+ 2sin x cos (2K —1) x]

1—cos x
integer or zero, then show thatU,,, +U, =2U
n/2 sin? n® 1

n+1°

Hence, deduce thatJ. -, = m =(sin2x) + (sin 4x —sin 2x) + [sin 6x —sin 4x) +
sin®0 2 ...+ (sin2Kx —sin 2K —2) x]
Sol. U U _J-n [1-cos(n+2)x]—[1—-cos(n+1) x] dx =sin2Kx
C oz P, 1-cosx n/2 n/2 [ sin2K:
Now,J sin2Kx-cotxdx=J. s1r.1 * -cos x dx
_J-n cos(n+1)x—cos(n+2)xdx 0 0 sin x
0 1—cosx /2
=IO 2 cos x[cos x+ cos3x+ ...+ cos(2K —1) x]dx
231n( n+2) X smg /2 d /2 d
= 1+ cos2x) dx + 4x + cos2
=J-0n dx '[0 (1+ cos2x)dx Io (cos 4x + cos2x)dx
. * /2
2sin 2 +...+J;) [cos2K x+ cos(2K —2) x]dx
sin (n + %) x But we know that,
(" . /2
Ups2o = Upsr = 0 7xdx (D) J (cos2nx)dx=0,Vnel and n#0
sing 0
/2 /2 T
= J sinZKx-cotxdxz.ll ldx+0=—
. ( 1) 0 0 2
sinfn+-|x
n 2 ..
:>Un+1—Un=J. —=dx ..(id)
0 sin > V3 1 . 2x
7 Ex. 40 EvaluateJ. ~ - sin > dx.
1+ x T+ x

From Egs. (i) and (ii), we get

sin[n+§)x—sin(n+l)x Sol. Let I= I sin_1 2x2 dx
Jn 2 2 d 1+ x* 1+x

Ups2=Ups1) Uy —=U,) = 0 X

. X
sin — . 2x 2tan 'x, if-1<x<1
2 Now, sin — |= - £
n 2cos(n+1)x-sinx/2 I+x m-2tan - x it x>1
Un+2+Un_2Un+1:.[ . dx
0 sinx/2 11 2x MO o 2x
T sI= > sin dx + J. 5 'sin 5 |dx
n sin(n+1) x 01+ x 1+ x? I 1+4x 1+x
=2_[ cos(n+1)xdx =2| ————| =0
’ n+l 0 Jd 2tan”' x +J-x/§ n—2tan_lxd
= Unea t Uy =200, - 1+ x° 1 1+x* *
= U,U,.,U, are in AP.
n+1>Yn+2 1 tan x NE) 1 NE) tan_lx
Now, U, _[ x=0 _2'[ 1+ x° nL 1+x2dx—2£ 1+x° &
1—cosx
n 1—cosx =2 d -2 i d Tx=
_J‘ = = J. tdt+ m(tan” x)l J;M tdt (put tan™ x=t)
1—cosx
9 /4 2 /3
U-Uy=m (common difference) =2(tj +Tc{tan_1\/§—tan_1 1}_2[tJ
U,=U,+nn=nn 2 Jo 2 )
U, =nn n? non n? n? 7,
.2 == 4yl 2l g
n/2 sin nG n/2 1—cos2nb 16 3 4 9 16 72
Now, I,=| o do=["" =" de
0 sin” 1—cos20
x .2 2 x  _,2
,J‘“ l-cosnx 1 . Ex. 41 Prove that.[ e et dt=e" MJ. e " dt
1—cosx 2 0 0
2 + 1
Sol. LetlzfxeX'~e “dr. putr=2"7% ==—dz
Ex. 39 Prove that for any positive integer K, 0 2
SinZKX 1 [X+ij (x+z]
x 2 x — -
T =2[CcoS X +C0S3X +...+c0s 2K —1) x] I=J' e et dt=f_|. e 2 el 2 g,
sin x 0 270x

Hence, prove that fon/z sin2Kx-cotxdx=§- :lf" e[izzj(x*x;z)dz :%j_’; e(xizj(’?)dz



X z
1px —— 1 .2 x  _.2
=— et 4dz==¢" /4~I e 7t dz
29-x 2 -x
1 .2 x 42 1 .2 x 2
Z*EXMJ et/4dtzfeX/4-2J. et gy
2 -x 2 0

[using, fa flx)dx=2 jo“ f(x) dx, when f(-x) = f(x)}

2 x _,2
:ex/4J' et/4dt
0

x 2 2 x _,2
= J. e xT dt=e" /4J. e dr
0 0

Ex. 42 If f(x)=¢* + jo‘ (e +te ™) f(t) dt, find f(x).

Sol. We can write f(x)=Ae* + Be *, where

A=1+[" f@)dr and B=[ tf()dr

0 0
A=1 +IOI (Ae' + Be ") dt =1+ (Ae' —Be_t)é
A=1+A(' -1)-B(e' -1)

= (2-e)A+(e'-1)B=1
B =j01 t(Ae' + Be™t)dt
=A(te' —€')g + B(-te " —e"),
B=A+B(1-2"")

= A-2'B=0

From Egs. (i) and (ii), we get
2(e—1) B=t" 1

A= 7 =
4e —2e 4—2e
2(e—1 e—1 _
Hence, flx)= ( g-e"+ e
4e —2e 4—2e

Ex. 43 If|a|<1, show that

J-n log (1+acos x) 1

dx=msin" ' a.
0 Cos X

Sol. Given,|a|<1
Let fla)= Ion log (1 +acos x) (1;::05 x) dx
cos x n dx
}

f@=["

cosx-(1+acosx)

l1+acosx

()

(differentiating w.r.t. ‘a’ using Leibnitz rule)

dx _
dt 1412
and when x =T, t — oo

2dt

1+1

= f (a):.[o Ha(l—tzJ

X
puttangzt:>

1+1¢°

when x=0,t=0

Sol. Let
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J-°° 2dt =J~°° 2dt
O 1A+t)+a@l-t3) 0 (1-a)t*+(1+a)
2 J‘” dt

= 2
1-a 2 1+a
"+

1—a

2 1 L ima) 2 =
== .~ ltan 't = =
1-a J1+a)/(1-a) It+a) Jl—az 2 \/1—a2

(integrating both the sides w.r.t. ‘a’)

= fla)=mnsin""a+c
log (1
But f(o):J-n og ( +0cosx)dx:0
0 CcOS X
= c=0

fl@)=msin"'a

Ex. 44 Evaluate J:)n/z cosec O tan~ " (c sin 0) d.

/2
flo)= IO cosec - tan™" (csin 6) dO
()= J~0n/2 cosec 0- (51;176)

5 do+0-0
1+4¢“sin“ 0

_ /2 do

_‘[0 1+c*sin® 0

2 cosec? 0do 2 cosec? 0do
_'[0 cz+cose026_‘|.0 (c*+ 1)+ cot?0

/2
1 [ _; cotB ]
- tan .
\/02 +1 \/C +1 )

T

[

24c2+1

Integrating both the sides, we get

flo=] J%zglog(c+,/cz+l)+A

where, f(0)=A
/2
But  f(0)= jo

- f(c)=glog(c+,/c2+l)

cosec Otan~' (0)dO=0

Ex. 45 Evaluate fon/z secO - tan” ' (a cos0) dob.

Sol. Given definite integral is a function of ‘a’. Let its value be I(a).

/2 .
Then, I(a) =J.0 sec 0-tan™ (a cos 0) dO

/2
—4 I' = . . +0-—
(a) J;) sec O I IPS cos0do+0-0

(using Leibnitz rule)

n2  sec?®
@ _‘[0 sec? 0+ a* @

J-n/Z 1
0 1+a’cos’0
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2
- jom _sec’0 (put tan 0=1)

1+ tan® 0+ a®

_-[0 t*+(a®+1)

v l ( _1\/ t ]

= tan  ——

2 2

a” +1 a“+1 0
1 T I

= (7_0) = ['(a)=—F—=

Jai+1\2 24Ja”+1

Integrating both the sides w.r.t. ‘a’, we get

=glog|a+\/a2+l|+c
Since, I(0)=0+C

= I(a)=§10g|a+ﬁ1+a2|

Ex. 46 Let f be a continuous function on[a, b]. Prove

that there exists a number x € [a, b] such that

X b
L f(t)dt = j f(t) dt.
Sol. Let g(x)= j " f(t)dt - j " ft)dt, x €[a, b]
= [ fydr and gb)=[" f@)dr

= g(a)-g<b>=—[ 1 dt)z <0

We have, g(a

Clearly, g(x) is continuous in [a, b] and g(a)- g(b) <0.

It implies that g(x) will become zero at least once in [a,b].

x b
Hence, t)dt = t) dt for atleast one value of x €|a, b |.
[" f@yde=|" f@ydiforatl Iue of x €[a, b]

Ex. 47 If f(x)=x+ [ Gy +x%y) (f(y)) dy. find f(x).
Sol. Given, f(x)=x+ x.[ol y? fy)dy + x* J.Ol y fy)dy

(14 [y rmay )+ [y smay)

= f(x)is a quadratic expression.

= f(x)=ax+bx* or f(y)=ay+by* (1)
where, a=1 +.[Ol y? f(y)dy =1+J‘0l y*(ay + by*)dy
1
(ay4 bySJ (a b)
=1+ —+—| a=1+| —+—
4 5 4 5
0
= 20a=20+5a+4b or 15a—4b=20 ..(id)
and b=["y f)dy =[ yay+by*)d
, Y0y =] ylay +by")dy
1
(ay3 by4] a b
=l —+— | = b=—+-—
3 4 3 4
0
= 12b=4a+3b or 9b—4a=0 ...(iif)

From Egs. (ii) and (iii),

180 80
=— and b=—r
119 119
. Eq. (i) reduces to
80x” +180x
fx)= 1

Ex. 48 Prove that
jo {jo () dt}du='[0 (x —u) f(u)du.
Sol. Here, applying integration by parts to

jo" 14 fo" f(t) dt} du

1I 1

u
i.e. taking ‘1’ as second function and J;) f(t)dt as first function,
we have

G e 0]
(uf) 0 dt): [

=x on f(t)dt - jox uf(u) du
[, =) fw du

- jo" fw)-udu

Ex. 49 Evaluate J-O3n/2 (log | sin x ) (cos (2nx)) dx, n€ N.

3m/2
Sol. Let I(n)= _[0 (log|sin x|)(cos2nx) dx

I il
3m/2
sin2nx ) J-SR/Z
2n

(using integration by parts)

s1n 2nx

I(n):(log|sinx| dx

3m/2 sin2nx- cos x 1 .
I(n)= 0_7_[ Td :0—511(n) ()
3mn/2
Let 1) =" sin@nx)cosx ;.

sin x

3m/2 sin(2n+2) x- cos x

I(n+1)= jo dx

sin x

3m/2 (sin(2n+ 2) x —sin2nx)- cos x

L(n+1)~L,(m)=], dx

sin x

dx

.[3n/2 2cos(2n+1) x-sin x- cos x

sin x

—f (cos(2n +2) x + cos2nx) dx

. 3m/2
sin(2n) x
+ =0+0
0

:( sin(2n+2) x

(2n+2) 2n
= IL(n+1)=L(n)=...=1,(1)
3m/2 sin2x-CoS X 3m/2 2sin X COS X+ COS X
Il(l)z_[ %dxz'[ —dx
0 sin x 0 sin x



3m/2 2 3m/2
=J 2 cos” x dx =I
0 0

( sin 2xj iz
=| x+
2

=10 = I(n)=—i11(n)

(1+ cos2x)dx

= L= [using Eq. (i)]

37t
I(n
(n)= "

Ex. 50 Evaluate J.O e *sin"x dx, if n is an even integer.
Sol. Here, I, :-[o e “sin" x dx
= (-sin" xe )5 + nJ. sin" ' x cos xe ¥ dx
0

o ~ ' o

=nI0 (sin" " x-cos x)(e” ) dx [where (—sin" x e”*)y = 0]
I 1I

=n[(-sin" " x-cosxe *)y

+(n—1) -[0 sin"? x cos®

o
xe Ydx —J sin” xe™* dx]
0

I, = n(n—l)J.Om e

=n(n—-1)I,_,-n’I,

n" 2 xdx—nZJ. e “sin”" xdx
0

= (n2+1)ln=n(n—l)1n_2
n(n—1)
n®+1

In: In—Z

Replacing n by (n —2),(n —4),...,2, we get

_(-2)(1-3) | _(=-)(=3) 1-9(-5) |
P m-2f+1 Y m-2%+1 (-4)P%+1
... and so on.

22-1)

L= 2241 h
:n(n—l)_(n—2)(n—3)_(n—4)(n—5) 22— l)
TPl (=241 (n-3)%+1 2241 f

n! n!

= — .IO:
I {1+@2r)%
r=1

( I, :J.owe_x dx = 1)

n/2
I 1+ 4r?
r=1

1
Ex. 51 Evaluate .[0 (tx+1=x)"dx,ne N andt is
independent of x. Hence, show

J.OTXk(1 —x)"*dx = !

"Cr(n+1)
Sol. Here, I:J.O1 (tx+1—
- x+1)"! '
RGN

n-1 n—

T+ 1 ()

X! dx:jo1 (t=1) x +1)" dx

1
=——{t"+1t
n+1
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1 1
Again, I =J0 (tx+1-x)"dx =J.O {A—x)+td" dx
=[G =0+ "G =0 )+ G, (1 )

(tx)? + ..+ "C.1—x)""(tx) +...+ "C, (tx)"} dx

—j { S "C(1-x)"" r(tx)}
:2 "C jo {(1—x)"" x"}dx (i)

From Egs. (i) and (ii),

2 "C.t -[o 1-x)"x"dx

r=0

n-1 n—2

1
=—1{t"+t +t"T L+ 1)

Equating coefficient of £* on both the sides, we get

n 1 n—k k
ckjo 1-x) dx = —

Ex. 52 Given a real valued function f(x) which is

monotonic and differentiable, prove that for any real

numbers a and b
b ) 2 _rfb
[ U @de=[

Sol. As, f(x)is differentiable and monotonic.

2x{b—f 7' (x)}dx

o f 7N (x) exists.

Let f i x)=t=x=f(t)ordx=f'(t)dt
As, x=fla)=f {f)=t=t=a
and x=fb)= f {fb)=t=t=b

’ Jff«f) 2xfh—f@hde=[ 2f00-0 O ds

=[] ®-ntro e

I

(1) {f(t P o
=—(b-a){f @+ [ 1f@F d
=" WP -tr@pya
=[P fr@pax

Ex. 53 Evaluate

J1 sin® (cos® B —cos” 1 /5) (cos” O —cos® 21 /5) 40
0 sin50 '

Sol. We know,

T 27
zlo—lz(zz—1){22—2cos(5jz+l}{zz—2(cos5jz+l}
2 4T 2 6T
X| z —2cos?z+1 4 —2cos?z+l
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5 1 1 n 1 2n 1
or z'-—=| z-— z—2cos—+— z—2cos—+ —
4 z 5 z 5 z

it 1 6T 1

X| z—2cos—+ — z—2cos—+—

5 z 5 4

Put z=cos0+isin®
= 2isin50=(2isin 0)(2 cosO—2cosm/5)(2 cosO—2cos2m /5)
X(2cos0—2cos4m /5)(2cosO—2cos6m/5)
= sin50=16sin O(cos’ O— cos® 1 / 5)(cos” O — cos? 2 / 5)
sin B(cos® B — cos® 1 / 5)(cos? B — cos® 2 / 5) 1
sin50 16

J-l sin B(cos” B — cos® 1 / 5)(cos? B — cos? 21 / 5) &0
0

sin 50
_ 7de_7
0 16 16
n ”C
Ex. 54 Show that |lim X —K—e—z.

n—e k=0 p (K 43)

Sol S— ) .

ol. lim _ —

n—>°°K20 n (K+3) n—> KZ nK

= lim 2 "Cy -

1 1 1
'[ xK”dx[‘.':J' xK”de
n—co 0 K+3 0

-[ (x Jim Igo ncK.(ZjKjdx

n— o

=J.1x2{ lim (l+£) }dx

0 n— oo n

=I1x2-exdx l: lim (l+£) =ex:|
0 n— oo n

1 1
=(x*-e )01_.[0 2x-e dx=e—2{(xe )B—J.O e dx}
=e—-2{e—e+1}=e-2

COs X

Ex. 55 Let! ='|M2 ————dx

0 acosx+bsinx
/2 i

and | =r de, where a >0and b >0.

0 acosx+bsinx

Compute the values of | and J.

Sol. - al +bj =§ ()

n/2 bcosx—asinx
and bl -aj = —dx
0 gcosx+ bsinx

bl - aJ =In[acosx + bsin x]7*

= bl-aJ=In (é) (i)
a
From Egs. (i) and (ii),
a’l +abj = %

b*I-abj=bln(b/a)

Again, abl + bl =

abl -a*J=aln(b/a)

1 [bn b
sl

Aliter Convert acosx + bsin x into a single cosine say
cos (x+ ¢)and put(x+ ¢)=t.

and

On subtracting, we get J =

- Inxdx
EX. 56 Evaluate j 2—
O x®+2x+4
Sol. I = Zlni (put x =2t = dx =2dt to make coefficient of
0 x“+2x+4
x* and constant term same)
B °°1n2+1ntdt_lr172 © dt L Intdt
0 4P +t+1) 2% PPhrt1 2% Pt
L I, =zero
o] 1 1
ZZJ- Zni t :7$dt:—7dy
Ot +t+1 y y
0 Iny-(+1)
P N F VN
= (1 1 ,
[2++1)y
y
0 Inydy 0 Inydy
Iz=.[ 2 =_I 2 =-1,
< yi+y+1 Yy +y+1

- e
NOW’ IIZJ. d—tzz itan_lw
]
t+—| +| —
2
—i{ﬁ_ﬁ}_ﬂ . 2 2n _mn2
\/f’: 2 6 3\/§ o 2 3J§ 3J§
Note Fora>0,I= MM:O

0 ax’*+bx+a

[Hint By putting x=1/t, we get I =-1I, so I =0]
Ex. 57 Find a function f, continuous for all x (and not

X f(t)sintdt

zero everywhere) such that f*(x) = '[0
2 +cost

x) Io

(Note that f?(x) being an integral function of a continuous

smt
2+ cost

Sol. We have,

function is continuous and differentiable)

2f(x) f(x) = L) I X

2+ cosx
C-In(2+ cosx)
0 =C=In3

1 3
x)=—In———
fix) 2 2+ cosx

Integrating, we get 2 f(x) =
- x=0 = f(0)=



-1 -1
>~ tan ax-tan .
Ex. 58 Evaluate IO l de, wherea is a

parameter. B o x
Sol. Let 1:J'°° fan “ax-tan x
0 x
dl = 1-x < dx
—= dx =
da '[0 (1+a2x2)x '[0 1+ a®x*
1 1 T
— =—latan x|, =—
-[ 2[ Iy 2a
aZ
J.dlzE @ = I=Elna+C
27 a 2
Whena=1and [ =0thenC=0
Hence, Izglna
1 In(1-a’x?
Ex. 59 Evalute J:) de (a® <1).
(1-x?)
Sol. Let —Jl In(1-a x) dx,|al <1
T 1 =2
dar _[ a;c s dx (put x =sin6)
da 0 (1- ‘lx)xz 1-x°
2asec’ 0dO

=J-n/2 2ado _J~n/z

0 g%sin?0-1 a*tan®0-(1 + tan’0)

_J‘H/Z 2a sec’0do
tan 0+1

(put tan0=1)

o 2adt 2a oo dt
=,[ 2,2 or-— 2 _[
0 (1-a”)t“+1 (1-a%)
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2 _ o T2 s
- [tan ' tW1-a? ] =- L
V1-a? 21-a° 1-a°

or I=mV1-a*+C

If a=0and I =0,thenC=-7

I:n(m—l)

Ex. 60 Evaluatej;n/2 In(mj (Ja]<1).

T-asinx ) sinx

1-asinx

/2 +
Sol.Let  I= j” (1 “Smx] (lal<1)
sin x

J-n/Z 2sinx dx
0

(1-a’sin x) sin x

dx

_jn/z 2sec’ x
1+ tan®x-a’tan®x
2
_J~7r/2 2sec” x

_ (put tanx =t)
0 (1-aYtan’x+1

_J~°° 2dt 2 J~°° dt
0 (1-at*+1 (1-a)0 1)
2+

[tan '(tvV1-a®)]

=
\/1 a’ \/ -a*
Tda

= dl =

V1-a?
Whena=0andI=0,thenC=0
I =msin'(a)

Hence, I=msin'a+ C



Definite Integral Exercise 1:

Single Option Correct Type Questions

+ (y" —4y +5)sin(y —2)dy .
. The value of-l'0 Oy —8y +1) is
(@) 0 (b) 2
(c) -2 (d) None of these

. Let f(x)=x? +ax +band the only solution of the
equation f(x)=minimum f(x)is x =0and f(x) =0has
root o and [3, then Ij x* dx is equal to

1., 4 l 2 _ g2
(a)Z(B +a’) (b)4(a b%)
(c) O (d) None of these
" J(3-2sin’t)dt + [ costdt =0, then |:dyDatx=T[
Jo J; then B B
and y = Ttis
(a)3 (b) -2
(c) - V3 (d) None of these
. J_4 sin ' (sin x) + cos "' (cos x) = ngng + x )é
” a

(1+x )D+g%

L Le-
+bTTtan ™ % [I(where, [[denotes greatest integer
A+l

function), then number of ways in which a = (2b +¢)

. . C . a
distinct object can distributed among

persons
equally, is
b2 b @)1
(3') (4’ G’ @’
. The value of the definite integral
© dx .
I ——————(a>0)is
O (1+x")(1+x?)
s T
= b) —
(a) 1 (b) 5
()T (d) Some function of a

. The value of the definite integral
31/4

L [(1+ x)sin x +(1 —x) cos x]dx is

3T T
2 tan — b) 2 tan —
(a) 2 tan s (b) 2 tan .
(©)2 tan & o
8
-1
. LetC, = ! tan_ (nx) dx, then lim n® [T, is equal
Un+1 gin 1 (nx) no
to
(a) 1 (b)o
1
(c)-1 (d) -

2

0 0
8. If x satisfies the equation : Lﬂxz

° t* +2tcosa +10

Os t*sin2t [0
~ B,z Sin2t JHx -2 =0(0< a < ), then the value of
42 4 0

xis

(b) + 2sina
2sin O - a

(d)+2 sin
sin O a

9. If f(x)=e*" and g(x) = J’ — then f'(2)is equal to
(a) 2/17 (b)o
(o)1 (d) Cannot be determined

10. If g, b and ¢ are real numbers, then the value of

lim In t (1 + asin bx)* dxJequals
. q

t—- 0

(a) abe (b) ab
c
be ca
(c) ; (d) ?
11. The value of nh}r:c rr:z: \f?n/%/ilélﬂ is equal to
1
(a) g (b) a
1 1
(c) B (d) g

12. Let f(x) :J'_Xl e’ dtand h(x) = f(1 + g(x)) where g(x)is

defined for all x, g’ (x) exists for all x, and g(x) <0 for
x>0.If ' (1) = e and g' (1) = 1, then the possible values

which g(1) can take
(a) 0 (b) -1
(c) =2 (d) —4

13. Let f(x)be a function satisfying f'(x)= f(x) with
f(0) =1and g be the function satisfying
flx) + g(x) =x".

The value of the integral J’: f(x) g(x)dxis
(a)e—%ez—f (b)e —e* -3
1 1 3
Ze-3 de--e -2
(c) ) (e =3) (de 5¢ 7,



14.

15.

16.

17.

18.

19.

20.

Letf(x):f(x) dt N
1+t
where g(x) = [ (1 +sin t) dt. Also, h(x) =~ and
F(x)=x*sin L, if x #0and £(0) =0, then f" %@s equal to
X
() I'(0) (b) (0 -)
(K (07) (d) lim Lo *

-0 xsin x
For f(x)=x" +|x|,letI, =Ln f(cos x) dx and

n I
I = J_O 12 f(sin x) dx, then 1—1 has the value equal to

2

(a) 1 (b) 1/2
(c)2 (d) 4
Let f be a posmve function. Let
L[, () fx=x)dal, = [ flx(1-x)dx

I,
where 2k —1>0. Then, I— is
1

() 1/2
) 2

(a) k
()1

Suppose that the quadratic function f(x)=ax* +bx +c

is non-negative on the interval [—1, 1]. Then, the area
under the graph of f over the interval [—1, 1] and the
X-axis is given by the formula

(a) A = f(-1) + f1)
_ 1

b) A —f@;@ f%@

(A= % L (-1) +2/(0) + £(1)]

(A= § LF(-1) + 4£(0) + f(1)]

Let I(a) = J’: % +asin xg dx, where ‘@ is positive real.

The value of ‘@’ for which I(a) attains its minimum value,

(a)‘/ ‘/ﬂ = ()\F (d)\/g

The set of values of ‘@’ which satisfy the equation

I (t —log, a)dt =log, %@18

(a)a OR (b)ya OR"
(c)a<2 (d)ya>2
O x + 12 O

lim %ﬁ li/ % dt%is equal to
X - 0 —1/x + e

1 2
(a) g (b) g
(01 (do

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.
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2008
The value of\/T[ %’0 x| sin Ti | dx%is equal to

() v2008  (b) 142008 (c) 1004 (d) 2008
lim S n 0i 1
"{""’kzl n2+k2x2’x> is equal to
(a) x tan™" (x) (b) tan™ (x)
© tan™ (x) ) tan 2(x)
x x

Let a>0and f(x)is monotonic increasing such that

f(0)=0and f(a) thenI fx)dx+I 7 (x)dxis
equal to
(@)a+b  (b)ab+b ()ab+a  (d)ab
143 x* B 2x 143 x?
If ! = h
I—WE —— cos T dx kI 1_x4,ten
‘k’ is equal to
(a) Tt (b) 270 © 2 @1
J'm f%( + l@dﬂ dx is equal to
0 X X
(a) 0 (b) 1
(c) % (d) Cannot be evaluated

. 1 A %M .
Ahfn0 %0 (1+x)" dxg isequalto

@22 (b2 (©In2 (d) 4
e e

If g(x)is the inverse of f(x)and f(x)has domain
x 0[1, 5], where f(1) =2and f(5) = 10, then the values of

Jf f(x)dx + J'Zm &(y) dy is equal to

(a) 48 (b) 64 (c) 71 (d) 52
The value of the definite integral
J'Ow sin x sin 2x sin 3x dx is equal to
1 2 1 1
- b) - = -2 4=
(a) 3 (b) () 3 ( )
If f(x I ( f (t)) dt, f : R —» Rbe differentiable function

and f(g(x))is differentiable function at x = g, then
(a) g(x) must be differentiable at x = a

(b) g(x) may be non-differentiable at x = a

(c) g(x) may be discontinuous at x =a

(d) None of the above

The number of integral solutions of the equation
» Intdt

4J’0 ; 2 —Tln2=0;x>0,is
x° +t

(a)0 (b) 1 (c) 2 (d)3
16n° /0 Tk, . 1

J'O cos 5 EWde is equal to

()0 (b) 1 (c) 2 (d)3
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32,

33.

36.

37.

38.

39.

40.

41.
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IfI__: (ax? =5)dx =0and 5 +f (bx +c¢)dx =0, then

(a) ax® — bx + ¢ =0 has atleast one root in (1, 2)
(b) ax® = bx + ¢ =0 has atleast one root in (-2, —1)
(c) ax® + bx + ¢ =0 has atleast one root in (=2, —1)
(d) None of the above

The value ofJ': (\/x +.,/12x =36 +\/x —/12x —36)dx

is equal to
() 6v/3 (b) 43
(c) 1243 (d) None of these

Definite Integral Exercise 2 :

4.1 = J’_"n (Ix +1x? +2} +{x® +3}{x® +4})dx, (Where,

{} denotes the fractional part), then I, is equal to

(a) —% (b) - 3 (c)% (d) None of these
35 Let 1, I nz sin (2n X 3 J_n/z sin® nx nON,
0 sin x sin® x
then
@0 =7, =1, ®) =T =1
(C) 3n +1 + jn :-771 (d) ]n +1 _jn +1 zjn

More than One Option Correct Type Questions

If f(x)=[sin™" (sin 2x)] (where, [] denotes the greatest
integer function), then

(@) J’O"” f(x) dx :g —sin™ (sin 1)

(b) f(x)is periodic with period Tt

(©) lim f(x)=-

X —

(d) None of the above
Which of the following definite integral(s) vanishes?
(@) J’:/zln (cot x) dx (b) I:"sirﬁ x dx

m 1+ 2
(d)In czos xdx

The equation 10x* —3x* —1 =0has

¢ dx
© -[1/2 x(In x)'"?

(a) atleast one root in (=1, 0)
(b) atleast one root in (0, 1)
(c) atleast two roots in (=1, 1)
(d) no root in (-1, 1)

Suppose I, :I:/Z cos (Ttsin® x) dx;

/2 /2
I, =J'0 cos (2T sin® x) dx and I, :.[0 cos (Ttsin x) dx,

then
(@I, =0
(I +1,+1, =0

Let f(x J' (1 —=|¢]) cos (xt) dt, then which of the

(b)I, +1,=0
@i, =1,

following holds true?
(a) £(0) is not defined
(b) lin}) f(x) exists and is equal to 2

(c) lin%) f(x) exists and is equal to 1
(d) f(x)1is continuous at x =0
The function f is continuous and has the property

f(f(x))=1-xforall x J[0,1]and ¥ =I01 f(x) dx, then

0 s rBE=1

(b) the value of ¥ equals to 1/2

© fRH BH=1

/2 sin x dx

(d) J' ———————— has the same value as J
(sin x + cos x)’

42. Let f(x)is a real valued function defined by
f)=x" +x" [ afdt+x [ fn)d,
then which of the following hold(s) good?

1 10 30
=" b -1 =2
(@ [ tf@)dt I (b) f@) + f(-1) I

(C)J'i1 tf(r) dt >J’i1 fdt @) fa) - f(-1) :%

43. Let f(x)and g(x)be differentiable functions such that
f(x) +J'0X g(t)dt =sin x (cos x —sin x) and

(f"(x)?* + (g(x))* =1, then f(x)and g(x) respectively,
can be
(a) % sin 2x, sin 2x (b) €os 2x, cos 2x

(c) % sin 2x, — sin 2x (d) —sin® x, cos 2x
44. Let f(x) :J'_x (t sin at + bt +c)dt, where a, b, c are

. X
non-zero real numbers, then lim f(x)
x -0
x

is

) independent of a

(a
(b) independent of a and b, and has the value equals to ¢
(c) independent a, b and ¢

(

d) dependent only on ¢

45. Let L = lim n dx , where a R, then L can be
newde g4yt
(a) Tt (b) TU/2 (© 0 @1



Definite Integral Exercise 3
Passage Based Questions

Passage 1
(Q. Nos. 46 to 48)
x t* dt

Suppose lim =1 where

x-0  hx—sinx
pUON, 2 2, 0, Oandb % 0.

46. If [ exists and is non-zero, then

()b >1 (b)0o<b<1
(c)b<o0 (db=1
47. If p =3 and [ =1, then the value of ‘@’ is equal to
(2) 8 ()3
©6 (d) 3/2
48. If p =2and a =9 and [ exists, then the value of [ is equal
to
3 2 1 7
2 b) < z L
(@) 5 (b) 3 (c) 3 (d) 5
Passage 11

(Q. Nos. 49 to 51)

Suppose f(x)and g(x)are two continuous functions defined
1
for 0 x< 1. Given, f(x) :IO e Of(t) dt and

g(x)=J'ol ¢ k(1) dt +x
49. The value of f(1) equals

(@) 0 (b)1
(©)e” (e
50. The value of g(0) — £(0) equals
2 3 1
(a) P (b) o (c) g (d)o
51. The value of @ equals
g(2)
(@0 (b) * ©—~ @ =
3 e e
Passage 111

(Q. Nos. 52 to 54)

We are given the curves y = I_( f(t)dt through the point

@, %Qany y= f(x) where f(x) >0and f(x)is differentiable,

OxOR through (0,1). Tangents drawn to both the curves at
the points with equal abscissae intersect on the same point on
the X-axis.
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52. The number of solutions f(x) = 2ex is equal to
() 0 (b)1
(c)2 (d) None of these

53. lim (f(x))"" is

(a) 3
(o)1
54. The function f(x)is

(a) increasing for all x
(c) decreasing for all x

(b) 6
(d) None of these

(b) non-monotonic
(d) None of these

Passage IV
(Q. Nos. 55 to 57)

fx)= J’OX (4t* —at’ ) dt and g(x) is quadratic satisfying

g(0)+6=g"(0)-c=g"(c)+2b=0 y=h(x)and y =g(x)
intersect in 4 distinct points with abscissae x,;i=1,2, 3,4 such

that 5 - =8,a,b,cOR" and h(x) = f'(x).
xi

55. Abscissae of point of intersection are in

(a) AP (b) GP
(c) HP (d) None of these
56. ‘@ is equal to
(a) 6 (b) 8 (c) 20 @) 12
§7. ‘¢’ is equal to
(a) 25 (b) 25/2 (c) 25/4 (d) 25/8
Passage V
(Q. Nos. 58 to 60)
Let y = J';:: f(t)dt,let us define % as %
=v' (x) f7(v(x))—u' (x) [ (u(x))and the equation of the
nodn (x—a).

tangent at (a,b)and y — b = %E
X a.b)

2

58. 1fy = J'X t* dt, then the equation of tangent at x =1is
@ x+y=1 (b)y =x-1
©y=x @y=x+1

59. 1fy = IXZ (In t)dt, then lim % is equal to
x x

x- 0

(a) 0 (b) 1 (c)2 (d) -1

x

60. 1f f(x) ZJ; el (1 —tz)dt,thendixf(x)atx =1is

(@0 (b) 1
(c)2 (d) -1
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Passage VI (Q. Nos. 61 to 62)

0 1 H
Consider f:(0, o) - %E’ "Hdefined as f(x)=tan"' 0g, f a
22 Mlog, x)* +10

61. The about function can be classified as 62. The value of Iw [tan]dx is equal to (where, [[Idenotes
(a) Injective but nor surjective 2 .
(b) Surjective but not bijective the greatest integer function)

(c) Neither injective nor surjective (a) —— (b) ;

(d) Both injective and surjective

(c) -1 (d)1
[ ] [ ] [ ]
Definite Integral Exercise 4 :
Matching Type Questions
. 1 T . . 2
63. Let lim —J’ (sin x +sin ax)® dx = L, then
T— o TJo Column | Column 11
Column 1 Column 11 (B) The value of the definite integral (@ e
1 P Ve .
(A) Fora=0,the value of L 1is (p) 0 J'O e’ dx+ .[1 y—In x dxis equal to
(B) Fora =1, the value of Lis (q) 1/2 1 1) &
. © . Om..@m-)'Go
(C) Fora = -1, the value of L is (r) 1 ’}EH‘}O SRRy H equals
(D) ForaOR- 1 1,0,1}, the value of L s (s) 2
(s) e
64. Let (6= ' (x +sin 6)* dx and g(8) = : (x + cos 0)* dx
f -[0 & I“ 66. Match the following.
where 0 [0, 211]. The quantity f(0) — g(8), U Oin the
interval given in column I, is Column | Column Il
Column | Column 11 (A) If f(x) :Igm dr , where () 2
0 1+ t3
(A) 3 (p) negative
v g(x) :.[o (1 + sin #*) dt, then value of
(B) élﬂ TID (qQ) positive A %@is
478
(C) BT 7m (r)  non-negative (B) If f(x)is a non-zero differentiable (@ 2

H2 4 function such that J'(: fydt={f(x)},
(D) O ™ n (
D, Z@D Q% o]

65. Match the following.

w2

) non-positive O\ R, then f(2)is equal to

© 1 J’b @+ x —x?) dx is maximum, then ~ (@® 1

a + bis equal to

Column | Column 11 D) Iflim F1n32x tat %@: 0. then 3a + b (s) -1
x

_ x- 0 X
A) 2008y 20 (p) e
.[0 (I+2008x™") ¢ dxequals has the value
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Definite Integral Exercise 5 :
Single Integer Answer Type Questions

67. If f(x)= Z smnx dJ' f(x)dx =log ?@ then the value of (m +n)is
n

n=1

cos x dx

68. The value of = _[ ————————— (where, [[Jdenotes greatest integer function) is ...
T2 142 [sm (Sll’l X)]
69 If f(x) I"/Z sin ne de( ), then the value of M
sin” 6 £(15)~ f(a)

. Let f(x)=[ e """ dt and g(x) = (h/ x), where h(x)is defined for all x (k. If "> =e* and k' (2) = 1. Then, absolute value
70 (x)= e *"'dr and g(x) = (h/ x). where h(x)is defined for all x Dk If g"* = ¢* and k' (2)= 1. Then, absolute val

of sun for all possible value of h(2), is

71. If = IOH "sin x og (sin x)dx =log ?@ Then, the value of K is ...
e

Definite Integrals Exercise 6 :
Questions Asked in Previous 10 Years' Exams

[|] JEE Advanced & ”T'JEE 76. The option(s) with the values of a and L that satisfy the
AT 6 4
e'(sin® at + cos” at)dt
72. The value ofJ'm2 x” cos x dx is equal to equation Io ( ) =L, is/are
2 w2 1+e” [Only One Correct Option 2016] Ionet(sin(’ at +cos® at)dt
1
(a) 7 -2 (b) —+2 [More than One Correct Option 2015]
9 —T1/3 n 4T _ 410
(©m —e™ (d)Tt + e (@a=2L=" 11 (b)aZZ,L:en_:ll
e - e
73. The total number of distincts x (1[0, 1] for which an an
e —1 e +1
£2 (Ja=4L=— (da=4L=—
x dt =2x —1is e —1 e +1
L 1+t*

[Integer Type 2016]
= Directions (Q. Nos. 77 to 78) Let F': R » R be a thrice

differentiable function. Suppose that F(1)=0, F(3)=-4
x0 %E — Then, the correct expression(s) is/are and F" (x) < 0 for all x (1, 3). Let f(x) = xF(x) for all x U R.
2 2

74. Let f(x)=7tan® x +7tan’x-3tan*x-3tan’ x for all

77. The correct statement(s) is/are

[More than One Correct Option 2015] [Passage Based Questions 2015]

(@) I Fx) dx = i (b) J'On/4f(x) dx =0 () f(1)<0
s (b) f2) <0

(c) Io xf(x) dx :g (d) Io flx)dx =1 (c) f'(x) # 0 for any x (1, 3)

1925 (d) f'(x) = 0 for some x [I(1, 3)

75 Let f1(x) =~ forallxORwith f %QZQ it 78.1f [ x* F'(x) dv=~12and ['x* F"(x)dx= 40, then the

m< I:/zf(x) dx £ M, then the possible values of m and M correct expression(s) is/are
are [More than One Correct Option 2015] @9f @)+ f(1)=32=0 (b) Lf(x) dx =12
(a)m=13 M =24 (bym = M= ©9F6)- F()+32=0 (@ [ f(x)dx =12

(cym=-1,M=0 dm=1,M=12
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79.

80.

81.

82,

83.

84.
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. Ox], x<2
Let f: R — Rbe a function defined by f(x) = ,
%), x>2

where [x]denotes the greatest integer less than or equal

2
tox.If I = IZ _ ) dx, then the value of (41 — 1) is

o2+ f(x +1) [Integer Answer Type 2015]

R 2+9x:0 -
Ifa :J’l(eg" Jtan xy MDdx, where tan™" x takes
0 O1+x* O

o 31,
only principal values, then value of Qoge 1+a]|- anls
[Integer Answer Type 2015]

/2
The integralI / (2 cosec x)"dx is equal to
T /4
[Only One Correct Option 2014]
u —u\16 log(1 +ﬁ) u —u\17
20" +e™)°du (b)J' (e +e™)'du
0
log(1 ++/2)

@J

Let f:[0,2] - Rbe a function which is continuous on
[0, 2] and is differentiable on (0,2) with f(0) =1.

log(1 +4/2)

@ |,

log(1 ++/2)

(c) Iu (e" —e™) " du 20" —e™)du

Let F(x) =IO"2 F(Jt)dt, for x O[0,2). IFF' (x) = £ (x), 0

x [J(0,2), then F(2) equals
(a) e* -1
(c) e—1

[Only One Correct Option 2014]
(b) e' -1
@@ ¢

Match the conditions/expressions in Column I with
statement in Column II. [Matching Type 2014]

Columnl | Column 1l

A. I dx p. 1 @

I-l 1+x* Elog%
B. 1 dx q. @

J'O = ZIOg%
C 3 dx r T

IZ 1-x7 3
D 2 dx S n

I' xvVx* =1 2

Match List I with List IT and select the correct answer
using codes given below the lists. ~ [Matching Type 2014]

List | List 1l

The number of polynomials f(x) with non-negative
integer coefficients of degree < 2, satistying

£(0)=0and I; () dx =1,is

p- 8

The number of points in the interval [—\/ﬁ 13 lat q. 2
which f(x) = sin(x?) + cos(x”) attains its maximum
value, is

85.

86.

87.

88.

89.

90.

List | List 11
2
J'Z 3x dx equals " 4
21+¢€
O 12 - Dl+xmd% S 0
g_mcos X ogBEH xE|
equals
A" cos 2x1 DIBL"DdB
cos 2xlo
HO riog l—xH xD
Codes
A B C D A B C D
(@ r q s p b)q r s p
() r q p s dq r p s

Od? u
The value ofJ';4x3 Eﬂ%(l —-x")’Qdx is
x 0
[Integer Answer Type 2014]
- xU

e O
The value of the integral In O’ +log [Jcos x dx
) - iz ] i+ xU
is
[Only One Correct Option 2012]
2
(2) 0 b) = -4
2
™ ™
—+ 4 d) —
(c) 5 (d) .
N i 2
The value of * ; xsmx —dx is
Vg2 gin x* +sin (log6 — x*)
[Integer Answer Type 2011]
1 3 1 3
~log> b) ~log>
(a) 2 log ()zog2
3 1 3
log— d) —log—
(c) log 5 (d) S log

Let f:[1, ©] - [2, o] be differentiable function such that
fay=2 Iféjle(x) =dt =3x f(x)—x’,0 x>1then the

value of f(2)is .... [Integer Answer Type 2011]

1 x4 (1 _ x)4
The value(s) of J' ——— "7 dxis (are)
s 1t x*
[Only One Correct Option 2010]
22 2
] b) —
(a) S (b) 105
71 3T
0 d) ———
(c) (d) 5

For a R (the set of all real numbers), a # — 1,

lim (1 +2° +... +n") _1
- (n+1)" " [(na +1) +(na +2) +... +(na +n)] 60

Then, ais equal to
(@) 5

© =

[More than One Correct Option 2010]
(b) 7

@



= Directions (Q Nos. 91 to 92) Let f(x) =(1 -x)* sin® x +x2,
*[2(-1) d
Ox O = -1 Ox O(1, o).
x ORand g(x) L 1 ntHf(t)dt x 0(1, o)
[Passage Based Questions 2010]
91. Consider the statements
P: There exists some x R such that,
fx)+2x =2(1 +x?).
Q: There exists some x O R such that 2f(x) +1=2x(1 +x).
Then,
(a) both Pand Qare true  (b) Pis true and Q is false
(c) Pisfalse and Qis true (d) both Pand Q are false

92. Which of the following is true?
(a) gisincreasing on (1, )
(b) gis decreasing on (1, o)
(c) gisincreasing on (1, 2) and decreasing on (2, )
(d) gis decreasing on (1, 2) and increasing on (2, ©)

93. For any real number x, let [x] denotes the largest
integer less than or equal to x. Let f be a real valued
function defined on the interval [-10, 10] by

Ox—[x[, if f(x)isodd
f) =10 , .
o+ if f(x)is even

[x[—x,

™ o .
Then, the value of—J‘ f(x)cos Tix dx is......
10710 [Integer Answer Type 2010]

(i) JEE Main & AIEEE

3M/4 dx

97. The integral is equal to

w41+ cos x
(b)-2
(d) 4

[2017 JEE Main]
(a)—1
(c)2

98. Let I, :J'tan”x dx,(n>1).1, +I, =atan’ x +bx’ +C,

where C is a constant of integration, then the ordered
pair (a, b) is equal to [2017 JEE Main]

@zl OFsH ©Fd @ -if

/n

[n +1)(n +2)...3n0

99. lim o is equal to
ne o n H [2016 JEE Main]
(a) g (b) 2 (c) % (d)3log3 -2
e e e
log x*

100. The integral [
' & -[2 log x* +log(36 —12x +x7)

[2015 JEE Main]
(d)6

dx is equal to

(a)2 (b) 4 (c)1

L1
101. The integralj'\/l +4sin® ~ —4sin > dx s equal to
b 2 [2014 JEE Main]

(b)%"—4—4£

(d)4+/3 -4 -1/3

()t -4

(c) 43 — 4
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94. Let f be a non-negative function defined on the interval
[0,1]. IfJ': 1-(f'(t)* dt = J':f(t)dt, 0<x<1land

f(0)=0, then [Only One Option Correct 2009]

(a) f%@<% and f%@>§ (b) f%§>% and f%§>%
(©) f%§<% and f%§<% ) f%@>% and f%@<%

n sin nx

95. 11, =~ =——dx,n=0,1,2...,then
“T(1+T0) sin x

[More than One Correct 2009]
10

(@1, =1, ) S L., =107

2 mz:] 2 1
10
(c) ZIZ’” =0 @I =I,,

n—1

96. LetS, = " and T, = " for
= n’ +kn+k° = n’ +kn+k°

n=123..., then [More than One Correct Option 2008]

T T
(@S5, <ﬁ () S, >ﬁ
T T
OL< 5 DT>

102. Statement I The value of the integral
/3 dx

I’”" 1+.,/tan x

Statement II Ib f(x)dx = Ib fla+b—x)dx

[2013 JEE Main]

is equal to TT/6.

(a) Statement I is true; Statement II is true; Statement Il is a true
explanation for Statement I

(b) Statement I is true; Statement II is true; Statement II is not a
true explanation for Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

103. The intercepts on X-axis made by tangents to the curve,
y= J'OX | t|dt, x OR, which are parallel to the line y = 2x,

are equal to [2013 JEE Main]

(@) 1 (b) *2
() +3 (d) +4
104. 1f g(x) :J'Ox cos 4t dt, then g(x + 1) equals [2012 AIEEE]
@ 2 ) g+ g (©) ) - &) (@ gx)
&(m)
105. The value ofjlw dx is
© 1+x?

[2011 AIEEE]

(a) g log2  (b) g log2  (glog2  (d)mlog2
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n . . .
106. For x [ @) %‘[Q define f (x) = J_Ox Ji sint dt. Then, f has 108. Io [cot x]dx,[ ]denotes the greatest integer function, is

[2011 AIEEE] equal to [2009 AIEEE]
(a) local minimum at Ttand 2Tt (a) mn (b) 1
(b) local minimum at Tt and local maximum at 27t
(c) local maximum at Tt and local minimum at 27Tt _ _n
. (c) -1 (d)
(d) local maximum at Tt and 27T o ) 2
107. Let p(x)be a function defined on R such that 109. LetI = J'w dxand J =J‘w dx.
lim f(3x) =1, p'(x)=p'(1— x),for all x J[0, 1], p(0) =1 ’ Vx ’ Vx
e f(x) P P ’ kP Then, which one of the following is true?  [2008 AIEEE]
1 2 2
and p(1) = 41. Then, J'O p(x)dx equals 2010 AIEEE] (a) I> 3 and 7 >2 () I< 3 and J <2
(@) Va1 (b) 21 (c) I<gand3‘>2 (d) I>gand3<2
(c) 41 (d) 42 3 3
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L)  2.(a) 3. (b) 4.(b) 5. 6.(d) 48. (b) 49.(a)  50.(a) SL.(b) 52.(b) 53.(c)
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Solutions

? —4y +5)sin (y —2)dy

1. Let]= I: v

@y* -8y +1)
Put y—-2=z
g dy =dz
0 = IZ (z + 1)sinz
(2z% -7)
ad I=0,as Ji f(x) dx = 0,when f(-x) = — f(x)

(z° + 1)sinz
(2z°-7)

. Hence, f(x)=x" +ax -b

dz is an odd function.

and flz)=

The solution of f(x) = minium f(x) is x = —?a.

Given, f(X) pinimam 1S at X = 0.
g 920 or a=0
2
0 f(x) =x* —=b =0has roots 0 and 3.
O o =+/bandp=-b
B - 3
d qudeLZ x’dx =0

', fexdx =0, when f(=x) = ()]

X ) y
i N + =
Here, ln . (3 —2sin”t)dt |0 costdt =0

Differentiating both the sides, we get

(3 —2sin*x)0 +(cosy)%§: 0
x
0 dl _ -3 —2sin’ x
dx

cosy
O %Q :7\/5:\/5
X S -1
x2
. Here,-4<x <40 0<—<1
17
2

O
a %E: 0 and sin"'(sin x) is an odd function.

Let [ =" sin”'(sin x) 4 cos '(cosx)
’ -4 (1+ x*) x1 .r—4 1+ x*) x1

=042 I" cos” (cosx)
1+ x%)

Or 0
I=2 d +Iq —dx
0 1+ 1+ x) H

3 IZJ' (smx+cosx)dx+I

=log (1 + T’) +21(tan™" x)% —[log (1 +16) —log (1 + Tt)]
=log(1 + 1) +2T(tan"' 4 —tan™" T) —log

1+ 11

+ T + 7t 0 _O4-m O

= logw +2Ttan™ D;anf1 il O
17 + 471

-
=1lo ﬁi +2Ttan™
g H Bi 4]
o) ing with 1 ﬁ71+n2)zm+ brtt “DBI—C_T[D t
n comparing wi O an we ge
P 5 & a H + cT[H &

=17, b =2andc =4

O a-(@b+c)=17 -8 =9and *—
C

=3

Thus, the number of ways to distribute 9 distinct bijective into
!

.9
@y

. Put x =tan 0

[ - ne 49 e (cos B)°
I 1 + (tan 6)° IU (sin 0)" + (cos 0)°

o0 1=2"
4

(sm X —cos x) dx
SN

3mM/4 1

:I (sin x + cos x) dx
0
. 31/4 31/4 .
+ [x (—cos x —sin x)]," +J' (sin x + cos x) dx
0

3m/4 . 3 /4
=2J' (sin x + cos x) dx +0=2[— cos x +sin x],

3m
—2(\/5+1) 2 tan ==

EIIH

1

- tan~ (nx
. Wehave,C, =", it )dx
—, sin” (nx)
1 tan™ (¢
C == — ()dt (put nx = 1)

nd—; sin” (t)

tan™' t

Now, L = lim n® [C, = lim n —— dt (o X 0)
"o e nee o J—— sin” t
1 tan't
dt

J-n'll sin”' ¢
L= B E— % form@

Applying Leibnitz rule, n
tan™'
n+1d 1 0O
" n vy
sin”™ 1 .
Tt

L = lim =— sz =—
ne e _ 1 4 T 2

n’

5 % sin 2t

8. I ; dt = 0 as the integrand is an odd function.
s P+

dt
AlSO, I - .
0 "+ 2tcosd +1
1
1 4 ttcosd a
=— tan - =—
sin O sin O 2sin
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10.

11. T

12.

13.
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Thus, the given equation reduces to

¥ [O a —9=0 0O x=+2 sin O
2sin O a
U A(X) d X
fx)= . g (x)and g'(x) = T
O f:(x):eg(x)lj X - eg(Z):eozl
1+ x
Hence f’(2)=eg‘2)[g'(2)=3053=3
, 17 17
lim ln%]’l (1 + a sin bx)"* dx@
£ 0 0
It (1+asinb x)"" dx
=In lim #°
t-0 t
+ s c/t lim .
:lnlimwzne"“wzl eabc =abe
=0 1 t/c
(&B(+4D
dx
S==
”Z g [r I Vx 3Jx + 4)?
3 7+4D
OVn O n
Put 3W/x +4=¢ O 30l g =dr
2 Vx
_2podr_200 20 10206 1
sdo ¢ T38H 3B 108 3 40 10

Given, f(x) :I: ¢ dt; h(x) = f(1 + g(x)); g(x) <0for x>0

Now, h(x)= Il e = f(1 + g(x)) (given)
Differentiating, we get h'(x) = e" et o' (x)

Now, Hl)=e (given)
0 PRSI0 F)=e

0 (1 + gn)’ =1

a 1+g1)==%1

a g) = (not possible)

or g(l)

Given, f'(x)= f(x) 0 f(x)=Ce"

Since, f(0)=1 0O 1= f(O) =

O f(x) =e* and hence g(x) = x* —e*
Thus, I: F(x) g(x) dx = f (x%e* —e*) dx

I}Zx

[x’e* —2J’ xe* dx—Era

=(e - 0) 2 [(xe"), ~(e")} ] —5<e2 -1)

=(e=0) =2 [(¢ =0) ~(e ~1)] —§<e2 -1)
1, 3

S PR

14.

15.

16.

1

f(x)=——=g¢
Y1+ g°(x)

wow. = D 0=
But g(x)=

[1 + sin (cos® x)](—sin x)

¢ =11 =~
f’%@:—mh’(o*):—

Clearly, f is an even function, hence

I :Ion flcos (T — x)] dx :J'Onf(—cos x) dx

Here, (x);

Hence,

:J'nf(cos x) dx
0
O 1 =2 J'mzf(cos x) dx 2 J'mf(sin x) dx =21,
0 0
0 b=y
IZ
Aliter Let u = cos x I du = —sin x dx
0 I, —J’ fw
wll—u
0 I =2f f@_ g4,

N

Similarly, with sin t =1,
1
I, = In

From Egs. (i) and (ii), -

2

. x f(x (1 — x)) dx and

k
Given, I, =J'
-

L= Lk-k Flx (1 - x)) dx

Using King’s property I, :J'k . (1-x) f(x(1 —x))dx
1=

k
21, :J-l—k

flx@ -x))dx =1,

0 A :%[f(—l) +4£(0) + f(1)]

()

(i)



18. I(a) J' Ba—+a sin x+2xsmdex %J’ xsin x dx = T[%

19.

20.

21.

T[3 2 2 2
a I(a) =— + +2TM = M — +—+ 2T
3a’ Baz ZB

:T[%E f@z D+2"

T a ; 2
I(a) is minimum when — =— 0 & =1 />
Va2 3

O a=

\F
T[ —
3

Also, [I(a) ], =2m + TE\E
: d
EZ —log, a DE =2 -log, (a*) (ra>0)
d (2-2log,a)=2-2log, a
| 2log,a=2log,a O a0OR"
. _ i In(@+ 1) ,
Consider I —J'_”x T (1)

x + 2
0 I:I” In@+1) g,
Ux 1+e

[= 1/x ln(l+t)e
Il/x 1+e

On adding Egs. (i) and (ii), we get
2 = I In(1+1%) dt-zj‘

g I= J'

Hence,

(using King’ property)

dt ..(ii)

n(1 +t*)dt
n(1+1t%)

[ = lim x°

X 0

! ln(l + %) dt

1/x
In(1+¢*)dt

=1l u = % form@
X x

lim

Using L’ Hospital’s rule,

o 1n§+f@@%@ Ly

- hm ln§+—g

T3

ol
x* 3

Putte =t O dxzﬂ
Tt

D I:lBEIZDOS
m Tdo

0 I—l 2008
_EL

On adding Egs. (i) and (ii), we get

2 2008
of = 008TT J,
Tt 0

1
ufi L
xZ
(1° form)
= hm —x*

xAm3

s . 1 2008 TU . .
t|smt|dt=—J' tlsint|dt ..(i)
TtJoO

"(2008T0 - 1) [ sin ¢ | dt (i)

"'sin t | dt =(2008)? q"|sint| dt
0
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O I =(2008) 0 T =2008
1
2. 1=—"—-= :
"ont+Ex o[+ (k/ n) x*]
1 ot
nZl+(k/n 2 Jo 1+ 1747
t
1 dt ! 0 _ tan ' (x)
=— —_— = — tan~ (tx _—
x* -rﬂ £ +1/x%) B A )a x

23. Lety =f(x) O x=g(y) and dy = f'(x) dx

f f'w/g

T=[0 fde+ [) g0) dyiy = )

O x=f7 () =g0)= [ fGx)dx + [ 2f'(x) dx
= [ (fx) + xf'(x)) dx =[xf(x)]; =a f(@) =ab
24, Letl = J'”[ . f; cos™' N -Zl-xxz dx ..(1)

x! O O ) o,
; de (using King’s property)
x

1/43 -2x
or1= -

RGE x* O L o2x U ..
I—J'_”ﬁ ﬁBT cos l—x“de ..(ii)

On adding Egs. (i) and (ii) we get

1/43 x X'4

dx 0O ZI—ZTEI

0 ZIITIJ' dx

s 1 - x* 1-x*
0 k=Tt

25. Putlnx=torx=¢ Odx=¢ dt

o I= J' f(e +e7') e dt I_m fle +e')tdt =0

(as the function is odd)
Aliter I Putx =tan®

1 Olntan®
0+
I f Ban tan O[] tan©

—I f Hane

AliterII Putx=1/t 0 I=-10 2I=00 I=0

[$ec’0 d0

In tan ©

tan 9 sin O cos O

: A Daexpofd”
26. lim %’ 1+ x) dx% = lim @
r-o0 o A= A+1 N
Q)\ +1 _1D1”‘

= lim 1% form
HA 1 O (- form)

hm LRI CoACI R o200

_ A-oAq A +1 0_ rog AA+1) O

i Hz(z*—l)_H
:ehl‘“u A 1u:ezlnz—l :em%ﬁ:é
e
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27.

28.

29.

30.

31.
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Lety = f(x) O x=f"(y)=gy)
dy = f'(x) dx
0 I :ff(x) dx +J’15 xf'(x) dx

When y =2, then x =1
and when y =1, then x =5

X Y

O 1=[(f0) +x f(x)dx =|x fx)];
=5f()

I =J'ns/12n x sin 2x sin 3x dx
—I sm EE - x@st E» - x@smS @» - x@dx

o I= J' —cosxsm2xcos?>xdx

- f1) =500 -2 =48

O 21 =J' —sin 2x (cos x cos 3x —sin 3x sin x) dx
0
LI
=I —sin 2x cos (4x) dx
0
/2 . 2
= —J' sin 2x (2 cos® 2x —1) dx
0

Putcos2x =t - sin2x 2dx= dt

ol 12 O
0 21 = : E(Zt l)dt Bﬁ tH
1 D O
=, BCY —(—1)—%(1) -1
_10z2, D 120 _1
T2Hs ' s TE2BE D TG
Here, f'(x)=(f(x))" > 0; df g, =,
X

x-a  x-—a
It implies that g(x) must be differentiable at x = a.
2
On putting t = X and then solving,
z

® Inx 2T In x
J’ 5 dt =
0 x"+t x
Inx In2
a —_— =
x x
O x =2 and 4 i.e. two solutions.
TU
Putx—
n

16n° T O n _in

T _ Tt
[II0 COSE ETde—;L cosE[t] dt

()

...(ii)

32, f (ax® = 5) dx +f(bx +c)dx +5

=J'__: (ax* =5 —=bx +c +5)dx =0

Hence, ax’ — bx + ¢ =0 has atleast one root in (-2, —1).
33 1 =I: (Jx =3 +3) +(3 —x =3)) dx =63
3. L =[ (x)+ (Y () dx

_ o, _ xx3i__
——ZJ'O {x}dx—H'Z ?5— -

n/zsin® nx —sin® (n —1) x

dx

35. 3 .7n 1_I

sm X

/2sin (2n —1 i
:J,ﬂ sin (2n )xIElnxdx:I

0 sin® x "
Le. Fo =T =1,
U Foo =1 =14
36. v,
LN
2

N IS
w
5

|
B

>
V'\’u
|
N

YY
37. (a)I =J'mzln (cot x)dx O I =J'0mzln (tan x) dx

r=of

(b) I =I: sin® x dx = —‘[:ﬂsin3 xdxO1=0

n(cot x)dx I=-10T1=0

-(@/t)dt _ e dt

1 1/e
At :7’[ = - 7 = [
@A=L l= ] o my® - Je T

I=-1or I=0

+ m +
(d) /1 <:0$2x>O 0 J. /1 CcoS 2X dx >0
2 0 2

1 .
38. I =J'0 (10x* =3x" 1) dx=[2x" = x’ —x]}, =0
Since, f(x)is even, hence must have a root in (-1, 0).

/2
39. We have, [, =In cos (Ttsin® x) dx
0
™2

I =J’O cos (Tt cos® x) dx

/2 ,
On adding, 21, =J'n cos (Ttsin® x) + cos (Ttcos’ x) dx
0

/2 T
=I 2 cos QEQBJOS @» cos Zxde =0
0 2 2

0 I =0

()



40.

41.

/2
Now, I, =In cos {Tt(1 — cos 2x)} dx
0
™2
= —J'O cos (Tt cos 2x) dx
1 m
—EJ’O cos (Tt cos t) dt (put2x =t)

2 _m/2 ( )d
-— cos(Ttcost)dt =
2 ).

O  I,+I1,=0
/2
I, = —J' cos (Ttsin t) dt
0
0 I,+1,=0 (i)

Hence, I +1I,+1, =0
flx)=2 f (1 —1t) cos (xt) dt
0 \_—_/ %,—/

O 'O
=2 ml )smx@ +7I1 sinxtdt[f:2§p—12cosxt O
x O xJo 0 x o0

[ —cosx[

f(x)ZZWQ (x #0)

Ifx=0,thenf(x)=ﬁ1 (1 —|t|)dt:2ﬁ (1-1t)dt =1

O option (c) is correct.

- cos x
Hence, flx) = @ if x #0

if x=0

O fis continuous at x = 0.
U option (d) is correct.

Given, f(f(x))=—x +1
Replacing x by f(x), we get
FUE) == fx) +1
JA=x) == flx) +1
Jx)+ fl=x) =1 (1)

Now, = I; f(x) dx = I; f(1 =x) dx (using King’s property)
O 2J=[ (flx) + f -x)) dx

0 Z]ZI: dx=10 3:%

Putx_lmEq (),

F%@”@ -1 o r B r B

m sin x
Now I :I .73 dx
o (sin x + cos x)

sin %E Q
T[/Z

1=
Hln@ Q+ cos@»—x@
oI :J’WZL3 dx
(cos x + sin x)

1 1
=-[-1-1]=1 OI=-
2 [ ] 2
42. We have, f(x)=x"+ax® +bx’
1 1
where, a =J'_1 tf(t)dt and b =J'_1 f(t) dt
Now, a :J'; tl@a+1)t" +bt’]dt
_ v, 2b
0 a=2b IO t'dt =
. _ 1 _ 1 2 3
Again, b —J'_1 f(t)dt _.[—1 ((a +1)t* +bt’)dt
0 b=2J'1(a+1)t2dt
0
¥ b= 2(a+1)
3
From Egs. (i) and (ii) 5 2(a;— 1
0 %_EQQ:E o 4,=2
3 3 6 3
O a= hl and b = 10
11 11
i 4
Hence, .[—1 t f(t)dt =— and J' f@t)ydt =—
O f(x)=(a +1)x2 +bx’
f@) =(@a+1)+b
fE1) =@ +1) b
30
O f@) + f(-1) =2(a +1) 1
and f@) - f(-1) =2b =%
43. Given, (f'(x))’ + (g(x))" =
f(x) +I t) dt =sin x (cos x —sin x)
Differentiating both the sides, we get
f'(x)+ g(x) = cos2x —sin 2x
Squaring both the sides of Eq. (i), we get
(f' ()" + (g(x))* =2f"(x) Cglx) = 1 = sin 4x
O 1 +2f'(x)[g( ) =1 —sin 4x
g 2f"(x) g(x) = —sin 4x

Chap 02 Definite Integral

D21=I !

(sin x + cos x)

/2 dx
sin® % + x@
4

2 )
1‘[ cosec’ @E + x@dx = —% Eot E} + x@a

Now, substituting g(x) = —

dx

153

=0

2f ' (X)

X in Eq. (i), we get

/2

. 1 g
sinx + —=Cosx
%2 V2

(i)

()



154

44.

45.

46.
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f(x)- ;1;(4); =cos2x —sin 2x
x
Put frx)=t

O 2t* =2 (cos2x —sin 2x) t —sin 4x =0

= 2 (cos2x —sin2x) \/4(1 —sin 4x) +8sin 4x
4

ad

0 4t =2(cos2x —sin2x) * \/4(1 —sin 4x) +8sin 4x

0 2t =(cos2x —sin2x) * /1 +sin 4x

Taking + ve sign, 2t = cos 2x —sin 2x + cos 2x +sin 2x

g I =cos2x

Taking —ve sign, t = —sin 2x

Since, f'(x)=cos2x or f'(x)=—sin2x
f(x) :%sin 2x+C, or f(x)= %Zx
flo)y=o0

g C, =0 and C,=-1/2

a f(x) :%sin 2x or f(x) =%

If f'(x) = cos 2x, then g(x) = —sin 2x
If f'(x) = —sin 2x, then g(x) = cos 2x

ie. f(x)= % sin2x and g(x) = —sin2x

2x —1
O flx) =8OS X7 ond g(x) = cos 2x
Consider f(x) :LX (tselvr;:zt + :bdv% +e_v%n)dt
=2J'x(tsinat +c)dt
0
cos at[* x cos at g .
=2 [t +J’ dt Hct|; (using LB.P.)
a |, J° a 0
1
=2 IjM+—zsinax +cx|:|
B a a B
O lim fx) _ lim 2 U cosax L sinax CD
x=0 x  xo0 E a a Lax H
1 1
=2 o1 +— +CD=2C
Ha o H
Consider T =J’oo __pdx 1 & (tan™ nx);= QE —tan™ an@
¢ 2 sz_‘_i@ n 2
nZ
om  ifa<o
O L =lim ) —tan™’ an@za'[/z, ifa=0
go, ifa>0
Ix todt x*
0 + tr 1/p + 5 1/p
lim (a aiye lim @+ x) Using L’'Hospital’s rule

x-0 px —sin x x-0 b —cosx

For existence of limit, lim denominator = 0
x—-0
a b-1=0 O b=1

2
. If, p=2anda =9,thenl=917 =—

. Here, f(x)=¢" _[01 ¢ CF(t) dt

2 2
X

1= lim— [ ol

=0 (g + x)? (1-cosx) x*

-— l' -— 2
=2 1rr%) M/p  1p
x=0(a+ x") a

pr=3andl=1,then1:]i/3 0 a=8
a

2
3

A (say)
f) = Ae”
O (1) = Ae'
where, A =J'; e Of(t) dt
O A=J'; e [Ae' dt; A=AJ'; e dt

1 1
Now, AB’ edt —1P=0 O A=0,asJ’ et dt#0
0 O 0

Hence, flx)y=0 O f(1)=o0
. Again, glx)=¢" J’; e g(t)dt + x
O g(x) = Be" + x
0 g(t) =Be' +t
where, B=I: e gt)ydtO B:J'(: e (Be' +1)dt
- 12[ lt
0 B—BJ’Oe dt+Iﬂe [t dt
Do _1 2 _ Lo —
But J'Oe dt—g(e 1) and J'O te' dt =1
O BZE(e2—1)+1
2
2B =B’ —1) +2
O 3B =Be’ +2 O B= 22
3-e
g2 0O 2
F Eq. (ii), = T+ x 0 g(0)=
rom Eq. (i), g(x) BTEZBE x O g(0) 3¢
Also, f(0)=0
0 ©-f0) =2 —0=—"
§ 3-¢° 3-¢°
2¢* 6
. g@2)= -~ +2=
5@ 3-¢ 3-¢°
_ 2
O @: zzﬂzl
g2 3-¢ 6 3

Solutions (Q. Nos. 52 to 54)

We have the equations of the tangents to the curve

y= J’f f(t)dt and y = f(x) at arbitrary points on them are

Y[ S0 di=f(x) (X ~)
and Y- f(x)= f1(0)(X - %)

As Egs. (i) and (ii) intersect at the same point on the X-axis

Putting Y = 0 and equating x-coordinates, we have

(i)

()
(i)



Solutions (Q. Nos. 55 to 57)

58.

59.

60.

61.
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) (t) dt Also, f(x)hasy = 0as asymptotes.
- % =X _-0}% O  f(x)can be shown as
0 LW @ %

SIP=

,

t

@

—

@

3
/\
|\.)|_L
—

[ fwar S

0 YA dt = of (%) (i) /L
I . / »X
As, f(0)=10 I_‘; fde & 0 =c % \/
1 1 (-1
_g 1 <g> tan 1 <2—>

integrating and using bouzndary conditions, we get f(x) =e*"; Clearly, f(x)is neither injective nor subjective, also graph for
Y =2existangenttoy =e”. [f (2] can be shown, as
0 Number of solutions = 1.

a J'_x f(t) dtZ%f(x); differentiating both the sides and

Cearly, f(x)is increasing for all x.
0 lim () =1 (00 form)

X o 0

2
0
We have, g(x) = g(0) + xg'(0) + x? g" (0)==bx" +cx =6

h(x) = g(x) =4x* —ax® +bx® —cx +6 =0 has 4 distinct real

|
i
1
i
roots. Using Descarte’s rule of signs. al T ©

Given biquadratic equation has 4 distinct positive roots.

Let th ts b , X, dx,. o 1 o 1
€ € Ioots be X, X,, X; and X, 62. J- [f(x)]dx:I _1|ﬂx+J' 0dx=—(x)—=-
1 2 3 4 0 0 1 0
— L+ =+ =
24 T
Now, N X X Ny, 63. (A)Fora=0,1 =I sin® x dx
4 X, X, X3 X,
T 1—cos2x
0 2220% % 32 L g =[, —, &
xl xZ x3 x4 |j
O _ T _ 1.
1 2 3 _4 == - -
O Bl o el S By 2 —§ sm2 a 4s1n2T
X X, X, X,
1sin2T _1
ad ﬁ:k4 0 k=2 O - lim — -
3/2 2 T-o4 T 2
1 3
[0 Roots are e l,gand 2. Also,a =20 and ¢ =25 (B) For a :I’IT 4sin’ xdx[ L =2
0
- _dy _ 42 2\2 _ T
Atx =1y =0—=2x[x")" —(x")" =1 (C)Fora:—l,J' 0dx=00L=0
dx 0
U Equation of the tangentisy = x — 1. (D)Foraz0,-1,1,
d T
Ti =4x’(In x")* =3x" (In x*)* I =J' (sin® x +sin® ax + 2 sin x [{§in ax) dx
0
=64x° (In x)2 —-27x° (In x)Z T —cos2x 1-cos2ax
dy ] :I Q + + cos(a —1)x —cos(a +1)x@x
0 lim d—:64 lim x° (In x)* —27 lim x*(In x)* =0 0 2
x- 0" x-o0" x -0
We have, fx) = J- r/z( — %) dt _o._1 sin 2% —-L sin 2ax sm(a—l)x_sm(a+l)xﬁ
ﬁ( 4 4a a-1 at1
0 f(x)=[”2(1—xz)]2 T .
I Or=pim -l
Here, f(x) =tan™ B loge 0<x<o» a . 1 . sin(a —1) x sin(a+1)xﬁ
’ Eo B sin 2x — — sin 2ax + -
E‘I 4a a-1 a+1
1
attains minimum at x = - and maximum at x =e. O L=1

e
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64. -

65.

66.
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[{x + sin B)° O
f6)= 03 .

_ (1 +5sin0)’ —sin’ 0
3

3|j 3 _ 3
and g(e):§x+c30s9) 5:(1+c039; cos’ O

1+3sin® +3sin* 0 1+3cos® +3cos’O

0 f®) = and g(8) =

Now, f(8) — g(8) =(sin 8 —cos 8) +(sin* 6 —cos” 6)
and f(B) — g(8) =(sin 8 —cos B) (1 +sin O + cos 6)
Now verify all matchings.

(A) Let a =2008, then

1 p
= + a x
I .[n (1+ax*)e" dx

I =I; (e
0 1= f; (e
= [ (fx) + x f'(x) d where f(x) ="

Hence, I =[xe*' ]} =e
B) =1 +1,

Consider I, = J'WJ —In x dx
1
Put./~Inx =t Inx £0x=e"

O de=-2te’" dt

* tax® e ) dx (note : ax* =ax x*7")

+e O Mx“™") dx

0 IZ:I;¢ Q-2te™" ) dt =[te™' ]! —I et dt—f Ie*f dt
I I

Hence,

o 1 1 e 1 -
Iz=‘|'e"dx+f—J'e’a7t=7=e1
0 e Jo e

Note that, if f(x) =e™* , then f(x) =/~ In x

e B2 BF . BES

= lim

a lnL=hm—
nowp?
O
9Dn%§+2ﬂn%§+3ﬂn%@ +n|]n%§5
General term of In L = rz lnf
n
Sum—l ln%@
o _Elleilnxﬁ Lol
lnL—J'Oxlnxdx—ElTB EJ—O ;dx
Qo101
B 2 4
O L=e
(A) We have, f'(x) = &
1+ g°(x)

and g'(x) = (1 + sin (cos’ x)) (- sin x)

(1 + sin (cos® x)) (—sin x)

\/1+g (x)

Hence,

fi(x)=

LN CT M-
O f’%@:—

(B) We have, qu fx) dx ={f(x)}’

Differentiating both the sides, we get

fx)=2f(x)0f'(x) O f'(x):,
Integrating both the sides, f(x) =—x +C

where, f(0)=0 O C=0
O f(x)zg 0 f@)=1

(C) Maximum whena =-1,b =20 a+ b =1

. sin2x b
lim +a+ — =0, then

=0 x X

(D) If

. sin2x + ax® + bx
lim ————————> =0

x-0 x3
For limit toexist2+ b =00 b=-2

sin 2x + ax® —2x
O lim ——— =0

x- 0 x°

Using left hand rule and solving, we get a = 3

O 3a+b=2
67. LetB = Z sinnx sinx sin22x
4 4
X 2x
and A =1+cos— +cos— +..
4 4
eix i2x 1
OA+iB=1+—+— +..=——
4 4 e
1—7
4
. . 1 4
Thus, B imaginary part of — = -
1- e 4 —cosx —isinx
4
4sin x 4sinx
0 B=——10 f(x)=——
17 =B cosx 17 —=Bcosx
4sinx

1 5
_dsinx _1ye ELQ
0 17 =Bcosx 2 9
= log %Q: log ?Q
n

O m+n=38

68. Here, I = J'

and IO" f(x)dx = I"

cos xdx
m/21 + 2[sin”(sin x)]

-1 cos X cos xdx /2 COS X

_J‘nlz _3 J’O +J' cosxdx+J'

= g‘[_ cosxdx + J'_ cosxdx +I cosxdx +gJ’1 cosxdx

_] m/2
_gj'o

=0

dx

cost(—dt) +J' cos (t) D—dt) o
+ +
I cosxdx 3_[1

cos xdx



69.

70.

71.

1 _n/2sin’(n + 1)0 —sin®nO

Here, f(x +1) — f(x) =— do
flx 1) = fx) = [ "
_ 1 m/2sin(2n +1)8 [$inB o
mtdo sin’0
:1 ﬂlzsin(Zn;l-l)G &0
sin“ 0
n/25in2n 0 [osO
=_ T Ao+ 2n0d
%’ ) J’ cos n 9@

Using, cosB + cos30 + cos50 +....+ cos (2n —1)0
sin "[@9)
=— 2 [3os®+ (n-1)0)

%

2n
0+ 3G+ 50 +...+cos(2n —1)0 =— -
ie. cos cos cos cos(2n —1) Qﬁ@
O fin+1) - f(n) =

i
= l'r" /2{(2 c0s0 cosB) + (2 cos30cos H)
Tt 0
+...(2cos (2n —1) [dosB)}dO
2cosZnGdG =0

cosB + cos30 +...+cos (2n —1)0 [dos 646 + Og

_1 T2 T/
_EIO 1040, asJ’0

0 fln+ 1) = fon) =
l f—
If n=1, f(2) - f(1) 2%sfl) @Df
It n=2fB)-f@)=
o fB)-= fand soon [J f(n)=g
E +3
f(15) +fB) _ 2 _
Hence, oo fo) 155
2 2
Here’ g(x) :J':(X) e(1+[)zdt
0 ¢ ()= K (R
a g(x)=H(xCe
0 gE=HEE
O e =10""®" given g'(2)=e' and K (2) = 1
O (1+ K@)’ =4
ad 1+ h(2)=2 -2
O h(2) =-3,1

[ Absolute sum for all possible values of A(2) = ‘—3 +1 ‘ =
_ e 12 3 _l /2 .2
Let T —J'O sin x Jog (sinx)dx = ZJ'O sin x Jog (sin® x)dx
1 m/2 p
= EJ’O sinx dog (1 —cos’ x)dx
Putcosx =t [+ sinxde dt
_12 2
a I _7_[0 log (1 —t*)dt

11D2 —2)2

2I 2

72.

73.
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| K =2
Let = In//xl J‘:":x dx (i)
b b
g.—L fGx)dr=[f(a+b=x) dxg
nz x* cos (- x) .
O —J' I dx ...(id)
On adding Egs. (i) and (ii), we get
a
2l = I x* cosx ! + ! —dx
tet 1+e” H

:J’:;xz cosx [{1) dx

o . a a
O [ f)dx =2{ f(x)dx, when f(=x) = flx)0
O 0 O

/2 2
O 21 :2J' x° cosx dx
0

Using integration by parts, we get

21 =2 [x*(sinx) — (2x) (— cosx) + (2) (-sinx)]['?
2
a 21 =2DT —ZD
He H
2
0 1= -
4
Let =
et /) ol + ¢t
xZ
O f,(x):1+x4 > (, for all x (J[0, 1]
O f(x) is increasing.
Atx =0, f(0)=0andatx =1,
1) = 1
f@) _[01+t4
2
Because, 0< ! ” <l
1+t 2
O a<(ta
< —
t IOZ t
0 0<f)<t
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74.

75.
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Thus, f(x) can be plotted as

Y
1/2
/ f(x)
¢ X
@) 1
Oy = f(x)and y =2x —1 can be shown as
Y a
y=2x-1
1/2 1
! y =)
X
O 1 X
=11y

From the graph, the total number of distinct solutions for
x (0, 1F 1. [as they intersect only at one point]

Here, f(x) =7 tan® x +7tan® x —3tan* x—3tan’ x

for all x ng,—n@
2 2

0 f(x) =7tan’ x sec’ x =3tan” x sec’ x

=(7tan’ x —3tan’ x) sec’ x

n/4 /4
Now, J'O x f(x)dx =J'0

x (7tan® x —3tan® x) sec® xdx
11

= [x(tan’ x —tan’ x)] I '*

/4

—J’ 1 (tan’ x —tan® x)dx
0

tan® x(tan* x —1)dx

_ /4
=0 —J'O
_ /4
__J’O

Put tanx—t O sec’ x dx = dt

O J'O xf(x Ydx = —J'

-J’ £ =t)
="

:I:(7t6 =3¢)dt =[t" =£°], =0

tan® x (tan® x —1) sec® x dx

(t* -1)dt

T/ 4
Also, J' (7tan’® x —3tan® x) sec’ xdx
0

192 x°
Here, fix)=———
2 +sin” Tix
3 3
0 192x < f(x)< 192x
3 2

1
On integrating between the limits 3 to x, we get

[

192x° x 192x°

d<J’fx)d <[,

76.

77.

192 3
O Ex §< x (0)<24x* -=
" f(x) = £(0) 5
4 4 3
0 16x" -1 < f(x)<24x _E
1
Again, integrating between the limits 5 to 1, we get

[ ox -navs [ fdrsf Bar-Ha

Q6x° 0
B— xa I f(x)dx < H

0 %*g@sfw f(x)dxs%+16—0§

O

Q4x 3
2

i
O 265 flx)dxs3.9
Let [ = J' (sin® at + cos® at)dt
=J’0 e'(sin’ at + cos® at)dt +Izne’(sin6at + cos’ at)dt
+I:: ¢'(sin® at + cos’ at)dt +J' (sin’ at + cos® at)dt
O L =1,+1,+I, +I; (i)

2T

Now, I, =I e'(sin’ at + cos’® at)dt
by

Put t=T1i+t O dt =dt

O 13 :J'Onen +t

[{sin’ at + cos® at)dt

=¢' 1, ..(ii)
3T
Now, I, :I e'(sin’ at + cos® at)dt
2T
Put t=210+t Odt =dt
O I, —J' ¢ ""(sin® at + cos® at)dt
= e, (i)
41
and I, :J' ¢'(sin’® at + cos® at)dt
31
Put t=3T +t¢
s
O I, = J'O e’ *(sin® at + cos®at)dt
=, (i)

From Egs. (i), (ii), (iii) and (iv), we get
I =1, +en @, +e’" 0, +&’ "I, =(1+e" +e’ " +e’ M) I,

O —J-

I e'(sin® at + cos® at)dt
0

(sin’ at + cos’ at)dt

4t _
Mfora OR

=(l +eT( +62T[ +e3T[): —

e —1
According to the given data, F(x) <0, O] (1, 3)
We have, f(x) =xF(x)
O J'(x) = F(x) + xF'(x) (1)
a f1)=FQ)+ F'(1)<0

[given F(1)=0 and F'(x)<0]
Also, f(2)=2F2)<0 [using F(x) < 0,0xX] (1, 3)]
Now, f'(x)=F(x)+xF'(x)<0

[using F(x) <0, O (1,3)]
O f(x)<0



78. Given, LSXZF'(x)dx=—12
O [x*F(x)] - J’:ZX [F(x)dx = 12
g 9F(3)—F(1) —2J’13f(x)dx =-12 [+ xF(x) = f(x), given]
0 - 36 o sz(x)dx: - 12
0 ff(x)dx =-12
and f X°F" (x)dx = 40
0 [FF@- f?.sz' (x)dx = 40
0 [x*(xF' (x)] =3 %(~12) = 40
U (X Of (0)-F(x)]}, =4
U olfe)-FI-[f1)-F1)]=4
U ILf' @)+ 4]-[f(1)-0]=4
U 9f @) f(1)=-32
79. Here, f(x) = EI][J(;] ziz
- _Il 2+ f X +l
_ x f(x*) det [ x f(x*) dx
-[12+f(x+1 02+ f(x +1)
xf(x*)
Il 2+fx+1) If2+f(x+1
x f(x*)
If 2+ f(x+1)
0 1 V2 ox[d
—J'_l 0dx+J'0 de+J'1 530 x 20dx+J'ﬁde
c-1<x<00& x< 0O [£] o
o<x<10& x< 101 [£] o
1<x* <2 O [x*3F 1

1<x<fD

Ez<x+1<1+«fo(~x ¥ 0,

V2<x<\3 D2<x*<30 f(x*)=0,
and/3 <x<203<x’<40 f(x*)=0

2

1

a I= J' dx—Eré(— 2-1)=

a 4I =1 0 4I-1=0
(9x +3tan”" x) Dl2+9x

9+3m/4
e’ It~

80. Here, o= 17 X
I 1+ x° Hd
Put 9x+3tan”' x =t
3 0
a x = dt
1+xZHd
9+3m /4
0 a= [ edr=[e] =
0
3T

a log, 1 + 9+—
og. [l +a| =9+~

O log,
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o +1\—3—n:

81. Plan This type of question can be done using appropriate
substitution.

Given, I = I

Let

(2 cosec x)" dx

_ 2 27(cosec x)'° cosec x (cosec x + cot x) dx
/4 (cosec x + cot x)

cosec x + cot x =t

O (- cosec x [¢ot x — cosec’x) dx =dt

and

Let t =

O

O

cosec x —cot x =1/t

1
2cosec x =t +—

o g’
|:F+7|:| dt
I=-( . 2"0t0 =
Jz +1 0 2 0 t
a 0
e 0 dt=e"du. Whent=1e" =10 u=0
andwhent=«/§+l,e“=\/5+l
u=In(/2 +1)
I=- 2e" +e ") ¢du
In (+/2 +1) u
In (42 +1)
=2 e e du
0

82.

Given,

0
Also,
O

O

Now,

Hence,

83. (A) LetI = I

N

Plan Newton-Leibnitz’s formula

d a,wx)
dx Qe

50 =i (o) Eiw(x)E— 106 B o]
0 (Hx 0

F(x) f f(\f dt

F'(x)=2x f(x)
F'(x) = f'(x)
2x f(x) = f'(x)
() _
f(X)

=2x

f J' 2x dx

In f(x)=x*+c O f(x)=e" **
flx) =

f0)=1
1=K

flx)=e"
F@) = J': ddt=[e'] =e -1

11+ x

Put x = tan®
0 dx =sec’8d0

O

/4
I :210 e =—
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1odx
(B) Let I=
‘[Ox/l—xz
Put x=sin@ O dx =cosBd0
n/2 Tt
o I= 1d0 =—
2
3 odx 1 + x[
(C)J'zl—xz_géog —x%
SRR
2 B0 %8 1%2 SH
2 dx _ _ T
(D) Il T =[sec” x]; = —0—;
84. (A) Plan

(p) A polynomial satisfying the given conditions is taken.
(

q) The other conditions are also applied and the number of
polynomial is taken out.

Let f(x) =ax® +bx +¢

f(o)=0 0O ¢c=0

gl
Now, J'fx)dx—l 0O Ehi+bLH 1
U 9Po1n zavsp=6
3 2

As a, b are non-negative integers.
So, a=0,b=2o0ra=3b=0
a f(x)=2xor f(x)=

(B) Plan Such type of questions are converted into only sine
or cosine expression and then the number of points of maxima
in given interval are obtained.

f(x) =sin (x*) + cos (x%)

_Iwcos(x)+\/55in(x2)g
:\/5 gos x* cosg +sin£sin(x2)5=\/5 cos @xz —g@

. U
For maximum value, x* — — =2n1t O x* =2nTt+ —

I

0 x=% |—,forn=0
4
9Tt

x =% Y,forn=1

So, f(x) attains maximum at 4 points in [—\/E, 13].
(C) Plan

®) [ fe)de=[ fl-x)dx
Q [ fede=2] f

function.

1

x) dx, if f(=x) = f(x), i.e. f is an even

2 3x° 2 3x°
III dx and IZJ' —
21+ e 21+e "

P D 2 X |:|
0 o] = J_z 3x° +3x (e") dx
e’ +1

dx

21 :L 3x*dx O 2I :2'[02 3x° dx

I=[x"]; =8

(D) Plan I
If f(-x)=

Let f(x) = cos 2x log S'T—xﬁ
-x
-x0
f(=x) = cos 2x log %I%H: - f(x)

Hence, f(x)is an odd function.
1/2
So, J'_l/z f(x)dx=0
(A) - (@) B) - (1 (C) -
85. Plan Integration by parts

[ 130 8000 dx = ) [ () = [ BEL0] [ a(x) o

2
’ dz(l—xz)5 dx

dx 1
_Dsi_zsﬂ_l zi_z:s
_Elxdx(l x)é .[0 12 x dx(l x°) dx
:[4x3 x5(1 —x*)* (—Zx)]1
0

flx)dx =0
- f(x), i.e. f(x)is an odd function.

(p); (D) — (s)

g(x) dx =

-12 Exz 1-x)] —Ll 2x(1 —x*)° dxg

1
=0-0-12(0 —0) +12I 2x (1 —x%)° dx
0

=12 x H—(l_x) E -12§)+lD 2

2 + log B?HDCOS x dx

As, I_af(x) dx =0, when f(-x) = - f(x)

861J’

2 /2
x* cos xdx + 0 :2.[
p 0

D I _ /2
_Jin/z
/2
=2{(x* sin x); ? —J' 2x [§in x dx}
0

=2 E’; -2 {(=x [dos x); " —Ion/z 1[0 cos x) dx}g

(x* cos x) dx

O ey O 0O O
O R o
87. Put x* =t O xdx=dt/2

og3 sint ﬁ{—t

0 I= 2 ()
lg2gint + sin (log 6 —t)

Using, J'bf(x) dx = J'bf(a +b —x)dx

1 _log3

sin (log 2 + log3 —t)
2 Jiog2 sin (log2 + log3 —t) +sin

dt

(log6 —(log 2 + log 3 — 1))
sin (log 6 — t)
2 Jiog2 sin (log6 — t) + sin ()

1 _log3

. - log 3 sin (log 6 — 1) dt ...(ii)
log2 gin (log6 - t) +sint




On adding Egs. (i) and (ii), we get
1 _log3 sint + sin (log 6 —t)

or=1
2 Jwgz sin (log6 —t) +sint
O oI = % O = % (log3 ~log 2)

e 1= 1og 25

88. Given, f(1) = % ands [ fe)dt =3x f(x) =+, Dx 21
1
Using Newton-Leibnitz formula.
Differentiating both sides
a 6 f(x)0 =0 =3f(x) +3xf"(x) =3x°
O 3xf'(x)=3f(x)=3x" O f(x) —lf(X) =x
x
0 FWF@ d O
x dx x[d
On integrating both sides, we get
fx) 10
O =x+ 1
. xTe g S f) = 3@
%:1+c 0 =2 and f(x)=x* —°x
4 _8
O 2)=4-—=-
f@ 373

Note Here, f(1) =2, does not satisfy given function.
1
a 1)==
f@ 3

For that f(x) = x* —gxand f2)=4 —g
ix'(1-x)*
1+x°
_ (x'-1)(1-x)" +(1 -x)*

C )

:J';(xz 1)1 -x)*dx +f

=I;§x2 1)1 —x)" +(1 +x%) —4x +

89. Let I = J' dx

dx

+x° —2x)
1+x%)

2

X
1+

4
2Qalx
1+x

:I;@xz “1)(1—x) +(1 +x7) ~4x +4 -

! 4
= @x"’ —4x’+5x" —4x’ +4 ——
0 1+x
ij

-5 -

6
1 4.5 4 _22 _
S+ = 4440 0
7 6 5 3

90. Converting infinite series into definite integral
h(n
ie. lim Q
new p

4x° +5x5 _ 4x3

+4x —4 tan™ XH

hm —

;n)f%@ [ fdx

91.

92.
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g(n)

. r. .
lim ==, where, — is replaced with x.
n-w p n

2 is replaced with integral.
a + a + + a
Here, lim : e n =1
n-o(n+1)" Y(na +1) +(na +2) . +(na +n)} 60

= 1
0 lim ! =

1y %za + ”(”2+ 1)5 60

10z g
0 lim> 2y %g[ﬂ:ﬁm
nﬁmnDI=1

1

gr-= 1@" 10 60
R
n n

0 2J'1(x")a' o—! -1
0 1Ma+1) 60

D zl:ﬂ a+]] _i
2a+1)la+1) 60

0 2 =1

2a+1)(@+1) 60

0 (2a+1)(a+1) =120
0 2a* +3a +1-120 =0
0 2a* +3a -119 =0
O (2a+17)(a-7) =0
O a :7,_—17
2
Here, f(x) +2x =(1 —x)* Ein* x + x* +2x (1)
where, P: f(x) + 2x =2(1 + x)’ .. (ii)
O 2(1+ x*) =(1 —x)*sin’ x +x* +2x
0 (1-x)*sin®* x =x* —2x +2

0 (1-x)Ysinx=1-x)"+1 0 (1-x)*cos’x=-1
which is never possible.

O P is false.
Again, let Q: h(x) =2 f(x) +1 —2x (1 + x)
where, h(0)=2f(0)+1 -0 =1

h(1) =2f(1) +1 —4 = =3, as h(0) h(1) <
0 h(x) must have a solution.

[0 Qistrue.
Here, f(x) =(1 = x)’ Bin’ x + x* 20, Ox.
_ L2 - O
and g(x) —I Bi log tH f@)dt
- a
0 g00= 00 —log Y )
O(x + 1) O

+ ve

For g'(x) to be increasing or decreasing,

2(x—1)
1 =
et @ox) = x*1)

—log x
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_ 4 1 _—(x-1)
000 = (x+1)°" x  x(x+1)
@P(x)<0,forx>1 O (x)@ (1) O@ (x)<0 ..(id)

From Egs. (i) and (ii), we get
g'(x) <0for x (10 )
O g(x)is decreasing for x O(1e0 ).
—[x], if [x] is odd.
Given, f(x) = 0 x—[x] .1 [x] ‘1s o
+[x]—x, if[x]iseven.

f(x) and cosTtx both are periodic with period 2 and both are

even.
10 10

ad If(x cosTlx dx = ZJ'f(x )cos Tixdx

-10

Y

AWAVAVS

10 -9 -2-10] 1 2

/:x

9 10

2

= 1OIf(x) cosTIx dx

1 1 1
Now, J'f(x) cosTIx dx=J'(1 —x) cosTlx dx = —J'ucos Tw du
0 0 0
2 2 1

and [ f(x) cosTx dx = [(x —1) cosTtx dx = {ucosTiu du
J J 1

10 1
40
ad If(x) cosTx dx=—20J'ucosT[udu =F
=10 0
2 10

Tt
0 — x) cosTlx dx =4
o[/

Given I: 1-{f) dt = I: ft)d,o<x<1

Differentiating both sides w.r.t. x by using Leibnitz’s rule,

we get
VI-{f'(Y =f(x) O f'(x)=%1-{f(x)}

ad '761 =% (d

Sy “75 0™
O  sin” {f(x)}=xx+c
Put x=0 0O sin™ {f(0)} =c
O ¢ =sin'(0) =0 [+ f(0) =0]
a f(x) =%sinx
but f(x)zo0,0x3 [o0,1]
a f(x) =sinx

As we know that,
sinx<x, O x> 0

g sin %@<%andsin %@<%
a f%@<%aﬂdf%@<%

= f _ siamx ()

(1 + T0") sinx

95. Given

Using J'bf(x) dx :J' f(b +a —x) dx, we get

s
= T_Tsinmx ...(ii)
1+ 1) sinx
On adding Egs. (i) and (ii), we have
o1, :J_ﬂ 51.nnx dy = InSiTl nx dx
“Tosinx 0 sinx
sin n .
[ f(x)= * is an even function]
1 In:J,ﬂ sinnx
0

sin x
_ msin(n + 2)x —sinnx
wes 1, _I ;
0 s x

n2cos(n+ 1) xdinx

:IU sinx
T _. Binn+ 1)x|j’_
_2_[0 cos(n+1)xdx =2 WH—O

=1, ...(ii)

dx

dx

D Irx+2

™ sin nx

Since, I, =J' ——dx O L =mand I,=0
0 sinx

From Eq. (111) I =I,=1,=..=Ttand I, =1, =1, =...

0 zIZmH—lOT[ and Z I,

O Correct options are (a), (b), (c).

n

96. Given, S, = Z

2 2
&n +kn+k

n

|:| 0 I:I a
:zl ! g<hmzf E
£n gl E_‘_ki ne e + . gl]
n n0 Hl E

St o D2 02 @Hl u|
oo *TEs R Hpd T H

T
< —
ﬂ@“ AaEv R
Similarly, T, > —=
Y 3«@
T/
97. =" ()
m/4 1+ cos x
3m/
nl/4 1 —-cosx
Adding Eqgs. (i) and (ii)
T/
2= ! de O I= J' coseczxdx
n/4 sin® x

I =—(cot x)22 =2

98. I, +1, =J'(tan4 x +tan® x) dx —I tan' xsec’ x dx

1
=-,b=0

1
=—tan’ x+c O
5 5



99. (b)Let [ = lim n + 1) |]n;-2)...(3n)[rT 101.
nee B n"
- lim n+1)h+2)..(n +2n)|:r|l
e B n* H
.. +1 +2 +2n [rll
= im i U B

Taking log on both sides, we get

1 102.
g logl—hmf Eog§+ §+ @
neop n
O logl=1i log [ + ’Q
og nan;n Z og
ad logl:Io log (1 +x) dx
O log 1 (1+x) Ok Ok d d
ogl=rlo x) Ok - x
g g | e q
tx+1-1
g logl=[log(1+x)x) - ——d
og 1 =[log (1 +x) 5 ~ [ 1L dx
O log 1 =2 Clog 3 - [ 1
cgl=2Hogs=[ =1
O logl:2D0g3—[x—log\l+xﬂz
g log I =2 Hog 3 —[2 —log 3]
d logl=300og3 -2 O logl=1log27 -2 103.
0 [=e7 7" =270" 27
100. Central Idea Apply the property J'bf(x)dx = Ib fla +b—-x)dx
and then add. Let
_ log x* dx
Zlogx + log(36 —12x + x7)
_ct 2log x dx
22log x + log(6 — x)*
— 2log xdx
22[log x + log(6 — x)]
log xdx .
g I=f ——mm—— (1
-[Z[logx+log(6—x)] ® 104.
O Sy -Gl RN (i)

logl = hm Hog % @ +EQ
neen n

3+
§++lo§ Qg

zlog(6 — x) + log x
g: Lb Flx)dx = I:f(a +b - x)dxg

On adding Egs. (i) and (ii), we get

log x + log(6 — x) dx
2log x + log(6 — x)

4
2l = J'zdx =

2I=20 I=1
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xX—a, X 2a

Plan Use the formula, |[x —a| =

(x —a), x<a

to break given integral in two parts and then integrate
separately.

Ion @—Zsm gdx J' [1- 251n7|dx
=J'? Q -2 sinigdx—.[: @ -2 sinigilx
0 2 5 2
x
:@(+4COSEQ §x+4cos g; 4\/5—4——

3

Let = Q)
w61+ Jtanx

dx s dx

/3
0 1= =
In/61+ tan%ﬂ—xg J-n/61+“00tx
2

tan xdx

/3
O I=f X .. (i)

m/e] + Jtanx

On adding Egs. (i) and (ii) we get
2I = J' “d 0 21 =[x dx

/6
1Ot mo. m
0 [=-3 ——t=—
2B 6H 12

Statement I is false.
b b
ButI f(x)dx =J’ f(a +b —x)dx is a true statement by
property of definite integrals.
Given, y =J'0 |t| dt

Zl =|x|0-0=|x| [by Leibnitz’s rule]
x

-+ Tangent to the curve y = J'x |t| dt, x OR are parallel to the
0

line y =2x
O Slope of both are equal [0 x=%2

2
y= J’ |[t]dt==%2

0
Equation of tangent is

y—2=2(x-2) and y +2=2(x +2)
For x intercept put y = 0, we get
0-2=2(x-2) and 0 +2=2(x +2)

g x=%*1

Points,

Given integral g(x) :J'x cos 4t dt
0
To find g(x + ) in terms of g(x) and g().
g(x) :Ix cos 4t dt
0

0 glx + ) :I::Wcos 4tdt

X x + T
:I cos4tdt+J' cos 4t dt
0 x
=glx) + 1,
x + T s
I :L cos 4l“dt=J'0 cos 4t dt

= g(m)

(say)

(definite integral property)
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. glx + 1) = g(x) + (19

But the value of I, is zero.

0 I = Gin 4¢0] @tm 4T _sin 0@ 0
Ha4 B

O g+ 0 = g(x) — g(™)

In my opinion, the examiner has made this question keeping
g(x) + g(m) as the only answer in his/her mind. However,
he/she did not realise that the value of the integral I, is
actually zero. Hence, it does not matter whether you add to or
subtract from g(x).

1810g(1+x

I (1+x)
Put x=tan® O dx =sec’0d0
When x=0 0 tanB=0
O 6= 0
When x =1 =tanB
0 p="

4

n/48log [1 + tanB]
1+ tan’0

[Jec’0d0

O I= J'
I= SJ'
Using J':f(x) dx =Iof(a - x) dx, we get
/4 O ]
I =8IO log El + tan Eg —eggde

. 1—taneDde
.[o 1+ tan O
_8J'

Adding Egs. (i) and (11) we get

21 ISI

d I:4I

=4log2 % - O§= T log2

log (1 +tan 0) d6 (1)

a
10g[1+

g
"log DiDde
+tan @]

dog {1 + tan 6} +log %7%9
Ol + tan B3

log 2d0 = 4og20);"*

106. If @(x)and Y(x) are defined on [a, b] and differentiable for

every x and f{?) is continuous, then

L e I E W) - £ g0l )

107.

108.

109.

Here, f(x) =I:«ﬁ sin t dt, where x [ %) 571-[@

f(x)= {«/; sin x — 0} ()

(using Newton-Leibnitz formula)
O fi(x)=+/xsinx=0
a sin x =0
O X=TL2TT
1
"(x =\/;cosx+—sinx
f"(x) e

Atx=T f'(m)=-/m<0
0 Local maximum at x = Tt At x = 2T, f"(2T1) = /2 TT>0

[0 Local minimum at x = 2Tt

We have, p'(x)=p'(1-x), Ox0 [0,1], p(® 1,p(H 41

0 p(x) =-p(l-x)+C

O 1=-41+C

a C=42

U p(x) +p(l—x) =42

Now, [ =J'1 p(x)dx =J'1 p(1l —x)dx

0 2l = J' p(x)+ p(1 —x))dx J'42dx =42

a I=21

Let T =Ion [cot x]dx ..()
oI :J'On [cot (TT — x)] dx :J'O" [=cot x]dx ...(ii)

On adding Eqs (i) and (ii),
2l = J' x]dx +I

- cot x]dx =Ln (-1)dx

[v[x]+[-x]=-1,if x Oz and 0, if x (z]

(-2l =
o 1=-1

2

sin
Since, I= J' X < J'

el DNt
because in x[10,1),# sinx.

I<J'«/7dx xng|I<g

3

and j= J' cosxd <J';x75dx =2

7 <2
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Session 1

Sketching of Some Common Curves, Some More Curves
which Occur Frequently in Mathematics in Standard Forms,
Asymptotes, Areas of Curves Given by Cartesian Equations

Sketching of Some
Common Curves

For finding the area of a given region, we require the
knowledge of some standard curves.

(i) Straight Line

Every first degree equation in x, y represents a straight line.
So, the general equation of a line is ax + by +c¢ =0.To draw
a straight line find the points, where it meets with the
coordinate axes by putting y =0 and x =0 respectively in its
equation.

By joining these two points we get the sketch of the line.
Sometimes the equation of a line is given in the form

y =mx. This equation represents a line passing through
the origin and inclined at an angle tan™" m with the
positive direction of X-axis. The equation of the form

x =aand y = b represents straight lines parallel to Y-axis
and X-axis, respectively.

Region Represented by a Linear Inequality

To find the region represented by linear inequality
ax +by <cand ax + by =c, we proceed as follows
(i) Convert the inequality into equality to obtain a
linear equation in x, y.
(if) Draw the straight line represented by it.
(iif) The straight line obtained in (ii) divides the
XY-plane in two parts.
To determine the region represented by the inequality
choose some convenient points; e.g. origin or some points
on the coordinate axes.
If the coordinates of a point satisfy the inequality, then
region containing the points is the required region,
otherwise the region not containing the point is required
region.

Example 1 Mark the region represented by
IX+4y <12.
Sol. Converting the inequality into equation, we get
3x +4y =12
This line meets the coordinate axes at (4, 0) and (0, 3),
respectively. Join these points to obtain straight line
represented by 3x + 4y =12.

A Y
0.,3)

%5?{
X 7 N
X

0 40 g

7

This straight line divides the plane in two parts. One part
contains the origin and the other does not contains the
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y <12. So,
the region represented by 3x + 4y <12 is region containing
the origin as shown in the figure.

(ii) Circle
The general equation of a circle is

x? +y? +2gx +2fy +c =0
O The second degree equation in x, y Y,
such that coeff. of x* = coeff. of y*

and there is no term containing xy; it

always represents a circle. To draw a I

sketch of a circle, we write the 5 X
equation instandard form |

(x —h)* +(y —k)*=r?, whose centre Figure 3.1
is (h, k) and radius isr.
Remarks
1. The inequality (x — a)® + (y - b)? <r? represents the interior of
acircle.

2. The inequality (x = a)’ + (y -b)?>r? represents the exterior of
a circle (i.e. region lying outside the circle).



(iii) Parabola

It is the locus of points such that its distance from a fixed
point is equal to its distance from a fixed straight line.

Taking the fixed straight line x = —a, a >0 and fixed point

(a,0), we get the equation of parabola y2 =4ax.

Steps to Sketch

the Curve

(i) It passes through (0, 0).
(ii) It is symmetrical about axis of X.

(iii) No part of the curve lies on the negative side of axis

of X.

(iv) Curve turns at (0, 0) which is called the vertex of the

curve.

(v) The curve extends to infinity. It is not a closed curve.

(1) y* = 4ax (Standard equation of parabola)

Y 4

y2 =4ax

S

\

Figure 3.2

(2) y* =4a(x —h); where a and h are positive.

Y’ _______
@) v -
©]0) 0 > X
Figure 3.3
(3) y* =4a(x +h); where a and h are positive.
YA ____________
v
¢ > X
-h,0)*_ |O
Figure 3.4
(4) y* =-4ax;a >0
Aky
“Jy
0.0 "X

Figure 3.5

Chap 03 Area of Bounded Regions

(5)y°

=—4a(x —h);a,h >0

Figure 3.6

(6) y* =—4a(x +h);a, h >0

>X

(7) x* = 4ay;a >0

/(-h,0) | (0,0)

Figure 3.7

AY '

Figure 3.8

(8) x* =4a(y +k);a >0,k >0

0. )

Figure 3.9

9) x? =4aq (y —k);a,k >0

Figure 3.10

167
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(10) x? = —4ay;a >0

Figure 3.11
(11) x* =—4a(y +k); a,k >0

AY

Figure 3.12

(12) x* =—4a(y —k); a, k >0

Figure 3.13

(iv) Ellipse

Basics of Ellipse

Definition 1. An ellipse is the locus of a moving point
such that the ratio of its distance from a fixed point to its
distance from a fixed line is a constant less than unity.
This constant is termed the eccentricity of the ellipse. The

fixed point is the focus while the fixed line is the directrix.

The symmetrical nature of the ellipse ensures that there
will be two foci and two directrices.

Definition 2. An ellipse is the locus of a moving point
such that the sum of the its distances from two fixed
points is constant. The two fixed points are the two foci of
the ellipse. To plot the ellipse, we can use the
peg-and-thread method described earlier.

Stantard Equation
2 2
X
a b
Ifa>b Ifa<b
Vertices (a,0)and (- a, 0) (0,b) and (0, - b)
Foci (ae, 0) and (— ae, 0) (0, be) and (0, — be)
Major axis 2a (along x-axis) 2b (along y-axis)
Minor axis 2b (along y-axis) 2a (along x-axis)
Directrices v=2andx=-2 yzéandyZ—é
e e e e
Eccentricity e . b? 1 a*
a* b?
Latus-rectum 2b* 2a°
Focal distances of (x,y) az*ex bxey

And lastly, if the equation of the ellipse is

2 2
a b

(-0 0B _,

instead of the usual standard form, we can use the
transformation X -» x —0andY — y —[3(basically a
translation of the axes so the axes so that the origin of the
new system coincides with (a,3). The equation then

becomes

X% y?
7+ —

— =1
a® b

We can now work on this form, use all the standard
formulae that we’d like to and obtain whatever it is that
we wish to obtain. The final result (in the x-y system) is
obtained using the reverse transformation x - X + o and

y-Y+p
Loyt

(1) XT + b—z =1 a >0,b >0 (Standard equation of the

a
ellipse)

AY

Figure 3.14



2 2

x
(2)—+ JI;T =1; b >a >0 (Conjugate ellipse)
a
Y 4
1(0.0)
(-a,0) '\ 0|0 [@0) > X
0-b)
Figure 3.15
x —h)? - k)?
3" 2) +0’2) =1;a>0,b >0anda > b
a b
Y4 !
y=k| B[ Ay
SN Terthk
0 x=h > X
Figure 3.16
x —h)? - k)?
(4)( ) +(y ) =1,wherea <b
2 2
a b
Y A /‘I{:‘\\
L
o) > X

Figure 3.17

(v) Hyperbola

A hyperbola is the locus of a moving point such that the
difference of its distances from two fixed points is always
constant. The two fixed point are called the foci of the
hyperbola. Constrast this with the definition of the ellipse
where we had the sum of focal distances (instead of
difference) as constant. As in the case of the ellipse, we have

Focal distance of P(x, y)

d, =e(PF) :egx —SQZex -a

d, :e(PF'):e§x+E§:ex +a
e
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Latus-Rectum

The chord(s) of the hyperbola passing through the focus F
(or F') and perpendicular to the transverse axis. The
length of the latus-rectum can be evaluated by

substituting x = + ae in the equation for the hyperbola :
2 2

¥
a®  a(e® -1)
2
0 ¢ - =1
a“(e” —1)
24 4
a”b® _b
0 yZ =a2(62 _1)2 - a4 =a7
bZ
g y=+—.
a
. 2b?
Thus, the length of the latus-rectum is —.
a

We discussed in the unit of Ellipose that an ellipse with
centre at (0, [3) instead of the origin and the major and
minor axis parallel to the coordinate axes will have the
equation
2 2 2
(-0 G-B)_ X v
a* b? a® b
where X - x —dandY - y —[3.
The same holds true for a hyperbola. Any hyperbola with
centre at (0,[3) and the transverse and conjugate axis
parallel to the coordinate axes will have the form

(=)' =B _,
a’ b?

or = -—=1

where X - x —0andY - y -3

We can, using the definition of a hyperbola, write the
equation of any hyperbola with an arbitrary focus and
directrix, but we will rarely have the occassion to use it.

2 2
(1) fo - ZT =1(Standard equation of hyperbola)
a
LY
(a,0) 0.0 \(@0) > X
Figure 3.18
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2 2

()75 =5 =1 (Conjugate hyperbola) Some More Curves which Occur
Frequently in Mathematics in

y Standard Forms

N
/

1’ AY

y ==X yZx
0.0
. \ ;X
Figure 3.19 (0,/0)
(3) xy =c¢® (Rectangular hyperbola)
YA
Figure 3.23
€.c) Modulus function, y =| x |
»X 2. AY
(0,0
(-c,—¢)
2 -—
1 —
. 2
Figure 3.20 — ———+—>X
) ) 1 2 3
X — h - k —— 1]
(4)( )" _(y—k) —lLa>b>0
a® b — 12
Y i
AL O WL P A Figure 3.24
v ik) . . _
! Greatest integer function y =[x]
: 3 y=¢"
: X Y
O ! y—x
X =h ~
Figure 3.21 ©,1) //'/ y =Inx
(x B h)Z (y : k)z ) /// /
(B)———=——=-1 0.0 /10 X
a b s
Y A
y=k| | b_ Li_c _______ \ Figure 3.25
! X, h * A
45 x h) y
| X 00 <2
© / E \ / y=e
ix =h

Figure 3.22 Figure 3.26



Figure 3.27
Y
@19 y=—"
/ 1+x%
[0 &
Figure 3.28
: a >0
y=""0
e
7. The Astroid
2/3 2/3

Its cartesian equation is x“~ + yZ/3 =a

. . . — 3 - .3
Its parametric equation is x =acos” t,y =asin” ¢t

and it could be plotted as

.
<

Figure 3.29

Y

Curve Sketching

For the evaluation of area of bounded regions it is very
essential to know the rough sketch of the curves. The
following points are very useful to draw a rough sketch of
a curve.

(i) Symmetry

(a) Symmetry about X-axis If all powers of y in the
equation of the given curve are even, then it is symmetric
about X-axis, i.e. the shape of the curve above X-axis is
exactly identical to its shape below X-axis. e.g. y* = 4ax is
symmetric about X-axis.

Chap 03 Area of Bounded Regions 171

(b) Symmetry about Y-axis If all powers of x in the
equation of the given curve are even, then it is symmetric
about Y-axis. e.g. x* =4ay is symmetric about Y-axis.

(c) Symmetry in opposite quadrants If by putting — x
for x and - y for y, the equation of curve remains same,
then it is symmetric in opposite quadrants.

e.g. xy= ¢®, x° +y2 =a’ are symmetric in opposite
quadrants.

(d) Symmetric about the line y = x If the equation of a
given curve remains unaltered by interchanging x and y,
then it is symmetric about the line y = x which passes
through the origin and makes an angle of 45° with
positive direction of X-axis.

(ii) Origin and Tangents at the Origin

See whether the curve passes through origin or not. If the
point (0, 0) satisfies the equation of the curve, then it
passes through the origin and in such a case to find the
equations of the tangents at the origin, equate the lowest
degree term to zero. e.g. y° = 4ax passes through the
origin. The lowest degree term in this equation is 4ax.
Equating 4ax to zero, we get x =0.

So, x =0 i.e. Y-axis is tangent at the origin to y2 =4ax.

(iii) Points of Intersection of Curve
with the Coordinate Axes

By putting y =0 in the equation of the given curve, find
points where the curve crosses the X-axis. Similarly, by
putting x =0 in the equation of the given curve we can
find points where the curve crosses the Y-axis.

e.g. To find the points where the curve

xy® =4a® (2a — x) meets X-axis, we put y =0 in the
equation which gives 4a* (2a — x) =0 or x =2a. So the
curve xy° = 4a” (2a — x), meets X-axis at (24, 0). This
curve does not intersect Y-axis, because by putting x =0
in the equation of the given curve get an absurd result.

(iv) Regions where the Curve
Does Not Exist

Determine the regions in which the curve does not exist.
For this, find the value of y in terms of x from the
equation of the curve and find the value of x for which y
is imaginary. Similarly, find the value of x in terms of y
and determine the values of y for which x is imaginary.
The curve does not exist for these values of x and y.
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e.g. The values of y obtained from y® = 4ax are

imaginary for negative values of x. So, the curve does not
exist on the left side of Y-axis. Similarly, the curve
a’y?® = x* (a — x) does not exist for x > a as the values of y

are imaginary for x >a.

(v) Special Points

d
Find the points at which d—y =0. At these points the
X

tangent to the curve is parallel to X-axis.

d
Find the points at which d—x =0. At these points the
y
tangents to the curve is parallel to Y-axis.

(vi) Sign of dy/dx and Points of
Maxima and Minima

d
Find the interval in which d—y > (. In this interval, the
x

function is monotonically increasing, find the interval in

d
which d—y <0.In this interval, the function is
x

monotonically decreasing.
2

d d
Put 2 =0 and check the sign of £ atthe points so
dx dx*

obtained to find the points of maxima and minima.

Keeping the above facts in mind and plotting some points
on the curve one can easily have a rough sketch of the
curve. Following examples will clear the procedure.

Example 2 Sketch the curve y = x°.

Sol. We observe the following points about the given curve

(i) The equation of the curve remains unchanged, if x
is replaced by — x and y by — y. So, it is symmetric
in opposite quadrants. Consequently, the shape of
the curve is similar in the first and the third
quadrants.

(ii) The curve passes through origin. Equating lowest
degree term y to zero, we get y =0 i.e. X-axis is the
tangent at the origin.

(iii) Putting y =0 in the equation of the curve, we get
x = 0. Similarly, when x =0, we get y = 0. So, the curve
meets the coordinate axes at (0, 0) only.
2 3
(iv) y=x>0 iy: 3x2,u 6x andd—y =6
dx dx? dx?

2 3
Clearly, dy - 0= dy at the origin but 4y #0.
dx dx*

dx?

So, the origin is a point of inflexion.

LY y=X

yY

(v) As x increases from 0 to oo, y also increases from 0 to
0. Keeping all the above points in mind, we obtain a
sketch of the curve as shown in figure.

Example 3 Sketch the curve y = x* —4x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (- x) and y by (= y), so it is symmetric in
opposite quadrants.

Consequently, the curve in the first quadrant is
identical to the curve in third quadrant and the curve
in second quadrant is similar to the curve in fourth
quadrant.

(ii) The curve passes through the origin. Equating the
lowest degree term y + 4x to zero, we gety + 4x =0
ory = —4x.5S0,y = — 4x is tangent to the curve at the
origin.

(iii) Putting y = 0in the equation of the curve, we obtain
x> —4x=00 = @ 2 So,the curve meets X-axis at

(0,0), (2,0), (-2, 0).
Putting x = 0in the equation of the curve, we get
y =0.So, the curve meets Y-axis at (0, 0) only.

(iv) y=x’ —4x O dy. 3x% 4
dx

Now, d—y>0D3x2— )
dx

0 no_z20\p .20
H* " B0 B0

2 2
0 x<-—= or x>-—— (using number line rule)
5 NI
and dy <0+ & x 2
dx NE) V3
So, the curve is decreasing in the interval
2 2
(- 2/3, 2/\@) and increasing for x >—=or x<-— [
RN 5
x=- 2 is a point of local maximum and x = 2 is
V3 3
point of local minimum.
2 16
When x=-—,theny=-

V3 33
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When x = — 2 then y = 16 The lowest degree term is x + y. Equating it to zero,
3 34/3 we get x +y =0 as the equation of tangent at the
- iy origin.
(—E,S)E) . (iii) Putting y = 0in the equation of curve, we get
oo x2=x=00 & 0,1 S0, the curve crosses X-axis at

fN / (0, 0) and (1, 0).
/ \ ! Putting x =0 in the equation of the curve, we obtain

# $ > X
-2.0)/ ON /20 y =0.So, the curve meets Y-axis at (0, 0) only.
/ \\\\ /// AY
‘V'( 2,_18)
\ /3 38l3
Keeping above points in mind, we sketch the curve as o
shown in figure. (0,0) 1,0
Example 4 Sketch the curve y =(x =1)(x =2) (x =3).
Sol. We note the following points about the given curve (% f%)
(i) The curve does not have any type of symmetry about )
the coordinate axes and also in opposite quadrants. (iv) y=x’-x 0O dy. o2x 1and %Y =9
2
(ii) The curve does not pass through the origin. dx dx
(iii) Putting y = 0in the equation of the curve, we get Now, dy _ ol = 1
(x —1)(x —2)(x =3) =00 = 1,2 3.So, the curve dx 2
meets X-axis at (1, 0), (2, 0) and (3, 0). 1 d%
. . . At xX=-, —>
Putting x = 0in the equation of the curve, we get y = —6. 2" dx?

So, the curve crosses Y-axis at (0, — 6).

1. . ..
We observe that So, x = 2 is point of local minima.

x<1 O s o0 J .
1< x<2 Oy o (v)d—y>0D2x * 0 >x 2
x
2<x<3 O ¢ 0 .
and x>3 0% o So, the curve increases for all x > 5 and decreases for
Y all x < é Keeping above points in mind, we sketch the
/ curve as shown in figure.
Sy Example 6 Sketch the curve y =sin2x.
@) (1,700 20\ (3,0
S - Sol. We note the following points about the curve
/// (i) The equation of the curve remains unchanged, if x is
‘0,-6) replaced by (- x) and y by (- y), so it is symmetric in
a opposite quadrants. Consequently, the shape of the

curve is similar in opposite quadrants.
(if) The curve passes through origin.

(iii) Putting x = 01in the equation of the curve, we get
y =0.So, the curve crosses the Y-axis at (0, 0) only.

Clearly, y decreases as x decreases for all x <1andy
increases as x increases for x > 3.
Keeping all the above points in mind, we sketch the curve

as shown in figure.
Putting y = 0in the equation of the curve, we get

Example 5 Sketch th h for y = x? = x.
p et € graph fory =x X sin2x =00 2% nTt A1 Z

Sol. We note the following points about the curve
(i) The curve does not have any kind of symmetry. a x = n?T[ ,nZ
(ii) The curve passes through the origin and the tangent

at the origin is obtained by equating the lowest degree
term to zero. e (= TLO), (= T/2,0),(0,0),( T02,0),( TO), ...

So, the curve cuts the X-axis at the points
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. . d d? .
(iv) y =sin 2x O DL pcos2x and LY =—4sin2x
dx dx?
d
Now, —y:OD cos2% 0
dx
T 31T
O 2x =+ —, & — ...
2 2
O x:iE,iﬂT,...
4 4
d? 5T
Clearly, eV« Datx=—,—, ...
dx* 4 4
31T 7T
and atx = ——, ——, ...
4 4
d? 3M 7T
and—y>0 atx = —, —, ...
dx? 4
T 5Tt
and at X==-—,—-—,...
4 4
. T 5T 7Tt
So, the points x = —, —, —, ...
4 4 4
31T 7T . .
and x = — ?, —T, ... are points of local maximum
and local maximum values at these points are 1.
I 5Tt 3 71
Similarly, x = ——, ——, ...and x = —, —, ... are
4 4 4 4

points of local minimum and local minimum value at
these points is (— 1).

(v) sin 2(x + TT) =sin 2x for all x. So, the periodicity of
the function is Tt This means that the pattern of the
curve repeats at intervals of length 1T

LAY

(-3174,1) (74,1) (5174,1)

0,0)

(-1v4,-1) (314,-1) (7174,-1)

Thus, keeping in mind, we sketch the curve as shown in
figure.

Example 7 Sketch the curve y =sin” x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (- x). So, the curve is symmetric about
Y-axis, i.e. the curve on the left side of Y-axis is
identical to the curve on its right side.

(ii) The curve meets the coordinate axes at the same points
where y =sin x meets them.

d d?
ar sin 2x and —);—ZCOSZX

iii) y =sin®x O
(iii) y T .

dy _
dx

00 sin2%= O 2x nrilh Z

Now,

|:|x=n7n,n|:|Z[| =+ T/2, H 312, 2.

2
Clearly,j—);<0atx = HTU/2, 43702, £5102, ...
X

2
and ﬂ>0atx:iT[,iZT[, +3 TL..

dx?
So,x =+T1/2,%£3T/2, £5T0V2,...are the points of
local maximum and local maximum value at these
points is 1. Points x = * 1T, £ 21T, £ 3 T1... are points of
local minimum and the local minimum value at these

points is 0.
(@iv) y =sin® x O %J/: sin 2x
x

Clearly, d—y >0when 0< x < n
dx 2

and d—y<0when1—;<x<n

dx
So, the given curve is increasing in the interval
[0, Tt/ 2] and decreasing in [TT/2, 1.
(v) sin® (11 +x) =sin® x for all x. So, the periodicity of the
function is Tt This means that the shape of the curve
repeats at the interval of length 1T

AY
5m2,1) (-3m21) (w2, 1| (w2,1)  (@m2d) (Brv21)
X
2om0)  (-m0) 0O (m0) @mo) (3m0)

Keeping the above facts in mind, we sketch the curve as
shown in figure.

Asymptotes

The straight line AB is called the asymptote of curve

y = f(x),if the distance MK from M a point on the curve
¥y = f(x) to the straight line AB tends to zero as M recedes

infinity.

In other words, the straight line AB meets the curve

¥y = f(x) at infinity (K is a point on AB). Thus,

1. If f(x) - * oo for x - a,then the straight line x =a s
the asymptote of the curve y = f(x).



2. If in the right hand member of the equation of the
curve y = f(x) it is possible to single out a linear part
so that the remaining part tends to zero as x — * oo,
ie if y = f(x) =Kx +b +g(x)and g(x) - 0 for
X — % oo, then the straight line y = Kx +b is the
asymptote of the curve.

3. If there exist finite limits lim M
X > oo X

lim [ f(x) — Kx]=b, then the straight line

X —» to

=K and

y = Kx +b is the asymptote of the curve.

Methods to Sketch Curves

While constructing the graphs of functions, it is expedient
to follow the procedure given below

(1) Find the domain of definition of the function.

(2) Determine the odd-even nature of the function.

(3) Find the period of the function if its periodic.

(4) Find the asymptotes of the function.

(5) Check the behaviour of the function for x — 0 £
(6) Find the values of x, if possible for which f(x) - 0.

(7) The interval of increase and decrease of the function
in its range. Hence, determine the greatest and the
least values of the function if any.

Remark

(8), (6) and (7) gives the points where the function cuts the
coordinate axes.

2
X =1
Example 8 Construct the graph for f(x)=——10
X" +1
x% -1 2
Sol. Here, f(x)= =1-—
x?+1 x? +1

(1) The function f(x)is well defined for all real x.
0 Domain of f(x)OR.
(2) f(= x) = f(x),so it is an even function.
(3) Since, algebraic — non-periodic function.
f(x)-1 for x - o
and f(x) > -1 for x - 0%

It may be observed that f(x)<1for any x JR and
consequently its graph lies below the line y =1 which
is asymptote to the graph of the given function.

Again,

decreases for (0, ) and increases for
x°+1

(= 0,0), thus f(x)increases for (0, ) and decreases
for (— 0, 0) in its range.

(4) The greatest value - 1for x — #* oo and the least
value is — 1 for x = 0.

Chap 03 Area of Bounded Regions 175

Thus, its graph is as shown in figure
AY
y =1 (asymptote)

(0771)

Example 9 Construct the graph for f(x)=x + 1 0
X

Sol. The function is defined for all x except for x =0.
It is an odd function for x # 0.
It is not a periodic function.
For x - 0+, f(x) > + oo forx - 0—, f(x) - — o
For x - — o, f(x) - — oo forx - oo, f(x) -
0 lim (f(x)—x)=0
X - to
U The straight lines x =0 and y = x are the asymptotes of
the graph of the given function.

Now, consider f(x,)— f(x;)(for x, > xy)

1 1
=y m) 4 - L
X2 X
0 0
= (x, = x,) Ol ——— <0 for x, x, 0(0,1]
E X1 X2 H

and itis > 0 for x; x, [[1p0 ).
Thus, f(x)increases for x [J[1e0 )and decreases for
x (0, 1].
Thus, the least value of the function is at x = 1 which is
f(1) = 2. Thus, its graph can be drawn as
YA X y=x

a
s
’

1
Example 10 Construct the graph for f(x)= —x
1+e
Sol. The function is defined for all x except for x =0. It is
neither even nor an odd
function. It is not a periodic function.
Forx - 0+ f(x) - 0;forx - 0-,

flx) -1
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For x - oo f(x)—.é;forx—.—m, f(x)ﬁ%

0 lim  f(x)=2>

X o> + o 2

O The straight line y = %is asymptote of the graph of the

given function.

. 1
As x increases from (0, ), — decreases from (0, ©) and e~
x

1/x

decreases from (0, ). Thus, (1 + e ") decreases from (2, ).

O f(x)increases from @) %ﬁfer x (0g0 ).

Similarly, f(x) increases from (1/2,1) for x — (— ©,0).
ie. f(x)is an increasing function except for x = 0.

Thus, its graph can be drawn as shown in figure

Y
©.1
e Y =1/2 (Asymptote)
________________________________________ >
©]0) "X

Areas of Curves

(1) Suppose that f(x) <0 on some interval[a, b]. Then,
the area under the curve y = f(x) from x =a to x =b will
be negative in sign, i.e.

Lb F(x) dx <0

This is obvious once you consider how the definite
integral was arrived at in the first place; as a limit of the
sum of the n rectangles (n - ). Thus, if f(x) <0 in some
interval then the area of the rectangles in that interval will
also be negative.

This property means that for example, if f(x) has the
following form

YA

b

thenj' f(x) dx will equal A; — A, + A; —A, and not
a

Al +A, +A; +A,.

If we need to evaluate A; + A, + A; +A, (the magnitude
of the bounded area), we will have to calculate

[} £ de +| [ o) de | [[ ) die +| [ f(x) d
From this, it should also be obvious that
b b
[ feoax|< [l ax

(2) The area under the curve y = f(x) from x =a tox =b
is equal in magnitude but opposite in sign to the area
under the same curve from x =bto x =a,ie.

b
[, ) dx == f(x) dx

This property is obvious if you consider the
Newton-Leibnitz formula. If g(x) is the anti-derivative of

b
x(f), thenJ’a f(x) dx is g(b) — g(a) whilerf(x) dx is

g(a) - g(b)

(3) The area under the curve y = f(x) from x =atox =b
can be written as the sum of the area under the curve from
x =ato x =cand from x =c to x = b, that is

[ fGydx = [ fo) dx +[ fx) dx

Let us consider an example of this. Let ¢ [(a, b)

YA
— =1

As

It is clear that the area under the curve from x =a to x = b,
A iS Al + A2 .

Note that ¢ need not lie between a and b for this relation to
hold true. Suppose that ¢ > b.

YA
———y=1)

A




Observe that

Analytically,

A=[ flx) de =(A+A,) -4,
:I:f(x) dx —J’:f(x)dx
= fx) dx + [ fx) dx

this relation can be proved easily using the

Newton Leibnitz’s formula.

(4) Let f(x)

> g(x) on the interval [a, b]. Then,

[ £ ax> [ g(x) dx

This is because the curve of f(x) lies above the curve of
g(x), or equivalently, the curve of f(x) — g(x) lies
above the x-axis for[a, b]

Y4 __y=1x)
y=gKx)
A2 /_
| A
a b > X

This is an example where f(x) > g(x) >0.

while

[ e =4, +4,

Lb g(x)dx = A,

Similarly, if f(x) < g(x) on the interval[a, b] then

[ G0y dx <[] g(x) dx

(5) For the interval[a, b], suppose m < f(x) <M.

That is, m is a lower-bound for f(x) while M is an

upper bound
Then

m (b - a) <Jff(x)dx <M (b —a)

This is obvious once we consider the figure below :

yh
D C
L to i y =)
L te
1 X LY
S ° > X
X =a xX=b
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Observe that area (rect AXYB) <Ib f(x) dx <area(rect DXYC)

(6) Let us consider the integral of f;(x) + f,(x) from x =a
to x =b. To evaluate the area under f;(x) + f,(x), we can
separately evaluate the area under f;(x) and the area under
f,(x) and add the two area (algebraically).

Thus, [} (1 () + () dx = [ f(x) dx + [ f(x) dx

Now consider the integral of kf(x) from x =a to x =b. To
evaluate the area under kf(x), we can first evaluate the area
under f(x) and then multiply it by k, that is :

Lb Kf(x) dx :kJ’:f(x) dx

(7) Consider the odd function f(x),i.e. f(x) =— f(—x). This
measn that the graph of f(x) is symmetric about the origin.

YA

Y

From the figure, it should be obvious that J” f(x) dx =0,

because the area on the left side and that on the right
algebraically add to 0.

Similarly, if f(x) was even, i.e. f(x) = f(-x)

Y i

Y

_r_z f(x)dx = 2‘|';J f(x) dx because the graph is symmetrical

about the y-axis. If you recall the discussion in the unit on
functions, a function can also be even or odd about any
arbitrary point x = a. Let us suppose that f(x) is odd about
x =a, ie. f(x)=-f(2a —x)

YA
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The points x and 2a — x lie equidistant from x = a at either
sides of it.

Suppose for example, that we need to calculate J'Za f(x) dx.

It is obvious that this will be 0, since we are considering

equal variation on either side of x = g, the area from x =0

to x =a and the area from x =a to x =2a will add

algebraically to 0.

Similarly, if f(x) is even about x =a,i.e. f(x) = f(2a — x)
YA

A

then we have, for example
Jj fx)dx =2 [ flx) dx

From the discussion, you will get a general idea as to how
to approach such issues regarding even/odd functions.

(8) Let us consider a function f(x) on[a, b]
Y4

a b
We want to somehow define the “average” value that f(x)
takes on the interval [a, b]. What would be an appropriate
way to define such an average? Let f,, be the average
value that we are seeking. Let it be such that it is obtained
at some x =c¢ [a, b]

YA

fa=1(C)

[@ 3 PR

i
1
1
1
1
1
1
i

C

We can measure f,, by saying that the area under f(x)
from x =ato x =b should equal the area under the
average value from x =a to x =b. This seems to be the
only logical way to define the average (and this is how it
is actually defined!).

Thus fu(-a)=[ fr)de O fu =2 [ f() dx

This value is attained for at least one ¢ [(a, b) (under the
constraint that f is continuous, of course).

Example 11 Sketch the graph y =|x +1|. Evaluate
J'_24| x+1|dx. What does the value of this integral

represents on the graph.
+1), if x=-1
Sol. Here, y = |x +1]| :E(x b i
T (x+1),if x < -1

which can be shown as

Y A
B C
T {l
3 ‘ /(0,1)3
s AN
A INeAT]
4 - —1 30_»2

2 -1 2
DI_4\x +1)dx —I_4 |x +1]dx +I_l|x +1|dx
-1 2 2
:I_4 —(x +1)dx +I_l |x +1]dx +I_1(x +1)dx

g O g¢ o
=-0O;txg totxg =9
0z o, 02 0O,
Representation of the value 9 of integral on graph.

2
U J’_4\ x +1|dx =9 represents the area bounded by the curve

y =|x +1|. X-axis and the lines x = -4 and x =2, i.e. if is
equal to the sum of the ares of AABD and ACE,

1 1 9 9
ie. -3)3)+-3)3)=—+—=9

2()() 3()() >t

(. area of triangle = % X base x height)

2 2
. . X
Example 12 Find the area of the ellipse =+ Y-
a’ b’
Sol. Using the symmetry of the figure; required area is given by
A = 4 (area OABO)

1.

2 2

a X y
= |’ Z 4+l =
4 Oydx, where 2 2 1

B (0,0)

A (a,0)

Vi,
& (0.0)




2 2
O Jl;—zzl—x—2
a
bZ
2 _ 2 2
a y'=—(@ -x
a
U y:ié at - x*
a

In the first quadrant,

yzsw/az - x?
A:4J':S\/az - x? dx:4§_[: Jat - x% dx

0 f
:4é Di a® - x* +—sm_1£[|
a DZ a Oy
M 42 d O 2
=22 0+ Csin 2 - p+oi= 22 o sin (1)
a m 2 an g a 2

A = Twb sq units

Example 13 Find the area bounded by the hyperbola

x* —y? =a’ between the straight lines x = a and

X =2a.
Sol. We use the symmetry of figure.

2
Required area, A = ZJ' ay dx, where x* -y® =a’

ie. x"—a =y

In the first quadrant; y = + {/x* —a®
o [ 2 _ 2
0OA= 2J'a Vx© —a® dx

=2 %ﬁxz -a° —%log(x +4/x? —az)g

7 2 0O O 42 ml
=2[1u 4a2—a2—a—log (2a ++/4a* —a? )D—[O—a—loga[ﬂ
f 2 oo 2 [
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O 2 2 O
=2 @3d* —a—log(Za +av/3) +a—loga[|
O 2 2 0

O 2 O N
:Z@Zﬁ_iloggm%
O 2 0 e I
=2a’\3 - a® log (2 ++/3) sq units

Example 14 Find the area common to the parabola
5% —y =0and 2x* -y +9 =0.

Sol. Given curves are  y =5x” ..(i)
and y=2x*+9 ...(ii)
-9
AY X2 _ )//5 2

Remark

In such examples, figure is the most essential thing. Without
figure it just becomes difficult to judge whether y; to be
subtracted from y, or otherwise.

Let us solve Egs. (i) and (ii) simultaneously,

0 5x% =2x% +9

a 3x*=90 x% 3
0 x=-43

or X:\/g

In the usual notations, the required area is given by
V3
A —I_ﬁ (31 = y2)dx

We have to find which curve is above and which is below
w.r.t. X-axis in order to decide y; and y,.

Take any point between x = —+/3 and x = /3

Let us take x = 0, which lies between
x=-+3and x =43

When x =0 fromEq.(1)y =0

When x =0 from Eq. (ii) y =9

Now, 9>0
0 Parabola Eq. (ii) is above parabola Eq. (i) between
c=-\3

and x =A/3.



180

Textbook of Integral Calculus

O y of the curve (ii) is to be taken as y; and y of the curve (i)
is to be taken as y,.

O Area(A):J'_\/jg {(2x* +9) —=5x%} dx
¢V g a2
_J-—«/? (9 =3x%) dx
:2‘[0\/5(9 -3x%)dx

:2[9x—x3]f
=2[9 43 -343]

Area = 1243 sq units

Example 15 Find the area enclosed by
y =x(x =1)(x —2)and X-axis.
Sol. The given curve is y = x (x —1) (x —2). It passes through
(0, 0), (1, 0) and (2, 0).

The sign scheme for y = x (x —1) (x —2)is as shown in
figure.

- 0 1 - 2
From the sign scheme it is clear that the curve is + ve when
0< x <1or x> 2 hence in these regions the curve lies
above X-axis while in the rest regions the curve lies below
X-axis.

Remark
Sometimes the discussion of monotonicity of function helps

us in sketching polynomials. In the present case, %szQ -6x +2
x

When =~ d - =0,then;x =1% i Sign schemeforg is
dx J3 adx

1 - 1

Thus, it is clear that the curve increases in % 0o, 1 — %Q

decreases in @ 7 1+ 7§and again increases in

he

@Therefore, the graph of the curve is as below

//// // E > X
] 1_ 1 (////// //

Hence, required area

N

=1xx— X - X 2X'X'_ X - XD
fox (=D =2)dv 437w (xr =) (x ~2)dx

1 2
:Io (x® =3x% +2x)dx %L (x3 —3x2 +2x)dx%

2

O

1
4 4
DX X

:%7_)(3 +x2§ +§§4—x3 +x2§

0

FH om

=ﬁi—l+lﬁ+§(4—8 +4)—ﬁi -1 +1

1 1
=— 4+ =
4

1 .
—sq unit
4 2

Example 16 Find the area between the curves

y =2x" = x?, the X-axis and the ordinates of two
minima of the curve.
Sol. The given curve is y = 2x* — Z.
When y =0, then x =0,0, +
\f

The sign scheme is as shown below

< ' ' >

Therefore, it is clear that the curve cuts the X-axis at

1 1
—,0and —= 0O
N AR
0o 1 0 10
The curve is —ve in [+ —,0Jand @),— while positive in
H 2 0B gg P

X ==

dy dy

the rest. Now, — = 8x” — 2x. The sign scheme for — is as
x x
below
. + +
—00 — _ 1_ 0 - 1_ 0
2 2

i.e. The curve decreases in (— o0, —1/2)and (0,1/2) and
increases in the rest of portions. Also, the function possess
minimum at x = —1/2 and 1/2 while maximum at x =0.
Therefore, the graph of the curve is as shown below

\ -1/2 12 /
»X

1

2

Y

BIE

2
O Required area = 2J' [2x* = x%|dx

_2J'

=—— sq unit
1 q

5
—(2x4—x2)dx =2 x? —X—D

OO
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Exercise for Session 1

1. Draw a rough sketch of y =sin 2x and determine the area enclosed by the curve, X-axis and the lines x = 11 /4
and x =31 /4

Find the area under the curve y = (x2 + 2)2 + 2x between the ordinates x =0 and x =2.

Find the area of the region bounded by the curve y =2x - x? and the X-axis.

Find the area bounded by the curve y? =2y - x and the Y-axis.

Find the area bounded by the curve y =4 -x2 and the line y=0andy =3.

Find the area bounded by x =at? and y =2at between the ordinates corresponding tot =1and t =2.
Find the area of the parabola y? =4ax and the latusrectum.

Find the area bounded by y =1+ 2 sin® x, X-axis, x =0 and x = T11.

© © NSO &0 A D

Sketch the graph of y =+/x +1in [0, 4] and determine the area of the region enclosed by the curve, the axis of
X and the lines x =0, x =4.

-
©

Find the area of the region bounded by the curve xy —3x -2y —10 =0, X-axis and the lines x =3, x =4.



Session 2

Area Bounded by Two or More Curves

Area Bounded by Two
or More Curves

Area bounded by the curves y = f(x),y = g(x) and the
lines x =a and x =b.

Let the curves y = f(x) and y = g(x) be represented by AB
and CD, respectively. We assume that the two curves do
not intersect each other in the interval [a, b].

Thus, shaded area = Area of curvilinear
trapezoid APQB — Area of curvilinear trapezoid CPQD

=" floydx = [ g0y dx =[| { fx) ~g(x)} dx

A Y

A B
™ y=fx)

£ A y=9()
D

0 P Q ~X
X=a x=b
Figure 3.32

Now, consider the case when f(x) and g(x) intersect each
other in the interval[a, b].

First of all we should find the intersection point of

vy = f(x) and y = g(x). For that we solve f(x) = g(x). Let
the root is x =c. (We consider only one intersection point
to illustrate the phenomenon).

Thus, required (shaded) area
=[*4f(x) - gl +[ {g(x) = f(x)}dx

Figure 3.33

If confusion arises in such case evaluate

b
I | f(x) — g(x) | dx which gives the required area.

M e

Figure 3.34
Area between two curves y = f(x),y = g(x) and the lines
b
x =aand x =b is always given byI {f(x) —g(x)} dx

provided f(x) > g(x) in[a, b]; the position of the graph is
immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36.

Y A
X=a x=b
>X
o y=1)
~ _
_— /
y=9(
Figure 3.35
Y 4 Ly =1x)
/\
Ly =9K)
0 / >X
x=b
x=a
Figure 3.36

Example 17 Sketch the curves and identify the
region bounded by x =1/2,x =2, y =log, x and

y =2%.Find the area of this region. JIIT JEE 1991]



Sol. The required area is the shaded portion in the following

figure.
y=2"

y =logex
> X

x=1/2

" .
In the region 2 < x < 2; the curve y =27 lies above as

compared to y = log, x
Hence, required area = ,L/Zz (2° —log x) dx
0 g« 0
=0 ~(xlogx —x)
Dlog 2 0.
- 0
= M -2 log 2 + EDsq units
Olog2 2 20

Example 18 F|nd the area given by
X+y<6,x*+y’<6yand y’<8x.

Sol. Let us consider the curves

P=y? -8x =0 ()

C=x*+ y2 =6y
ie. x4+ (y-3)* -9 =0 ...(ii)
and S=Ex+y-6=0 ...(1ii)
The intersection points of the curves (ii) and (iii) are given
by

(6-y)* +y* -6y =0

ie. y=36

Therefore, the points are (0, 6) and (3, 3). The intersection
points of the curves (i) and (iii) are given by

y?=8(6-y) ie y=4,-12

Therefore, the point of intersection in 1st quadrant is (2, 4).
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Now, we know that
C < 0 denotes the region, inside the circle C =0.
P < 0 denotes the region, inside the parabola P =0.
S < 0 denotes the region, which is negative side of the line
S=0.
0 Required area = Area of curvilinear AOMRO
+ Area of trapezium MNSR - Area of curvilinear AONSO
2 1
:IO \8x dx +E(MR + NS) [MN

— (Area of square ONSG — Area of sector OSGO)
n3°H

1

:I 8x dx +1 (4+3)n %2

= %’F Bsq units

Example 19 Find the area of the region

{(x,y):OSySXZ+1,0Sy$x+1,0$x£2}.
Sol. Let R={(x,y):0<y<x*+1,0<y<x +1,0<x <2}
={(x,y):0sy<x* +1} n{(x,y):0<y< x +1}

=R AR, N R, N {(x,y):0< x< 2}

where, R, = {(x,y):0<y < x% +1}
Ry ={(x,y):0sy<x +1}

and Ry ={(x,y):0sx<2}

Thus, the sketch of R;, R, and R; are

Y

HHHHHH\H\HHH oy

@) 2

From the above figure,
Required area = Iol (x* +1)dx +J’l2 (x +1)dx

2
X

ZEX;+X§0+D2+’C§1 :%squnits

Example 20 The area common to the region
determined by y > +/x and x? + y? <2 has the value

(a) Ttsq units (b) (211 =) sq units

% qu units

(d) None of these
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Sol. The region formed by y = +/x is the outer region of the
parabola y* = x, when y>0and x>0and x* + y* <2is

the region inner to circle x* + y* =2 shown as in figure.

Now, to find the point of intersection put y* = x in

x2+y2 =2

O X +x—-2=0
O (x+2)(x—1)=0
0 x=lasx=0

O Required area = J'; (y2 - x* =x)dx

= L“Z—xz +sin_1i—ix3/zg1

g 2 \E\Ego

Hence, (c) is the correct answer.

Example 21 Find the area of the region enclosed by
the curve 5x% +6xy +2y? +7x +6y +6 =0.
Sol. Comparing ax® + 2hxy + by* +2gx +2fy +c =0, we get
a=5b=2h=3g=7/2f =3andc =6

O h* —ab=-1<0

So, the above equation represents an ellipse.

O 2y* +6(1+x)y +(5x% +7x +6) =0
. y=30rns W

Clearly, the values of y are real for all x J[1, 3] Thus, the
graph is as shown below

yA
L2 3 »X
(1,-3)

-3 AT,

B L 3.6

Thus, required area

s-3(1+x) -3 -x)(x -1)H

"B 2 g

B @3(1 +x) +4/(3 —x)(x —l)édx
2

:E_J-f G-x)(x —1)de:§113 J12 = (x —2)° dx%
0 ; 1 o x-2mB
—E %(x 2)4/—x° +4x -3 +551n BTEHE

=0 sq units
2 q

x4z

Example 22 If f(x)= évix»} 07 and g(x)={x}*

(where, {.} denotes fractional part of x), then the
area bounded by f(x) and g(x) for x 0[0,10] is

(a)gsq units (b) 5 sq units

() ? sq units (d) None of these

Sol. As, f(x)=0" {lx} o X SZ and g(x) = {x}*, where both f(x)
O N z

and g(x) are periodic with period ‘1’ shown as

Thus, required area = 10J'; [Jix} = {x}*]dx

:10J'; [(x)'? = x?] dx

052,30
TR

=10 % —gﬁ: ?sq units

Hence, (c) is the correct answer.

Example 23 Find the area of the region bounded by
the curves y = x?,y =|2 = x?|and y =2, which lies to
the right of the line x =1. JIIT JEE 2002]

Sol. The region bounded by given curves on the right side of
x =1 is shown as

Required area :J';/E {x* =2 - x*)dx +IJZE {4 —x*}dx



" ox? —2)dx +I¢2§ (4 —x%)dx

I

—

Jz
0. 0° 0 Cng
:%D’C——Zxé +§4X—L§
3 3H,
AY
N A
»X
=21 0 112 y
0
:&L‘@—zﬁm—%—z@%-%—m\f—ﬁm
03 0 30 O 0
— 12420
-H 42 +23—0ﬁ= go%\/ggsq units

Example 24 The area enclosed by the curve
| v| =sin2x, when x O[0,21d is

(@) 1 sq unit (b) 2 sq units

(c) 3 sq units (d) 4 sq units

Sol. As, we know y = sin 2x could be plotted as

YA

! y=sin 2x

ol o \/T[ 3m ot X
- 2

Thus, | y | = sin 2x is whenever positive, y can have both
positive and negative values, i.e. the curve is symmetric
about the axes.

. . e . T 3Tt
sin 2x is positive only in 0 < x < — and < x < — [Thus,

the curve consists of two loops one in 70, — —and another
H 2 H
0 3m0d

inET[,?E

O o mwm% X
=Qs

/2
Thus, required area = 4 J': (sin 2x) dx

=4 0 cos2xd"?

5 = —2(cos Tt — cos 0)

=-2(—-1-1) =4 sq units

Hence, (d) is the correct answer.
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Example 25 Let f(x)=x?, g(x) =cos x and

a,B (a <PB) be the roots of the equation
18x% —91x + T =0. Then, the area bounded by the

curves y = fog(x), the ordinates x =a, x = and the
X-axis is

(@) % (Tt —3) sq units (b) ;—qu units

T . T .
C) — sq units d) — sqg units
()4 q ( )12 q

Sol. Here, y = fog(x) = f{g(x)} =(cos x)* =cos® x
Also, 18x% =910 + TE =0
a Bx — 1) (6x — T =0

O x = (asa,B)

S|

n
3

ol
wig

0 Required area of curve

="’ cos? x dx :1-[1-[/3 (1 + cos 2x) dx

6 2JT1/6
—laac+Sin2x _1m T + 2 mg[—sm—
20 2 O 2% 65 ZH 3

0 O O
_1Bm 1f¥8 _J3HB_m
206 202 2 0p 12

Hence, (d) is the correct answer.

Example 26 Find the area bounded by the curves
x%+y? =254y =|4 -x*| and x = 0 above the X-axis.

Sol. The 1st curve is a circle of radius 5 with centre at (0, 0).

. |:|4 - xz OO x2 O
The 2nd curve is y =[] 0=01-—10
0O 4 oo 40

which can be traced easily by graph transformation.

When the two curves intersect each other, then
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2 0. 10
4 H 1 _LDZ =25 [0 x=+4 Example 28 Let f(x)=max [3in x,cos x, =[] then
SRy : 8
0 — 0 x? determine the area of region bounded by the curves
Hence, required area = 2J'0 25— x —gl —7 dx y= f ), X-axis, Y-axis and x = 2Tr.
O, 0 200 0 20 O Sol. We have, f(x)= max E;;m X, COS X, B Graphically, f(x)
=2 gOVZS - x’dx __[0 % _Tédx +I2 % - T%dxg could be drawn as
Y A
U2 O 4 80 L0 O
=2 §+? s EEH_ 3 _55_ %5 sin B;H-'— 4% 4l cosx sinx cosX
Example 27 Find the area encl Hlyl=1. 2 IR i,
ample d the area enclosed by | x|+|y| =1 O P S50i6 <P 7508 7% X
Sol. From the given equation, we have . \y/ L
lyl=1-]x|0D [ 1y |Co]
0 -« £ 1 Here, the graph is plotted between 0 to 21T and between the
points of intersection the maximum portion is included,
AY thus the shaded part is required area
X4 Interval Value of f(x)
ie. for 0sx<Tl/4 cos x
for T/4<x<5TU/6 sin x
AN o for 5T/6< x<5T1/3 1/2
-1 o] ™ for 5T/3< x<2T cos x
Hence, required area
_ T4 5T1/6 | 5m/31 21T
I _Io cos x dx +J' sin x dx +J'5 oy dx+J'5 |, Co8 X dx
-1
= (sin )] = (eos WL+ (x5 +Gin x0T
Therefore, the curve exists for x Of 1,1] only
_ _AL _ A V3 D 101510 V3H
dfor—1<x<1 y=+(1-|x|) Ofx[-1 _B\T Uny Hs_1H, BI)+—D
and for Sxs1 = x|) ie. y= D‘ |- 1) 0o 2 \/’Dz 3 6 0 20
Thus, the required grap}; is as given in figure. _ Sﬁ 2+ IB sq units
0 Required area = (~2)? =2 sq units
Exercise for Session 2
1. The area of the region bounded by y2 =2x + 1and x -y —-1=0is
(a) 2/3 (b) 4/3 () 8/3 (d) 16/3
2. The area bounded by the curve y =2x - x2 and the straight line y = x is given by
(a) 9/2 (b) 43/6 (c) 35/6 (d) None of these
3. axis and the ordinates x = -1, x =1is given by
()0 (b) 1/3 (c) 2/3 (d) None of these
4. Area of the region bounded by the curves y =2,y =2x —x2, x =0and x =2is given by
3 4 3 4 4
a) — - — b) — + = c)3log2-— d) None of these
()Iogz 3 ()IO92 3 (c) 3log 3 (d)
5. The area of the figure bounded by the cuves y =e*,y =e™ and the straight line x = 1is

@e+ | b)e - e+ -2 (d) None of these
e e e



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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Area of the region bounded by the curve y? =4x,Y-axis and the line y =3 is

(a) 2 (b) 9/4 (c) 643 (d) None of these
The area of the figure bounded by y =sin x, y =cos x is the first quadrant is

@2K2-1) (b)/3+1 ()23 -1) (d) None of these
The area bounded by the curves y = xe*, y = xe™ * and the line x = 1is

(@2 0 1-2 @2 @ 1=

The areas of the figure into which the curve y? =6x divides the circle x2 + y2 =16 are in the ratio

2 41— /3 41+ 3
a)= b c d) None of these
@3 ()8n+ﬁ ()Sn—ﬁ @
The area bounded by the Y-axis, y =cos x and y =sinx, 0= x <11/2is
@22-1) (b)v2 -1 ©W2+1) (d)v2
The area bounded by the curve y = ‘3—‘ andy + \2 —x\ =2is
X

(a) 4710927 'gg 27 (b) 2 - log3 ()2 + log3 (d) None of these
The area bounded by the curves y =x? +2and y =2| x| —cos + x is
(a) 2/3 (b) 8/3 (c)4/3 (d) 1/3
The are bounded by the curve y2 =4x and the circle x2 + y2 -2x -3 =0is

8 8 8 8
a)2m +— b)4m + = C) T +— d)ym-—=
(a) 3 (b) 3 (c) 3 (d) 3

A point P moves inside a triangle formed by A (0,0),B Q! %@ C (2,0 ) such that min {PA, PB, PC} =1, then the

area bounded by the curve traced by P, is

(a)sﬁ—%" (b)ﬁ+l2T (c)Jé—lzT (d)3¢§+37"

The graph ofy2 +2xy +40]|x| =400 divides the plane into regions. The area of the bounded region is
(a) 400 (b) 800 (c) 600 (c) None of these
The area of the region defined by\ [x]|-]y]| \ <1and x2 + y2 <1in the xy- plane is

(@) m (b) 21 (c) 31 (d)1

The area of the region defined by 1<|x —=2| +|y +1| <2is

(a) 2 (b) 4 (c)6 (d) None of these
The area of the region enclosed by the curve |y |=—(1-|x |)? +5,is

(a) %(7 + 5/5) sq units (b)% (7 + 5J5) sq units (c) §(5J§ - 7)sq units (d) None of these

The area bounded by the curve f(x) =||tan x +cot x| —|tanx —cot x| between the lines x =0, x = g and the
X-axis is

(a) log 4 (b) log~/2 (c) 2log2 (d)~2 log2

If f(x) =max %in X, Cos x%@ then the area of the region bounded by the curves y =f(x), X-axis, Y-axis and

51,
X="—is
3

(a) %ﬁ -J3+ % sq units (b) %ﬁ +3+ %qu units

(c) W2+ 3 + %@sq units (d) None of these



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1 If A denotes the area bounded by
sin x +cos x
f)=—"

(@)1<A<2
(c)2< A<3

ol 22 .
2Tt

, X-axis, x = Ttand x = 3T, then

(b)o< A<?2
(d) None of these

wmisin x + cos x| dx<2ﬁ
In x 2T

1
D“T[<x<2T[I:| —<

H 2m

3Tt Izn x 2T
On adding Egs. (i) and (ii), we get

52, 32

3T Tt

a 075<A<13

Hence, (b) is the correct answer.

L\
3=
oo

31| sin x + cos x | dx

(i)

Ex. 2 If f(x)20,0x3 (0,2) andy = f(x) makes posi-
tive intercepts of 2 and 1 unit on X and Y-axes respectively
and encloses an area of 3/4 unit with axes, then

Lfgwmdxs
3 5
(a) " (b) 1 (c) " (d) ——
Sol. I = xf(x)) 2_r? f(x)dx=0 —é = —i
) f 4 4
Hence, (d) is the correct answer.

Ex. 3 The area of the region included between the
regions satisfying min ([ x|, |y ) =1 and x* +y? <5 is
1

|

(a)%%inﬂ%—sinﬂ%§—4 (b)TOEsin_]%—sin_ﬁ 4
(c)%%inq%—sinq%§—4 (d)15§inq%—sin_1%§~4

Sol. Shaded region depicts min (| x|, [y |) 2 1

Y A

(1.2)
LN

2
Required area = 4J'l (W5 —x% —1) dx
4 2 41
=10 @in 'Z —sin 1—@—4
5 5
Hence, (b) is the correct answer.

Ex. 4 The area of the region between the curves

_ [i+sin x [i=si
sin_x = % 4nd bounded by the lines
cos x cos x

x=0andx = Z is [IIT JEE 2008]

V21 t

@], mdt
® I" ](1+t )H
CI 1+t )\/?
dI (1+t¢ )\/1—7t

w41 + sin x 1-sin x
Sol. Required area :Io B\/ s —\/ Y dx
cos x cos x

1+sinx _ 1-sin x Q
L > >0
Ccos X Ccos X
g x
O 2 tan =
O+ 2
a 2
o 0 1+ tan” —
=f, O :
1 —-tan” —
0
@ 1+ tan® =
x x U
T4 O/1+tan— 1—-tan —[]
=f, O 2 - 2 Odx
0 x x
1 —tan — 1+tanf%
2
X x
1 + tan— -1 +tan— 2 tan —
= 2alx —t _dx

IO ‘/l—tan =

X
Put tan E =t

0 Area—J' 1L dt

(1+ A1 -+

Hence, (b) is the correct answer.



JEE Type Solved Examples :
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More than One Correct Option Type Questions

Ex. 5 LetT be the triangle with vertices (0,0),(0, c*) and
(c,c?) and let R be the region betweeny =cx andy = x°,

where ¢ >0, then

3 3
(a) Area (R) = % (b) Area of R= %

(©) lim Area (T) (d) lim Area (T) 3
c-o* Area (R) ¢~ 0" Area (R) 2
cle® _¢*

Sol. Area(T)=

y=x y=cx
0.c? (c.cd
(0,-0)
S 3
¢’ ¢
Area(R) =— —[ x* dx—— —=—
(R) = I 2 3 6
0 im Area(T) "; EF s
¢~ 0t Area (R) e 0+ 2 ¢

Hence, (a) and (c) are the correct answers.

Ex. 6 Suppose f is defined from R — [-1,1] as
X2
-1
f(x)= where R is the set of real number. Then, the
x? +1
statement which does not hold is
(a) fis many-one onto

(b) fincreases for x >0 and decreases for x <0

(c) minimum value is not attained even though fis
bounded
(d) the area included by the curve y = f(x) and the line
y = 1is T sq units
xF -1 2

Sol. S
y=flx)= e e

T = x
f(x) @r?

<
\77

Y A

x >0, f is increasing and x < 0 f is decreasing.

= (b) is true; range is [-1,1) [ into = (a) is false; minimum
value occurs at x =0 and f(0) = -1 O (c)is false.

o [ 2— 0 o dx
A= ZJ' n-=* [Id =4 5
x*+10 0 x“+1
=[4 Han™! xlo 4dI =21 0O (d)is false.

Hence, (a), (c) and (d) are the correct answers.

Tt
cos x, 0sx<—

Ex. 7 Considerf(x):E 7
%—XE ,—SXx<TU
2 2

is periodic with period T, then

such that f

0?0
(a) the range of fis [§,—[O
O 40

(b) fis continuous for all real x, but not differentiable for
some real x

(c) f is continuous for all real x
(d) the area bounded by y = f(x) and the X-axis from

0 m0
X = —nTtto x = nTlis 2n 0+ —[for a given n ON
0O 240

O

Tt
COS X, 0 x<—

Sol. Given, f(x) = - 2 and f is periodic with
%ﬂ - xg, —<x<T
2 2

period Tt Let us draw the graph of y = f(x)

O w0
From the graph, the range of the function is |j) TE

It is discontinuous at x = nTyn O 1. It is not differentiable

nTt
atx——nl]l

X - 2 o n

swe 2n sm2  8m 7m2 4w X
—1
v

Area bounded by y = f(x) and the X-axis from —nTt to nTt for
nUN
B n e = U w2 " gd O
_ZnI0 f(x) x—anO cos x dx Inlz% X xg

0 0
=2n(0d + —D

0 240

Hence, (a) and (d) are the correct answers.
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Ex. 8 Consider the functions f(x) and g(x), both
defined from R — R and are defined as f(x) =2x —x* and
8(x) =x" wherenON. If the area between f(x) and g(x) is

1/2, then n is a divisor of
(a) 12 (b) 15 (c) 20 (d) 30
Sol. Solving, f(x) =2x —x* and g(x) = x" we have
2x-x*=x" 0 = Oandx=1

/ gx) = X!

— oy y2
/f(x)72xx

0 \ g

A= 12—2—"11—['2—
—J'O(x x*=x")dx=x

e xn+1|j
3

0 n+15
_1_1_ 1 _2 1
3 n+l 3 n+1
2 1 1 2 1 1
Since, —= =— g —--=
3 n+1 2 3 2 n+1
4-3 1
0 — = 0 n+1=6
6 n+
O n=5

Thus, n is a divisor of 15, 20, 30.

Hence, (b), (c) and (d) are the correct answers.

JEE Type Solved Examples :
Passage Based Questions

Passage 1
(Q. Nos. 10 to 12)

Consider the function f(x) = x> —8x? +20x —13.

Ex. 10 Number of positive integers x for which f(x) is a

prime number, is
(a) 1 (b) 2
(©)3 (d) 4

Sol. f(x)=(x—1)(x* =7x +13) for f(x) to be prime atleast one of
the factors must be prime.

Therefore, x—1=1
g x=2
or xt=7x+13 =1
0 x> =7x+12 =0
O x=3or 4
a x =234

Hence, (c) is the correct answer.

Ex. 9 Area of the region bounded by the curvey =e”*
[IIT JEE 2009]

(b) [ In(e+1-y) dy

and lines x =0 andy =eis
(a)e—1
1 x e
(c)e _Io e dx (d) L Inydy
1
Sol. Shaded area =e — %’0 e dx%= 1

Y 4

]

@) 1

Also, Leln(e +1-y)dy
Put etl-y =t
O - dy dt
1 e
—J'Olnt(—dt) —Iolntdt

=J’lelnydy =1

Hence, (b), (c) and (d) are the correct answers.

Ex. 11 The function f(x) defined forR » R

(a) is one-one onto
(b) is many-one onto
(c) has 3 real roots
(d) is such that f(x;)f(x,)<0where x; and x, are the
roots of f'(x)=0
Sol. f(x) is many-one as it increases and decreases, also range of

f(x) R = many-one onto.

Hence, (b) is the correct answer.

Ex. 12 Area enclosed by y = f(x) and the coordinate

axes is

(a) 65/12 (b) 13/12
(c) 71/12 (d) None of these
1 1, ) 65
Sol. A= J'Of(x) dx|= —J'O(x —8x° +20x —13) dx :E

Hence, (a) is the correct answer.



Passage 11
(Q. Nos. 13 to 15)
Let h(x) = f(x) — g(x), where f(x) = sin® Tix and

&(x) =Inx. Let x¢,X7,X5,..., Xp+1 be the roots of f(x) = g(x)

in increasing order.

Ex. 13 The absolute area enclosed by y = f(x) and
y = g(x) is given by

(a)zj'x’” —1) h(x) dx (b)ZJ'*”‘ ) h(x) dx
()2 Z J“ —1) h(x) dx (d)—z J" ) *h(x) dx
Sol. i
' Y=
t t t t t t X
0] 1 3/2 x; 2 X5/2 x3 3
y=9X

Hence, (a) is the correct answer.

Ex. 14 In the above question, the value of n is
(a)1 (b) 2 (c)3 (d) 4
Sol. x,,;=x; O & 2

Hence, (b) is the correct answer.

Ex. 15 The whole area bounded by y = f(x),y = g(x)
and x =0 is

11 8 13
(@)~ )3 (c)2 Oy

1 1 11
Sol. Required area =J'0 sin* Toedx —J'o In xdx =§

Hence, (a) is the correct answer.

Passage I11
(Q. Nos. 16 to 18)

Consider the function defined implicitly by the equation

y® =3y +x =0 on various intervals in the real line. If

x oo 5 21 (& ), the equation implicitly defines a
unique real-valued differentiable functiony = f(x). If

x ¢ 2,2), the equation implicitly defines a unique
real-valued differentiable function y = g(x) satisfying

g(0) =o0. [IIT JEE 2008]

Ex. 16 If f(—10+/2) =24/2, then f"(=10/2) is equal to

@ 442 (b)_4ﬁ o 42 a2
7332 7332 7%3 7%3
Sol.O y? =3y +x =0

Chap 03 Area of Bounded Regions

On differentiating, we get3y®y' —3y' = 1=0
1

0 y'=
3(1-y?)
1
O (-10V2) = ————
Ve ) 3{1 -(22)%}
1 1 1
0 "(-10~2) = = =——
v ) 3{1-2+2)%} 3(1-8) 21
Again differentiating Eq. (i), we get
6 12
yr= S 5
3(1-
mf%g
42
(-10+2) = =
3(1-8) B

Hence, (b) is the correct answer.

Ex. 17 The area of the region bounded by the curve
y = f(x), the X-axis and the line x = a and x = b, where
—co<a<b<-=2is

b X
@[ —— > dx+bf(b)-af(a)
Jastpoop = o0

- 7dx bf (b) +af (a
0L oy 0@

7d bf (b
()L3ﬂ I O @)

@[ —— > dx—bf(b) +af(a)
I“3{f()}] y(b)yrarta

Sol. Required area = [ " fx) dx = [xf ()L - bef’(x) dx

=bf(b) —afl(a) +J' mdx
Hence, (a) is the correct answer.
Ex. 18 J';g'(x) dx is equal to
() 2g(-=1 (b0 (c)—2g(1)  (d) 2g(1)
Sol. 1= [ ¢'(x) dx = [g()1Ls = g(1) ~g(-1)
Since, Yy =3y +x=0
and y = g(x)
Since, {g(x)}® =3g(x)+x =0
Atx =1, {g)F =3g(1)+1 =0
Atx=-1, {g-1)}’ =3g(-1) -1 =0

On adding Egs. (i) and (ii), we get
{8} + {g(-1)F’ -3{g(1) +g(-1)} =0
{g@) + g(-DHg)" +g(-1)* —g)g(-1) 3} =
O g)+g(-1) =0,8(1) =~ g(-1)

O I=g(1)—g(-1) =g(1) ~(—g(1)) =2g(1)
Hence, (d) is the correct answer.
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Subjective Type Questions

Ex. 19 Find the total area bounded by the curves

2 0
y =cos x —cos’ x andy = x* Ox? Sl .
O 4 0

O 20
Sol. Here, y = cos x —cos” x and y = x* sz - T[T% could be

drawn as in figure.

AY _ 2 g_ﬁ
y = Xx(x 4)
X
g y=C0S X
—C0s2X
n2 U , . 8,0, mpod
Thus, the area=2J' [(cosx —cos” x) — [x° k" ——[Tidx
0 8 o 4 DEE
2 0 2 a
=2J’TI Ocos x — cos® x —x* +T[—x2 Odx
o 0 4 0
12
=9 Dsinx x sin2x  x° +T[2x3|jI
=40 . I d
0 2 4 5 12 0
O O
o, mH
O 2 12000

Ex. 20 A curvey = f (x) passes through the point
P (1,1), the normal to the curve at P isa(y —1) +(x —=1) =0. If
the slope of the tangent at any point on the curve is propor-
tional to the ordinate of that point, determine the equation
of the curve. Also obtain the area bounded by the Y-axis, the
curve and the normal to the curve at P.

Sol. Here, slope of the normal at P (x, y).

O Slope of thelinea(y —1) +(x —1) =0is—l
a

O Slope of the tangent at P = a,
Od
Y H -, ()
dx 0,

It is given that the slope of the tangent at any point on the
curve y = f(x) is proportional to the ordinate of the point.

dy dy
dJ — Oy O —=A
dx Y dx Y
0 dl@ =A O a=A
dx @
d d
O L=ay O Do a dx

O log y =ax +logc
0 y =ce”™,  which passes through P (1, 1)
O c=e "
O Curveis y=e ™ O F &7V
y -~
141
a
el | P(1,1)
0 "X

(1+a)y -

[ |

1
=—{y(ogy —1) +ay) ., +
a

=11 +a) —e " (a -1) —ae™)
a

g N
+m1+a)g+;—l@—g§+ig_12%

—a 0
£ - iI:J sq units
2a[]

1 “a 1 g
=—(-1+a+e )+% +1 -1 _7§:EL+

a 2a a

Ex. 21 Sketch the region bounded by the curvesy = x> and

2
y = 5 - Find the area.
1+x

Sol. For intersection point, x2 = 5

1+ x
ie. xt+xt-2=0
ie. (x2+2)(x* -1) =0
ie. x=%1
Ay
y=x°
e
o >X




) 10 2 , U
Hence, required areal:ZI0 % 5 X %dx
1+ x
| s 1
:2|jtan_1x—x—D =2 _7§
0 3 O 2 3

Ex. 22 Find the area enclosed between the curves

=log (x +e); x =I ﬁ}ﬁ d X-axi
y =log (x te); x =log, and X-axis.

Sol. The given curves are y = log (x + e) and
U1 g 1 -
x=log, J— 00 = el =y e~
g Hy H ; y

Using graph transformation we can sketch the curves.

X=-€ ky

(1-e,0) |O

0 o
Hence, required area ZI log (x +e)dx + Io e “dx
1-e

:L log(t)dt+J'0 e “dx
(putting x + e =t)
=[tlogt—t] —[e ]y =1+1=2

Ex. 23 Find the area of the region bounded by the curve
c:y =tan x, tangent drawn to ¢ at x = Tl/4 and the X-axis.

Sol. The given curve is y = tan x

d
O —y=sec2x
dx
Tt
%@ =sec? — =2
xx=T[/4 4
Y A
’ P
VAL > X
Also,atx=E'y=l

%
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0 The equation of the tangent to the curve at the point

ERE RS

T o1
=0 x=——- =0T
Y 4 2

Now, the required area = Area of curvilinear AOPN — Area of APTN

when

/4 1
=J'0 (tan x) dx —E [NT (PN

1 T 1 1 1
=[log (sec x)]V* —= ——+7§D:f§0 2—7§
[log (sec )]y 204 4 2 2 0% 75

Ex. 24 Find all the possible values of b >0, so that the

area of the bounded region enclosed between the parabolas
2

X
y =x —bx" andy = e is maximum.

2
Sol. Eliminating y from y = % and y = x — bx?, we get

x? = bx - b%x*

O x =0, L
1+ b?
ALy
> X
A=
1+ b2
Thus, the area enclosed between the parabolas,
bia+b%) O 20
A=| O B - be? =X
0 b0
pn+p? O , O+ p? O
= x—x Odx
0 0 . 0o
Oz b . bZDb/1+bz . b
THz 3 b O 6 (1+0b7)

For maximum value of A, % =0

dA_lE(1+bZ)Z 2b-b>12@ +b%) 2b _15(;(1—52)

But 44
T 1+ 5% 3 (1+bY)°

dA
Hence, Ty =0givesb=-1,0,1sinceb >0

Therefore, we consider only b =1
A
Sign scheme for fl—b around b =11s as below

0= * > 00

1 -

From sign scheme it is clear that A is maximum.
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Ex. 25 LetC, andC, be the graphs of the function

y =x” andy =2x,0 < x <1, respectively. Let C be the graph
of a functiony = f(x);0 < x <1, £(0) =0. For a point P on Cy,
let the lines through P parallel to the axes, meets C, and C,
at Q and R respectively. If for every position of P on(C,), the
areas of the shaded region OPQ and ORP are equal, deter-
mine the function f(x). [IIT JEE 1998]
Sol. On the curve C,, i.e.y = x°.

Let P be (0, a ?). So, ordinate of point Q on C, is also O 2,

2
a
Now, C, (y =2x) the abscissae of Qis given by x = y? = o 0

00j 0o o Hand & Cyis {0, f(x)}
is J—,a Oand R on C; is {0, f(x)}.
02’ 0O ’

2
Now,areaofAOPQ:IOG (3 = x,) dy I Q‘/*_ygdy

2
="a

3 (1)

5ot
4

2
Again, area of AORP ZIOG (y1 = y2)dx :J'; {x? = f(x)} dx ...(ii)

Y A
1/2.1)
1) G AL
Q
=1
a0
o) / > X

Thus, from Egs. (i) and (ii), we get
2(1 _(L _ 2 _
5. _Io {x* = f()} dx
Differentiating both the sides w.r.t. o, we get

202 -0’ =a?-fa)

a f@)=a’>-a® 0 f(x)=x*-x%°
Ex. 26 Find the area of the region bounded by the
I
curvesy =exlog x and y = %8 X
ex [T JEE 1990]

Sol. Both the curves are defined for x > 0. Both are positive when
x >1 and negative when 0 < x <1.

We know that, hm log x » — o
X - 0

Therefore, lim log x i
xo 0 ex

Thus, Y-axis is asymptote of second curve.

and hm ex log x [(0) (= o) form]

x- 0t

= lim < log x % ® form@
x-o0t 1/x 00

= I e(li/xz) =0 (using L’Hospital’s rule)
x- 0" (— 1/ x )

Thus, the first curve starts from (0, 0) but does not
include (0, 0). Now, the given curves intersect therefore

1
ex

. 22 —
ie. (ex*—=1)log x =0

1
ie. x=1,- (s x>0)

e

AY

> X

Therefore, using the above results figure could be drawn as

U Required area = L/ log x _ ex log x de
e ex
207 2 2 _
=1 %Lg x) -e %C—(Zlogx -1 = ¢S
0 2 g, o Qe

Ex. 27 Let A, be the area bounded by the curve
Tt
y =(tan x)" and the lines x =0,y =0 and x = " [Prove that

1
forn>2, A, +A,_, :71 and deduce that
n—

1 <A < 1
2n+2 2n—2

/4
Sol. First part We have, A, ZJ'
S
/4
t oz = I 0
T4
=Jy

Let tan x =t, so that sec? x dx = dt

(tan x)" dx

Hence, (tan x)" "% dx

O A, (tan x)" % (tan® x +1) dx

(tan x)" "% Bec? x dx

ol 1

n-1

1, O
O A”+An_2:J'0t dt=0

a
o =
On-10

(1)
Second part
0<sx<m/4 0 & tanx 1

N _
"2 x<tan" x <tan" % «x

Since,

O tan

T/
O J’o

0 An+2<An<An—2|:| An+An+2<2An <An+An—2

) W4 \ w4 Wo
x dx <J' tan” x dx <I tan' x dx
0 0
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0 1 <24, < 1 Hence, the intersection points in the first quadrant is
n+1 n-1 (2 -1,+2 -1).
0 . l+ . <4, < . 1 . [using Eq. ()] U Required area =8 [Srea of curvilinear AOI;M] §
n n— B ~ B 172 —
=8 QT(‘E 1) (2 -1) +Iﬁ—1 1 —2x dxa
Ex. 28 Consider a square with vertices at (1, 1) (-1, 1), 0, 021 - 2x)"2 02 O
(-1, -1) and (1, -1). Let S be the region consisting of all =8 Dg (3 -2v2) + BW % 0
points inside the square which are nearer to the origin than B va-1
to any edge. Sketch the region S and find its area. -4 (42 -5)
[HIT JEE 1995] 3
Sol. For the points lying in the AOAB the edge AB,i.e. x =11is
the closest edge. Therefore, if the distance of a point P (x, y) Ex. 29 Sketch the region included between the curves
(lying in the AOAB) from origin is less than that of its 24,2 =2 / +. — > gy
distance from the edge x =1 it will fall in the region S. Ty a’ and | x ly \/g(a 0) and find its
0 OP < PQ area.
AY Sol. The graphs | x|+|y|=aand|x|* +]|y|* =a’ are as shown
/ y=x in figure.
DI T A A
Fig (0.a)
9%
< X
)
B >
¢ \ (-a,0) @) @0 X
y=-x
g JxP+yi <1 -x
©.-a)
a W Hyisxt-2x +1
0 219y From the figure it can be concluded that when powers of | x |
yo= and| y | both is reduced to half the straight lines get stretched
Similarly, for points lying in the AOAD the side y =1 is the inside taking the shape as above.
closest side and therefore the region S is determined by Thus, required area = 4 [shaded area in the first quadrant]
x*<1-2y
Oma? a , U
Since, the edges are symmetric about the origin. Hence, by the =4 DT _I 0 (Va —+/x)* dx 0
above inequality and by symmetry, the required area will be the O u
shaded portion in the figure given below (since in 1st quadrant x, y > 0), hence
Ay =X [x[+\lyl=+a
g Jx + .y =a
O y =(a =Jx)’
X (0.a)
X+ % =2
@0) X
. (-a,0) 0 !
<y =x v i+l =[a
Now, when the curves y* =1 —2xand y = x intersect each %4‘
other, then 0,-a) Ix]+1yl=a
x*=1-2x 0 x*+2x-1=0
g x=42-1,-42 -1 Hence, required the area = QT[ —2 @az
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Ex. 30 Show that the area included between the parabo-
8
lasy® =4a(x +a) andy® =4b (b - x) isE(a +b) vab.
Sol. Given parabolas are
y? =4a(x +a) (1)
and y?=4b (b - x) ...(ii)
Solving Egs. (i) and (ii), we get
x=(b-a) and y=%2+ab
O PandQare (b —a,2~/ab) and (b — a, — 2 /ab) respectively,
and the points A and A" are(—a, 0) and (b, 0), respectively.

AY

Now, required area = Area APA' QA =2 Area APA' A
=2 [Area APMA + Area MPA' M]

=20 "2 faG@r M dr e[, 2 bl - dx]
=4\/EI__“\/mdx+4\/EJ’b_ Jb —x dx
:4ﬁ§(a+x)3/zg: +4\/7§ 2 S/QEI;_“
= g Ja (b)¥? + # (a)*? = 2 Jab(a + b) sq units

Ex. 31 Determine the area of the figure bounded by two
branches of the curve(y — x)* = x> and the straight line x =1.

Sol. Given curves are (y - x)* = x°

y-—x=*t% x\/;
y=x+x Jx ...(1)
y=x—x\/; ...(i1)
and x=1 ...(iif)

Which could be drawn as; shown in figure.

AY

&

£
A
+
<
0
>
?l

(PSRN

x

Hence, required area

= [ {6+ x )~ —x V) de
:I:(Zx&) dx

1 4
=2J' x¥% dx == squnit
0 5

Ex. 32 Prove that the areas S, S;,S,, ... bounded by the
X-axis and half-waves of the curvey =e~ * sin Bx, x[D.
form a geometric progression with the common ratio

gze—not/B_

Sol. The curve y =e”
points where y = 0.
O e ¢

9% sin Bx intersects the positive X-axis at the
“sinfBx=0

+1K

T
a sinBx=0 0 x,=—,n=0,1,2,...

The function y = e~ sin Bx is positive in the interval

(x5, X5 k +1) and negative in (x,x + 1, Xox + 2), i.€. the sign of the
function in the interval (x,, x, + ), therefore

n+1)T1/
S, =g :H/B)nBe_“xsiandxg
DD( 1)n+1 - ax (+1) 1
-Duiz(a sinfr+Beospr) 0 O
a’+p Dzr[/B |
—nT[(X/B
_f gy e
G +
Be—(n+1)nu/B{1+e—no/[3}
S, 24t _
Hence, g = == - @ B)_ = TP
Sn Be nT[CI/B{l+e T[G/B}
GZ+BZ

which completes the proof.

Ex. 33 Letb#0andfor j=0,1,2,...,n. LetS; be the area

of the region bounded by Y-axis and the curve x (&Y =sin by,

T
M, U b) . Show that Sy, Sy, S, ..

b

ric progression. Also, find their sum fora=—T1andb =Tt

D O (j+)mh —ay sin by O
Yool ¢ g

,S, are in geomet-

(j+1) /b

Sol. Here, §; —DJ' o



DD e_ay dj+l)TI/bD
=00——— (—asinby —b cos by) O O
poe +b Ome O
—a(j+1)T/b —aj b
e - e
ey S ey B
O a +b 0

De—a(j+1)n/b e—ajn/b O

=|b| 0O + 0
| |[| a+ b’ a+b° 0
—ajit/b
=16l ™™ +1){j=012..n
+b
. —a(j+1)1/b —ajrt/b
Now, = [p| S (e ™+ 1) | b] S 7™+ 1)
S; a“+b a“+b
=e ™ forall j=0,1,2,....n
Hence, S, S,, S, ..., S, are in GP with common ratio e .
Fora = —1and b = T, we have
I(e+1
Sj w 1 j=0,1,2,.
T[ +1
0 is_i em(e+1)_(e+1)ﬂ|:|e"+1—1g
J T 2 - _
5 5 T+l T+1 g e-1 [

Ex. 34 For any real
el +e! el —e”!

LEx=2+ V=2 +fisapointon the hyper-

bola x* —y?* —4x +4y —1 =0. Find the area bounded by the

hyperbola and the lines joining the centre to the points
corresponding to t; and — t;.

t =t t -t
e te

Sol. The points x =2 + Y =2+ 5" is on the curve
(x=2)2—(y —2)2 =1 or x*-y®—4x+4y -1 =0
y y Y
AY
39
AI
c ’ "X
(\/)
Q
Put (x ~2) = x,(y ~2) =y
t oyt t_ -t
O x*-y* =1 and x=2"¢ ,y=e ze

We have to find the area of the region bounded by the curve
x* = y® =1and the lines joining the centre x = 0,y =0 to the
point (¢) and (— t,).

0 et

ORequired area =2 [Area of APCN —L 2

y dx

OO
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hoy o~ [ —p~ [ O
—2[| % ¢ D% ¢ o- Itly@dtg
20 2 0o Ji dt 0

=2L%_ iy J’O %; _tD dt

D
i S
2 _ -2
e e Tt o —u
= -— e +e © =2)dt
4 2 -[0 ( )
eZtl e 2 1 De2t1 -2y . |j1
- o0 T —eh [
4 2 0 2 0o
e — 1 e B -2 ” D—t
4 2H 2 tg

Ex. 35 Find the area enclosed by circle x* +y?* =4,

U X
parabolay = x> + x +1, the curvey = Hsm — +cos

0
g

4>\><

X-axis (where, [.] is the greatest integer function).

Sol. - y = Esin z % + cosg E

x x
l<sinzz+cosi <2 for x [ 2,2]

>X

2,0)|-3 -1 -1/2]0 3]0

0,-2)
Now, we have to find out the area enclosed by the circle
x* + y* = 4, parabola @y —% Q: @x +§ g ,liney =1and

X-axis. Required area is shaded area in the figure.

Hence, required area

=3 x1+(\3 -1) x1 +J'_01(x2+x +1) dx + 2'[2(1/4 - x%)dx

° 2

3 2 0
:(2\/§_1)+gx*+xf +xg "‘2|:1,C\/4—x2 +2sin_1%§[|
B2 g, B Hs

2

4
=243 -1) + 7+7 —10-+ 2060 + M) - +—
3-8 e By T
:(2\/5_1)_'_2_'_7 _f5 = 7+\/§—g§squnits
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Ex. 36 Let f(x) =max {x>,(1-x)?,2x(1 —x)}, where
0 < x £1. Determine the area of the region bounded by the

curvesy = f(x), X-axis, x =0 and x =1. [T JEE 1997]
Sol. We have, f(x)=max {x* 1 —x%),2x(1 - x)}
Graphically it could be shown as;
LY
. =x2 &
Y= (12 S
max 3
%, >y =2x(1%)
O,
?9
6711z Nz "X
323 &
%,
e

For figure it is clear that maximum graph (i.e. above max graph
is considered and others are neglected).

0 ForxDDO1

H3

E xi<2x(1-x)<(1 - x)?
ForxDEl E, x2<1-x)?<2x(1-x)
D
s8¢

For x DD

B2’

-x)<x?<2x(1 - x)

O

02 2 2
ForxO7—,1 5 1—-x)"<2x(1-x)<x
H3'" B

Hence, f(x) can be written as

O (@-x)?, for0<x<1/3
f(x)=%2x(1—x), for1/3<x<2/3
E x, for2/3<x<1

Hence, the area bounded by the curve y = f(x); X-axis and the
lines x = 0 and x = 1is given by

—1/31—2d+2/321—d+1 2 4
—IO 1 -x)"dx L/3 x(1 —x)dx _[2/3 (x%) dx

=17 sq unit
27 q

Ex. 37 Find the ratio in which the curve,
y =[-001x* =002 x*] [where, [[Jdenotes the greatest inte-

ger function) divides the ellipse 3x* + 4y* =12.

Sol. Here, y =[-0.01x" —0.02 x?]

ie. y =—1,when -2 <x <2

y = —1cut the ellipse 3x* + 4y* =12

22

or x=%—

B

8
Atx? =2
3

YA

(0~3)
2J6/3 —3x°
Required area —J' Hl12-3x - 1%dx
2J6/3 H 4 A
2J6/3 3 2J6/3
_2sz/3 4o xtdx J-—zﬁ/slx
. _I\F 2 4
=2sin —+—-==4/6
3 3 3
0-2,-3<x<0
Ex. 38 Let , where

f(x)_gx—z,o <x<3

gix) =min {f(| x[) +| f(x) |, (| x|) =| f(x)|}. Find the
area bounded by the curve g (x) and the X-axis between the
ordinates at x =3 and x = =3.

OFx-2 -3 <x <0
Sol. Here, f(x)=0

0 x-2 0<x<3

0 2 -3<x<0

|f(x)|=El-x+2, 0<x<2

Hx-2 2<xs<3

Fx—-4-3<x<0

O flxD-[f)|=m2x-4 0<x<s2
E 0, 2<x<3
Ay
f(x)
%n
_3 0 ) 3 >X
-2
Graph of f (x)
Ay
/(Xl)
) 0) ) > X
(0772)

Graph of f (| x])



Graph of |f (x)|
AY

-3
: 0 > 3

o \
(0174)

Graph of g(x)

Since, | f(x)|is always positive.

gx) = f(x[) = f(x)|
where the graphs could be drawn as shown in above figures.

From the graph, required area

1 23 .
=E(1+4) X3 +% X2 X4§+0=? sq units
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0 10
Ex. 40 LetO(0,0), A(2,0) and B [0, —= Obe the vertices
0.0 A0 andB [,

of a triangle. Let R be the region consisting of all those
points P inside A OAB which satisfy
d (P, 0A) <min{d (P, OB),d (P, AB)}, when d’ denotes the
distance from the point to the corresponding line. Sketch the
region R and find its area. [IIT JEE 1997]
Sol. Let the coordinate of P be (x, y).

Equation of line OA =y =0

Equation of line OB =+/3y = x

Equation of line AB =3y =2 - x

d(P, OA) =Distance of P from line OA =y

d(P, OB) =Distance of P from line OB = ‘\/gy%
+ -
d(P, AB) =Distance of P from line AB = w
Y A
1
8 (1 3)
°p
> X
0|(0,0) A(2,0)

Ex. 39 Let ABC be a triangle with vertices
A=(6,2 (/3 +1)),B=(4,2) and C =(8, 2). Let R be the region
consisting of all those points P inside A ABC which satisfy

d (P, BC)=max{d (P, AB),d (P, AC)}, where d (P, L) denotes
the distance of the point P from the line L. Sketch the
region R and find its area.

Sol. It is easy to see that ABC is an equilateral triangle with side
of length 4. BD and CE are angle bisectors of angle B and C,
respectively. Any point inside the A AEC is nearer to AC
than BC and any point inside the A BDA is nearer to AB than
BC. So any point inside the quadrilateral AEGC will satisfy
the given condition. Hence, shaded region is the required
region, whose area is to be found, shown as in figure

A6, 2(J3+ 1)

B
2 C(8, 2)

1
Thus, required area =2 Area of AEAG =2 % 5 AE X EG

1 1 1 [
:EABXECEZEX‘LX 42—22

43 .
= T Sq units

Given, d(P, OA) < min {d(P, OB), d(P, AB)}
O]3y - x| [\By +x -2| J

< min s
y O 5 5 .
|3y -«
0 <— .
y 5 @)
and Iy rx-2 )
< 5
V3y —x
Casel If yS%
ad ysx_zﬁy,i.e.x>ﬁy (¢ By —x <0)
0 @+3)y<x
y<@-+3)x
y < x tan 15° ...(iif)
(" y = x tan 15°is an acute angle bisector of [JAOB)
3y +x-2
Case Il IfyS'x/iyfx|
2y<2-x -3y (i.e.A3y + x =2 <0)

@+3)y<2-x

y<-2-3)(x-2)

y <—(tan15°) (x —2) .(iv)
[y =(x —2) tan 15°is an acute angle bisector of CA]

O O o o



200

Textbook of Integral Calculus

From Egs. (iii) and (iv), P moves inside the triangle as shown in

figure.
2(1)

(0,0 C (2.0)

As UQOB= [ 0OBY® 15 ,AOQB is an isosceles triangle
d OC = AC =1 unit

Area of shaded region = area of AOQA = % (base) % (height)
= g (2)(1 tan15°) =tan 15°
=(2 —+/3) sq units

Ex. 41 A curvey = f(x) passes through the origin and
lies entirely in the first quadrant. Through any point P(x, y)

on the curve, lines are drawn parallel to the coordinate axes.

If the curve divides the area formed by these lines and coor-
dinate axes inm:n, find f(x).

Sol. Area of (OAPB) = xy, Area of (OAPO) :on f@)dt

Y4 y =)

Therefore, area of (OBPO) = xy —J'Ox f(t)dt

According to the given condition,

= [ fWd

IO f@t) at n
O nxy=(m+ n)J'Ox f@t) dt

Differentiating w.r.t. x, we get

n @x%w @z(m +n) f(x) =(m +n) y,asy = f(x)

n
/n

0 y =cx"
Ex. 42 Find the ratio of the areas in which the curve
0 X3 X 0 .. . 2 2
y = +— [divides the circle x~ +y~ —4x +2y +1 =0
0100 35
(where, [.] denotes the greatest integer function).

U Dd—x = dy o (log x¥ log = log c, where cis a constant.
x oy n

Sol. We have, x* + y? —4x +2y +1 =0
or (x—2)% +(y +1)* =4
Y A

Now, for 0 € x < 4,

x* x O3 x O
0s—+—<1 0O O+t — 90
100 35 H100 35 .
So, we have to find out the ratio in which X-axis divides the
circle (i).
Now, at X-axis, y=0
So, (x—2)* =3
So, it cuts the X-axis at (2 — /3, 0)and (2 + V3, 0).
Theref ired A-2+ﬁ4 2)* -1)d
erefore, required area, A = J'z ;s ( (x =2) ) dx
4T -343
3
A _4m-33

O Required ratio = =
q ATT-A 8T +33

Ex. 43 Area bounded by the line y = x, curve
y = f(x),( f(x)>x, Ux> 1) and the lines x =1,x =t is
(t +1+t2) =(1 +/2) for all t >1. Find f(x).

Sol. The area bounded by y = f(x) and y = x between the lines
x=1land x =tis I+t1 ( f(x) = x) dx. But it is equal to

o ATTE) -t 54
t

So, L (f(x)-X)dx:(t+W) -1 +4/2)

Differentiating both the sides w.r.t. , we get

_ t
() t—1+m

X

O fy=1+t+

1+t

or flx)=1+x+
1+ x°

Ex. 44 The area bounded by the curvey = f(x), X-axis

and ordinates x =1and x = b is(b —1) sin (3b +4), find f(x) .
Sol. We know that the area bounded by thbe curve y = f(x), X-axis

and the ordinates x =1 and x =b is L f(x) dx.

From the question; J'lb f(x)dx=(0b -1)sin(3b +4)
Differentiating w.r.t. b, we get

f(b)A =3(b —1) cos(3b +4) +sin (3D +4)
O f(x)=3(x —1) cos(3x +4) +sin (3x +4)



Ex. 45 Find the area of region enclosed by the curve

(x=y)* (x+y)
)2/ + )2/ =2(a >Db), the line y = x and the posi-
a b
tive X-axis.
R + 2
Sol. The given curve (x ag) ) + (x bzy ) =2 is an ellipse major

and minor axes are x —y =0 and x + y =0, respectively.
The required area is shown with shaded region.

Y
Y =X

Instead of directly solving the problem we can solve equivalent
problem with equivalent ellipse whose axes are x =0 and y = 0.

The equivalent region is shown as (OA' B' O) where the
2 2
equation of ellipse is x—z + % =1.
a

0 Required area = Area (AOA' A" + A A" B)

A=

d d
where, H ab ab %

X X =

1 1
2 Z+b: S+ p: 2

Areaof AB A" =" a b

AOA' A" =

Area

O

Worfa? + 02

2 _ azbz DD
a* + bZD@

g
O/ Ca
O

b
D
H !

Hence, required area = Sum of Egs. (i) and (ii)

_mab _ab_ ;5 b H
4 2 'a2+b2H
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Ex. 46 Let f(x) be a function which satisfy the equation

f(xy) = f(x) + f(y) forall x >0,y >0 such that f'(1)= 2.
Find the area of the region bounded by the curves

y = f(x),y =| x> —=6x*> +11x —6|and x =0.
Sol. Take x=y =10 faF¥ 0

Now, y:l
X
_ _ 1 1H--
0 o=fHxE = rw e+ rH-HO rEL e s
0 fﬁf =+ fﬁi =10 - 1) )
Now, f'(x)= lim 7f(X+h}3_f(x)
f§x+h
= lim Tx [using Eq. (i)]
h
Foi+tH-r0)
- fim : hxg =Ly =0
h- 0 o X
Fw=2 *
X

O f(x)=2log x +¢ [since, f(1)=00 ¢=0]
O f(x)=21log x

Thus, f(x)=2log xandy =| x> —6x* +11x —6| could be

plotted as
LY y = 2log x
N y=]x3-6x°+11x-6|
o X
B el ¥
C

Hence, required area

1 0
=J'0 (x* —6x% +11x —6) dx +J'_ e’ dy

044 3 2
:DL_GX +11x

04 3

1
g
—6x 0 +2(")%,
g
0
1 11 @ 0 e
=0—=2+—-60—(0)+2( —e
R NORLICRT
1 11

1
=—+— -8 +2=—-—squnit
4 2 4

Ex. 47 Find the area of the region which contains all the
points satisfying condition| x =2y | +| x +2y | <8andxy = 2.

Sol. The line y =+ g divide the xy plane in four parts

RegionI 2y -—x<0 and 2y + x20
Sothat,| x =2y | +| x +2y| <8
O (x—2y)+(x+2y)<8 O 0<x<4
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RegionII 2y —x[0and2y + x 20

So that, [x=2y|+|x+2y|<8

O - (= 2yy (& 2y 8 0 0=<y<2
RegionIIl 2y + x<0,2y —x 20

Sothat, |x—2y|+|x +2y]| <8

a - (x 2yy (# 2y 8 0- £ £ 0
Regionll
2y x20,2y+x20
uy
Regionlll Regionl

y—x=0,2/+x<0 | ™ 2yx<0,2y+x >0

Region |V
2y—x<0,2y+x<0

RegionIV 2y + x<0,2y —x <0
So that, |x—2y|+|x+2y|<8Fx & ¥ 0

Here, all the points lie in the rectangle.

YA

0,12 \D

m A(1,0) B|(4,0)

Also, the hyperbola xy =2 meets the sides of the rectangle at
the points (1, 2) and (4, 1/ 2) in the 1st quadrant graphically.

Hence, required area
=2 (Area of rectangle ABCD — Area of ABEDA)

=2 §3 X2 —J'14 de§=2(6—210g 4) sq units
x

Ex. 48 Consider the function
f(x)= HX [x1- 7’ ol , where [.] denotes the great-
H 0, if xOI
est integer function and | is the set of integers. If
g(x) =max {x?, f(x),| x|},—2 < x <2, then find the area
bounded by g(x) when —2 < x <2.

Sol. Here, f(x) = Hx _7’ it 01

H 0, if xOI

7, if x OI
2

D]]I:II:I:I

0, if xOI
Thus,  g(x) = max {x* f(x),]| x|}
which could be graphically expressed as

x4, —-2<x<-1

-x, " 1<x<-1/4

Clearly, g(x) =

1
x+5,—1/4SxSO

Oooooooooo

2
Hence, required area = J'_ , g(x) dx

e g’

+ lxolx+ 2xzdx
I, I

e d o gl
R e

L1/4
units

Ex. 49 Find the area of the region bounded by
y = f(x),y =| 8(x)| and the lines x =0, x =2, where f , g
are continuous functions satisfying

fix+y)=f(x)+f(y) =8xy, Ox, )1 R
and  g(x +y)=g(x) +g(y) +3xy (x +y), Ox, yO R
Also, f'(0)=8 and g'(0)=-4.

Sol. Here, f(x +y) = f(x) + f(y) ~8xy
Replacing x, y — 0, we get f(0) =0
flx+ h) f&) _ o ety ) = )
y=0 y

f(x) +f(y) ~8xy — flx

Now, f'(x)= hli

= lim
y-0 y
0 O
- lim Df(y) _8w o
=g Y Y 0O
= lim H& B 8x (using L’'Hospital’s rule)
y-0

= f'(0) - 8x =8 —8x [given, f'(0) = 8]
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a f'(x)=8—-8x O sec”! [-sin® x] =sec”' (-1) =T
Integrating both the sides, we get Thus, to find the area bounded between
_ 2
f(x) =8x —4x" +¢ y=x* and y=T
As floy)=00& 0 .
0 F(x) =8x — dx? () ie. when x* =Tt or (x = — /Tt to x =+/T0) B
— I 0 3"
Also, glx +y) =g(x) + gly) +3xy (x +y) 0 Required area :I j, (T[—xz)deD'[x—x—El
Replacing x, y [J 0, we get g(0) =0 o o 3 U
+ —
Now, g'(x)= lim w =T[(\/TT+\/7T[)—%(T{/7T[+ JJF)TF%T\/E
y=0 y
Y {CONR S 3x y +3xy” - g(x) Ex. 51 Sketch the graph of cos~' (4x® —3x) and find
v o . , Y . the area enclosed betweeny =0,y = f(x) and x2—1/ 2.
+
= lim Dg(y) + yBx~ + 3xy) 0 Sol. Here,  f(x) =cos™ ' (4x —3x)
y=0g vy y O
£(0) Let x=cos® and 0<O<TI
= 1 +3x% = -4 +3x" 0 f(x) =cos™" (4 cos® 8 —3 cos ©)
g g(x)=—4+3%° =cos ' (cos30); 0<30 <3
ad glx)=x —4x [as g(0) = 0]...(i1) 86, 0<306<T
Points where f(x) and g(x) meets, we have O flx)= 5" -38 m<36s2m
f(x) =g(x) or 8x —dx? =x* —4x HSG—ZT[,ZT[<39£3 n
0 x=0,2 -6 O 3cos™'x 1/2€x<1
0
1Y =@n-3cos 'x, -—1/2<x<1

Eﬁcos_lx—ZT[, -1<x<-1/2

Lh3/41 -2 1/2 <x <1
» X O fl(x)=0 3/y1-x% —-1/2<x<1/2

O 2
H -3/41—-x°, -1<x<-1/2

e oooax 1/2<x<1
Ox® —4x, x OF 2,00 & ) 1-x2)%%
Now, |gx)|=0" i
04x —x7, x OF o ~ 2]0 (0,2) and  f"(x)= 0 . —1/2<x<1/2
0 Areabounded by y = f(x)andy =] g(x)|between x = 0tox =2 gl —x)
2 2 3 _ T3 _
- _ — - 0 , “1<x<-1/2
Io {8x —4x7%) —(4x —x”)} dx oa _x2)3/2
:I : (x® —4x® +4x) dx _1 sq units Thus, the graph for f(x) = cos™" (4x” —3x)is
0 3
AY
Ex. 50 Find the area of the region bounded by the curve
y =x” andy =sec” ' [—sin® x], where [.] denotes the great- m
est integer function.
Sol. As we know, [~ sin® x] =0 or — 1. But sec”! (0) is not defined.
y w2
a0 Rl 0 T R

Thus, required area = J'_ll/z f(x) dx

1/2 o 1 o
= - +
l B 1/2(2 3cos  x)dx I 1/2(3 cos” x)dx



204 Textbook of Integral Calculus

Cames [ B et e[ ot 00 FrA=awehne ' sdate e
-1/2 02 1/2 )
: . x“=4a(y +a)
_ Tt -1 . -1 —
Y +3 .[1/2 cos  x dx %S I—I/Z sin x dx = OE The point of intersection in the 1st quadrant
P=(2+2/2)a,2 +22)a)
_m . x H
=5 +3 O(x cos ~ x)yy I 2 1o dx 5 Required area = 2 (area of AOPQ — area APQA )
. 343 . ofAOPQ:1|]2+2«/§)2a2:2(1 ++2)% a?
On solving, we get = —— sq units 2
2 2+ 2V2)a @2+ 222)a Ox? a
Area of APQA =J’2 y dx =J'2a 0— —a Udx
. a
Ex. 52 Consider two curves y* = 4a(x —\) and Héa 0
. 2+2+2)a
2 =4q (y =A), wherea >0 and A is a parameter. Show that 1 Oy g e a(x )<2+2fa
s Di | -
(i) there is a single positive value of A for which the two 4a3 L,
curves have exactly one point of intersection in the 1st 1 s s s ,
quadrant find it. = 12a [2 +2V2)’ [@° ~8a°] =22 a
(ii) there are infinitely many negative values of N for which Oa2 +120 ,
the two curves have exactly one point of intersection in = —5 H

the 1st quadrant.
(iii) if N = — q, then find the area of the bounded by the O Required area =2 Ez(l +42)% + w2 +12 ﬁ(f
two curves and the axes in the Ist quadrant. 3

Sol. The two curves are inverse of each other. Hence, the two
curves always meet along the line y = x.
Consider, y®=4a(x—\) andput x =y
0 2 —day +dak =0 Ex. 53 Let f(x) be continuous function given by
o 2x [ x| <1

ad y= dat4ya’-ah — Y =2at.ad’ -a\ fx)=0

Ox* +ax +b, | x| >1

4
:g(IS +8+/2) a’

Since, yisreal 0 a* dll OorA<a Find the area of the region in the third quadrant bounded

(i) If 0 < A <a, then there are two distinct values of y and by the curves x = —2y2 and y = f(x) lying on the left of the
both 2 (a + 1/a® —aX)and 2 (a —/a® —al) are positive, line 8x +1=0. [IT JEE 1999]
i.e. both points lie in the first quadrant. Sol. Given, a continuous function f (x), given by
If A\ = g, then y = 2a only, i.e. only one point of pY

intersection (2a, 2a).

Hence, there is exactly one point of intersection in 1st
quadrant for A = a. It is infact the points of tangency of
the two curves.

(ii) IfA < 0,theny =2 (a + \/a® —a\) >0and

y =2(a —+Ja* —a)\) <0. ie. the only point of intersection

is in the first quadrant, the other in the 3rd quadrant.
Hence, there are infinitely many such values.

Y

X2 =4a(y+a) V=X

y>=4a(x+a)

2x, | x| <1

f(x)=

Dx +ax+b, |x|>1

Ox?+ax+b —o0<x<-1
>X ie. f(x):E 2x, -1<x<1

Ex2+ax+b, I<x<o®

- f is continuous.



[ Itis continuous at x =—1and x = 1.
| (-1)%+a(-1) +b =2(-1)
and 1) +a@)+b=2()
0 1-a+b=-2
and 1+a+b=2
a - d E- 3
and a+b=1
O b=-1 and a=2
Ck? +2x —1, when —o0<x <-1
g fx)=0
O 2x when -1<x<1
Now, y =x%+2x -1 =(x +1)* -2
or (v +2) =(x +1)*

We need the area of the region in third quadrant bounded by
the curves a = —2y? y = f(x) lying on the left of the line

8x +1=0.

O v +2)=(x +1)°

Cuts the Y-axis at (0, —1) and the X-axis at
(=1 -+/2,0)and (=1 ++2, 0).

Whenx=1and y =2

Solving x = —2y%and (y + 2) =(x +1)% we get
v +2)=(-2y* +1)°

O 4 -4y*+1-y-2=0

O 4yt —4y? -y -1 =0
For y=-1 4y4 —4y2 -y —1=0
At y=-1x=-2
-10 0
O Required area =J' ID—, -x —(x +1)% +2 Qdx
20 2 0
-8 O a
+I ' D—,—f —2x [Odx
0 2 0
D 3/2 3 D_l D 3/2 2_1/8
- + -
=g3x/2) C(x+1) +2x% +%3x/2) _ZLE
0=@/2) 3 0 O2ase 20O
02 b, 02 0,
/2 3 -1 /2 -1/8
_Eﬁ@ig RCRSI +%%fg 0
B - 2 3 o, - 2 0,
040177 0 D4 -1 O
:ngf@j ~o-2p-pia-C g
Osmg” ,0 041 g® 10
—Dfﬁf -(=1) D+D*§* -— 0
03 02 o p3 016 64
—E LI S R S L _LH
03242 3 3 3242 3(64) 64 [
4 1
=—+ ——=—squnits
3 3(64) 192
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Ex. 54 Let[x] denotes the greatest integer function.

Draw a rough sketch of the portions of the curves
x? = 4[Jx] yandy® =4 [\/;] x that lie within the square
{(x,y) |1 x <4,1<y < 4}. Find the area of the part of the
square that is enclosed by the two curves and the line
xty =3.
Sol. We have, 1<x<4 and 1<y<4

O 1<J/x<2 and 1<.fy <2

O [v/x]=1and [\/;] =1 for all (x, y) lying with in the square.

. (1.4) (4.4)
X+y=34 s 3

N\ s
3 \ ¢

0 12'3\4 '

Thus, x*=4[Jx]y and y2:4[\/;]x
O x* =4y and y® = 4x when 1 < x, y < 4 which
could be plotted as;
Thus, required area
2 4 O x2 0
=f @Vx =3 + x)dx +I O2v/x —= Odx
1 2 g 4 [
0 :f O s
S PN s R L
03 ds 120,
O
:H@—mza—@ﬁ-“l
3 3 2

=1 sq units
=—squ
6 q

Ex. 55 Find all the values of the parameter a (a 21) for
which the area of the figure bounded by pair of straight lines

1
y? =3y +2 =0 and the curvesy =[a] x>,y :E[a] x? is
greatest, where [.] denotes the greatest integer function.

1
Sol. The curves y =[a] x* and y = 3 [a] x* represent parabolas
which are symmetric about Y-axis.
The equation y® =3y + 2 =0 gives a pair of straight lines
y =1,y =2 which are parallel to X-axis.
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Thus, the area bounded is shown as

AY
—[a]x® y =1
\ y =[a] f y=3
>y
>y
> > X
From the above figure
Required area =2 I x) dy
2
y E y
_2 (f 1) ( _2 (f 12
I ORE
:é(f_ EZS/Z _1)
3 [d]
_46-V2-22) _4(-32)
3 [a] 3 [a]
a Area is the greatest when [a] is least, i.e. 1.
a Area is the greatest when [a] =1
Hence, a 0[1,2)

3/2y 2
)

Ex. 56 Find the area in the first quadrant bounded by

[x]+[y]

=n, wheren N andy =i (where,iONJ <

[ O denotes the greatest integer less than or equal to x.

Sol. As we know, [x] +[y]=n 0O [x] =n - [y]
Wheny =0, [x]=n0n<x<n+1
Wheny =1, [x]=n—-10n-1<x<n-2

When y =2, [x]

_n—
O n—-2<x<n-3... and so on.
Wheny =n, [x]=00 0<x<1
which could be shown as
A
P R L
A 111 O S O A i R
n-- e e i it
- =
i IHHHHD c | o
P AB oo
1 1 1 1 1 1 1 1 1
PO N O
3-t--a---1--- fo----- T
o s B
e e s
1 2 5 non+l

From the above figure,

=(n + 1) area of square ABCD =(n +1) 1

Required area =(n + 1) sq units

0,



Area of Bounded Regions Exercise 1:
Single Option Correct Type Questions

. A Point P(x, y) moves such that [x + y +1] =[x]. (Where

[Jldenotes greatest integer function) and x [J(0, 2), then
the area represented by all the possible positions of P, is

(a) 2 (b) 242
(c) 4[ (d 2
I f[= H_% %é = 1 g . The area bounded
by y = f_l(x), X-axis, x = %, x = —% is
1
() 9 loge (b) log %Q
1 1
(c) g log— @) E log %@

. If the length of latusrectum of ellipse
E :4x+y-1)°% +2(x —y +3)° =
2 2

and E, : X4 y—z =1,(0< p <1)are equal, then area of
p

ellipse E,, is
(a) E (b)

JEEE

©° % f (d)—

. The area of bounded by the curve
4]x —2017%"| +5|y —2017%"7| <20,is

(a) 60 (b) 50
(c) 40 (d) 30

. If the area bounded by the corve y = x°

+1,y =xand
the pair of lines x* +y* +2xy —4x —4y +3 =0is K
units, then the area of the region bounded by the curve
y=x®+1y= \/ﬁ and the pair of lines

(x+y-1(x +y —3) =0,is
(@ K (b)2K
(C)g (d) None of these

. Suppose y = f(x)and y = g(x) are two functions whose
graphs intersect at the three points (0, 4) (2, 2) and (4, 0)
with f(x)>g(x)f0r0<x<2andf (x)< g(x)for

2<x<4~1fj [f(x)=g(x)]dx =10

andJ’

curves for0< x <2, is

(a) 5
(c) 15

)] dx =5, then the area between two

(b) 10
() 20

10.

11.

12.

13.

. Let ‘d’ be a positive constant number. Consider two

curves Ci:y =e”,C,:y =e” *.Let S be the area of the

part surrounding by C;,C, and the Y-axis, then lim %

a-0 g
equals
(a) 4 (b) 1/2
() 0 (d) 1/4

. 3 points 0(0,0), P(a,a*), Q(=b,b*)(a>0,b >0) are on the

parabola y = x%.Let S, be the area bounded by the line
PQ and the parabola and let S, be the area of the AOPQ,
the minimum value of S, /S, is

(a) 4/3 (b) 5/3

(c)2 (d) 7/3

. Area enclosed by the graph of the function y =In* x -1

lying in the 4th quadrant is

(@)% (b) 2
e e

@2%+£ @4%-%

The area bounded by y =2 —|2—x|and y :‘iis

x|
4+3In3 19
b)—-3In2
(a) 5 ()8 n
()2 +1n3 (d) L +1n3
2 2

Suppose g(x) =2x +1and h(x) = 4x* +4x +5and
h(x) =(fog)(x). The area enclosed by the graph of the
function y = f(x) and the pair of tangents drawn to it
from the origin, is

(a) 8/3 (b) 16/3

(c) 32/3 (d) None of these

The area bounded by the curves y = —v —x and

x = —/—y where x,y<0

(a) cannot be determined

(b) is 1/3

(c)is 2/3

(d) is same as that of the figure bounded by the curves

y=+v-x;x<0and x =/-y;y <0

¥ = f(x)is a function which satisfies

(@) f(0) =0 (i) f"(x) = f'(x)and (iii) f'(0) =1

Then, the area bounded by the graph of y = f(x), the
lines x =0,x =1 =0and y+1 =0, 1is

(a)e (b)e-2

(c)e—1 (d)e+1
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14.

15.

16.

17.

18.

19.

20.

Textbook of Integral Calculus

Area of the region enclosed between the curves
x=y% —1and x =|y|1-y?

(@)1 (b) 4/3

(c)2/3 (d) 2

The area bounded by the curve y = xe ™ *;xy =0and
x = ¢ where cis the x-coordinate of the curve’s
inflection point, is

(a)1-3e7* (b)1-2¢7*

(c)1—e7? (d)1

If (a,0);a > 0 is the point where the curve
y =sin 2x —./3 sin x cuts the X-axis first, A is the area

bounded by this part of the curve, the origin and the
positive X-axis, then
(a) 4A+8cosa =7
(c)4A -8sina =7

(b) 4A +8sina =7
(d)4A -8 cosa =7

The curve y = ax® +bx +c passes through the point (1,2)

and its tangent at origin is the line y = x. The area
bounded by the curve, the ordinate of the curve at
minima and the tangent line is

1 1 1 1
(@) i (b) E (c) g (d) g

A function y = f(x) satisfies the differential equation
dy
dx
bounded when x — oo. The area enclosed by
vy = f(x),y = cos x and the Y-axis in the 1st

—y = cos x —sin x, with initial condition that y is

quadrant
(a)2 -1 (b) 2
()1 (d)1/+2

If the area bounded between X-axis and the graph of

y =6x —3x* between the ordinates x =1and x = ais 19
sq units, then ‘@’ can take the value

(a) 4 or -2

(b) two values are in (2,3) and one in (—1,0)

(c) two values one in (3,4) and one in (—2,—1)

(d) None of the above

Area bounded by y = f !(x

drawn to it at the points with abscissae T and 27, where
f(x)=sin x—xis

) and tangent and normal

22,

23.

24,

21. If f(x) = x —1and g(x) =| f(| x| ) =2, then the area
bounded by y = g(x) and the curve x* —4y +8 =0 is

equal to

(b) §<4ﬁ -3)
mszi—w

wngE—w
aguJE—@

O
LetS= %x )y3x 1)<0[;
x(3x-2) [

—{(x,y)l]A< B- £ K T K K 1},

then the area of the region enclosed by all points in
SnS'is

(a) 1 (b) 2
(©3 (d) 4
The area of the region bounded between the curves

y =e||x|In| x||, x> +y* =2 x| +| y|) +1 20 and X-axis
where | x|< 1,if  is the x-coordinate of the point of
intersection of curves in 1st quadrant, is

(a) 48:exlnxdx +J'1(l =1 —(x —l)Z)de
a

(b) 4 g %exlnxdx + I 0((1 -1 =(x -1)* )de

0 1 g

4§—I;exlnxdx +J';(1 -1 =(x —1)2)dxg

(@zgammxw+1%yah—u—n%wm

0 1 |
A point Plying inside the curve y =+/2ax —x* is moving
such that its shortest distance from the curve at any

position is greater than its distance from X-axis. The
point P enclose a region whose area is equal to

e’ a’
@77 @;

2a -4 ,
©% @ T Ha
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Area of Bounded Regions Exercise 2 :
More than One Option Correct Type Questions

25, The triangle formed by the normal to the curve
f(x) = x* —ax +2a at the point (2, 4) and the coordinate

axes lies in second quadrant, if its area is 2 sq units, then
a can be

(a) 2
(b) 17/4
(¢)5
(d) 19/4
26. Let fand g be continuous function on a< x < b and set

p(x) = max{f(x), g(x)}and ¢ (x) = min{f(x), g(x)},
then the area bounded by the curves y = p(x),y =q(x)
and the ordinates x = aand x = bis given by

@ [ :\f (x) = g(x) dx (b) L”\ p(x) —gq(x)) dx

O [[(f@-gtdr @ [ 1p() =g} dx

27. The area bounded by the parabola y = x* —=7x +10and
X-axis equals
(a) area bounded by y = —x* +7x —10 and X-axis

(b) 1/6 sq units
(c) 5/6 sq units
(d) 9/2 sq units
2 2
28. Area bounded by the ellipse xj + % =1is equal to

(a) 6TTsq units
(b) 37Tsq units
(c) 1211sq units
2 2

(d) area bounded by the ellipse % + J’T =1

29. There is a curve in which the length of the perpendicular
from the origin to tangent at any point is equal to abscissa
of that point. Then,

(a) x* + y* =21is one such curve

(b) y2 = 4x is one such curve
(c) x* + y2 =2cx (c parameters) are such curves
(

d) there are no such curves

Area of Bounded Regions Exercise 3 :

Statement | and Il Type Questions

= Direction (Q. No. 30-34) For the following questions,
choose the correct answers from the codes (a), (b), (¢) and
(d) defined as follows :

(a) Statement I is true, Statement II is also true; Statement II
is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement I1
is not the correct explanation of Statement [

(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true
30. Statement I The area of the curve y = sin’ x from 0 to
Ttwill be more than that of the curve y =sin x from 0 to
TU

Statement II x% > x,if x > 1.

31. Statement I The area bounded by the curves y = x* -3
and y = kx +2is least if k = 0.

Statement II The area bounded by the curves
y=x*-3 and y=kx+2isVk?® +20.

32. Statement I The area of region bounded parabola
.32 .
y2 =4x and x* = 4yis ? $q units.
Statement II The area of region bounded by parabola

16
y? =4ax and x°=4by is?ab.

33. Statement I The area by region | x +y| +|x —y| <2is 8
sq units.
Statement II Area enclosed by region
| x +y| +|x —y| £2is symmetric about X-axis.

34. Statement I Area bounded by y = x(x —1) and

y=x(1—-x)is é

Statement II Area bounded by y = f(x)and y = g(x)is
J'b (f(x)—g(x))dx |is true when f(x)and g(x) lies

above X-axis. (Where a and b are intersection of
y = f(x)and y = g(x)).
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Area of Bounded Regions Exercise 4 :

Passage Based Questions

Passage 1
(Q. Nos. 35t0 37)

ax? +bx+c

Let f(x)= such that y = =2 is an asymptote of the
x*+1

curve y = f(x) The curve y = f(x)is symmetric about Y-axis
and its maximum values is 4. Let h (x) = f(x) — g(x), where
f(x)= sin* T and g(x)=log, x. Let xo,x; ,X5,....X, + be the

roots of f(x)= g(x)in increasing order.
35. Then, the absolute area enclosed by y = f(x) and
y= g(x) is given by
(a) z I (=1)" [A(x)dx

ZJ— r+1
<c>zz j"'
(d) - Dz j’”

36. In above inquestion the value of n, is

[h(x)dx

[h(x)dx

Y " Th(x)dx

(a)1 (b)2
(©3 (d) 4
37. The whole area bounded by y = f(x),y = g(x) x =0is
(a) 11/8 (b) 8/3
(c)2 (d) 13/3
Passage 11

(Q. Nos. 38 to 40)
Consider the function f :(— o, ) - (— oo, ©)defined by
x“ —ax+1

2
f@)="

x“ tax+1

,0<a<?2.

38. Which of the following is true?
@@+a)’ff)+E-a)f(-1)=0
b)@-a)’f1)-C+a)'f'(-1) =0
(© fWf(-1) =@ -a)’

@ fQ)f (1) =2 +a)’

39. Which of the following is true?

(a) f(x)is decreasing on(—1,1) and has a local minimum at
x =1

(b) f(x)1is increasing on (—1,1) and has a local maximum at
x =1

(c) f(x)is increasing on(—1,1) but has neither a local
maximum nor a local minimum at x =1

(d) f(x)is decreasing on(—1,1) but has neither a local
maximum nor a local minimum at x =1

40. Let g(x) =J'e F@)

0 1442

dt . Which of the following is true?

(@) g

(b) g'(x) is negative on (—00,0) and positive on (0, )
(c) g'(x) change sign on both (—,0) and (0, )

(d) g'(x) does not change sign on (— oo, )

'(x) is positive on (—0,0) and negative on (0, )

Passage 111
(Q. Nos. 41 to 43)

Computing areas with parametrically represented boundaries :

If the boundary of a figure is represented by parametric
equations i.e. x =x(t), y = y(t),then the area of the figure is
evaluated by one of the three formulas

S = —J'Sy(t)&'(t)dt
s :I:x(t)[y'(t)dz

_1 P r_ r
S _EIG (xy'= yx")dt

where o, and B are the values of the parameter ‘¥’
corresponding, respectively to the beginning and the end of the
traversal of the curve corresponding to increasing “t’.

3
41. The area enclosed by the asteroid %g + %H =1is

(a) %azﬂ (b) f—gm2
3, 3

c) —Ta d) —artt

( )8 ( )4

42. The area of the region bounded by an arc of the cycloid
x =a(t —sint),y =a(1—cos t)and the X-axis is
(a) 6Tta’ (b) 370”
(c) 4Tta* (d) None of these
2
43. Area of the loop described as x = 2(6 —t),y = %(6 —t)is

27 24
() ? (b) ?
27 21
(c) o (d) )
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Area of Bounded Regions Exercise 5 :

Matching Type Questions

44, Match the statements of Column I with values of
Column II

Column | Column 1l

(A) The area bounded by the curve (p) 2
y =x +sinx and its inverse function
between the ordinates x = 0 to x = 2Tt is
4s. Then, the value of s is

(B) The area bounded by y =x & and lies () 1

[x|=1, y=0is

(C)  The area bounded by the curves y2 =53 (®)

—_—

6
and | y|=2x is

5
(D) The smaller are included between the (s) 1
cuwes\/g+1/\y|=1and\x\+\y|:1is 3

45.

(A)
®)
©

(D)

Match the following :

Column 1 Column 11
Area enclosed by y=[x|, |x|=1 and (p) 2
y=0is
Area enclosed by the curve y=sinx, (q) 4
x=0,x=T1and y=0is
If the area of the region bounded by (r) 27
x’< yand y<x+ 2is§,thenkis
equal to
Area of the quadrilateral formed by (s) 18

tangents at the ends of latusrectum of

2 2

ellipse of ellipse % + y? =1is

Area of Bounded Regions Exercise 6 :
Single Integer Answer Type Questions

46. Consider f(x)=x? —3x +2 The area bounded by
|yl =|f (x])],x=1is A, then find the value of 3A +2.

47. The value of ¢ +2 for which the area of the figure
bounded by the curve y =8x? —x°; the straight lines

.. 16 .
x =1land x = c and X-axis is equal to ; 1S e,

48. Theareaboundedbyy=2—|2—x|;y:ﬁ1 .
x

then k is equal to .........

49. The area of the AABC, coordinates of whose vertices are

A(2, 0), B(4, 5) and C(6, 3) is .........

§0. A point P moves in XY-plane in such a way that
[[x|]1+[|y|]=1 where [[J denotes the greatest integer

function. Area of the region representing all possible of

the point Pis equal to ............ .

51. Let f:[0,1] > a, éélbe a function such that f (x)is a

3 . k—3In3
57

52,

53.

polynomial of 2nd degree, satisfy the following
condition :

@) f(0) =0 :

(b) has a maximum value of 5 at x = 1.

If A is the area bounded by y = f(x);y = f '(x) and the
line 2x + 2y —3 =01in 1st quadrant, then the value of 24A
isequal to ......... .

1

Let f(x) = min %in_1 X, Ccos X, %[E; x 0[0, 1] If area

bounded by y = f(x) and X-axis, between the lines x =0

and x =1is . Then,(a = b)is ............ .

a—-X
W3 +1)
Let f be a real valued function satisfying

fa+x)

X

O

f %D= f(x) - f(y)and lim =3.Find the area
Eb/ D x- 0

bounded by the curve y = f(x), the Y-axis and the line

y =3, where x, y OR™.
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Area of Bounded Regions Exercise 7 :
Subjective Type Questions

54.

85.

56.

57.

58.

59.

60.

61.

Find a continuous function  f,
(x* —4x?)< f(x)<(2x® — x”) such that the area
bounded by y = f(x),y =x* —4x?, the Y-axis and the
line x =t,(0< t £2)is k times the area bounded by
y=f(x),y=2 x? = x3,Y-axis and line x =¢,(0< t <2).
Let f(¢t)=|t —1| —|t| +|t +1|, 00 Rand

g(x)=max {f(t): x +1<t<x+2};0 ] RFind g(x)
and the area bounded by the curve y = g(x), the X-axis
and the lines x = —3/2and x =5.

Let f(x) =minimum {e*,3/2,1+e” *},0< x <1.Find the
area bounded by y = f(x), X-axis, Y-axis and the line

x =1

Find the area bounded by y = f(x) and the curve

y= - where f is a continuous function satisfying
1+x

the conditions f(x)f(y) = f(xy), D x, 3] R
and f'(1)=2 f(1)=1

Find out the area bounded by the curve

y= J’j: “(sin W) dt +Lj‘::z " (cosT ) dt (0 x<TT/2)
and the curve satisfying the differential equation
y(x+y®)dx =x(y®> —x)dy passing through (4, - 2).
Let T be an acute triangle. Inscribe a pair R, S of

rectangles in T as shown :

A N

Let A (x) denote the area of polygon X find the

maximum value (or show that no maximum exists), of

+
A(}X(T?(S)’ where T ranges over all triangles and R, S

over all rectangles as above.

Find the maximum area of the ellipse that can be
inscribed in an isosceles triangles of area A and having
one axis lying along the perpendicular from the vertex
of the triangles to its base.

In the adjacent figure the graphs of two function

y = f(x)and y =sin x are given. y =sin x intersects,

y = f(x)at A(a f(a)); B(T00)and C (2100).

A; (i =1,2,3)is the area bounded by the curves y = f(x)
and y =sin x.between x =0and x =a;i =1

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

AY
A1\ A, Ao y;s/nx
o) 3 2 2 » X
y="f(x)

between x =a and x = T; i =2 between x = Ttand x =271t i =3.

If A, =1 —sin a +(a —1) cos g, determine the function
f(x).Hence, determine aand A;. Also, calculate A, and As.
Find the area of the region bounded by curve y =25* +16
and the curvey =b.5" + 4,whose tangent at the point

x = 1make an angle tan ~ ' (40 In 5)with the X-axis.

If the circles of the maximum area inscribed in the
region bounded by the curves y = x> — x —3and
y=3+2x - x2, then the area of region

y—x?+2x +3<0,y+x% —2x =3<0and s<0.

Find limit of the ratio of the area of the triangle formed
by the origin and intersection points of the parabola

y = 4x? and the line y = a, to the area between the

parabola and the line as a approaches to zero.
Find the area of curve enclosed by :

[x+y|+|x-y|<4]|x| <1,y 2x* —2x +1.

Calculate the area enclosed by the curve
asx’+y?<2(x|+|yl)
Find the area enclosed by the curve [x] + [y] =4 in 1st
quadrant (where [.] denotes greatest integer function).
Sketch the region and find the area bounded by the
curves|y + x|<1|y—x|<1 and 2x® +2y* =1.
Find the area of the region bounded by the curve,
2/ *1'| | +2/ %171 <1, with in the square formed by the
lines|x|<1/2|y|<s1/2
Find all the values of the parameter a (a < 1) for which the
area of the figure bounded by the pair of straight lines
y® =3y +2 =0and the curves y =[a] x*,y = % [a] x° is
the greatest, where [.] denotes greatest integer function.
If f(x)1is positive for all positive values of X and
f'(x)<0, f" (x)> 00 xJ R+,prove that

SO [ fde< 2 F) <[ f() de + £0).
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Area of Bounded Regions Exercise 8 :
Questions Asked in Previous 10 Years' Exams

(i) JEE Advanced & IIT-JEE

72.

73.

74.

75.

76.

77.

78.

Area of the region {(x,y)}R*: > /|x+ 3,

5y<(x +9)<15} isequal to  [single Correct Option 2016]

1 4 3 5

- b) = 2 H2

(61)6 ( )3 (C)2 ( )3
)T

Let F(x 620052tdtforallxDRand

f: % [0, 00) be a continuous function. For

a D@ %1fF )+ 2is the area of the region bounded

by x =0,y =0,y = f(x)and x = q, then f(0)1is

[Integer Answer Type 2015]
The common tangents to the circle x* +y* =2 and the
parabola y* = 8x touch the circle at the points P,Q and

the parabola at the points R, S. Then, the area

(in sq units) of the quadrilateral PQRS is
[Single Correct Option 2014]

(a) 3 (b) 6 (©) 9 (d) 15

The area enclosed by the curves y =sin x + cos x and
. . i,
y =] cos x —sin x| over the interval ’EEIS

[Single Correct Option 2014]
(b) 2v2(+2 -1)
(d) 2v2(\2 +1)

(a) 42 —1)
() 2(2 +1)

If S be the area of the region enclosed by
y = " ,y =0, x =0and x = 1. Then,
[More than One Option Correct 2012]
@ s>t M) s21-1
e e
(C)S<f§ IQ (d)S<I+T§ IQ
Letf :[ — [0, ) be a continuous function such that

f(x)=f@1 —x), Ox-[ 1,2] If R :J'_l xf(x)dx and R,

are the area of the region bounded by y = f(x),

x = —1, x =2 and the X-axis. Then,
[Single Correct Option 2011]

(b) R =3R, (c) 2R =R, (d) 3R =R,

If the straight line x = b divide the area enclosed by
y=(1-x)% y=0and x =0into two parts R,(0< x < b)
and R,(b< x<1)such that R, - R, = i Then, b equals

(@) Ry =2R,

to [Single Correct Option 2011]

(a) > () - ©

1 1
Z d) =
4 2 3 ()4

79. Area of the region bounded by the curve y =e* and

lines x =0and y = e is [More than One Option Correct 2009]

(@) e—1 (b) Ileln(e+1 ~y)dy
(© e- f; % dx d) J'lelnydy

80.

The area of the region between the curves

1+sin x 1-sin x

y= |—— and y= |—
cos x cos x

. TU.
lines x =0 and x = —is

and bounded by the

4 [Single Correct Option 2008]
vz -1 t Vz-1 e
a —dt (b)
I a+t*)N1-t° P (1+t),/1—t
veer o4

7&
1+t 41 -+

C

()IO (1+i’2) ’I—t IO
= Directions (Q. Nos. 81 to 83) Consider the functions
defined implicity by the equation y® -3y +x =0 on
various intervals in the real line. If x Ofo ~ 2)J (2 ),
the equation implicitly defines a unique real-valued
differentiable function y = f (x). If x O¢ 2, 2), the equation
implicitly defines a unique real-valued differentiable

function y = g (x), satisfying g (0) =0.
[Passage Based Questions 2008]

81. If f(—104/2) =2+/2, then f" (- 10~/2)is equal to
52 o) -4
73 73
42 @-42
73 773

82. The area of the region bounded by the curve y = f (x)

the X-axis and the lines x = aand x = b, where
—<g<b<-2is

b X
(a) Lm dx + bf(b) — af(a)

b X
(b) Lm dx + bf(b) — af(a)

b X
(c) LW dx = bf(b) + afl(a)
b
(d) - Lm dx = bf(b) + af(a)
1

83. I_lg' (x)dx is equal to
(@)2g(-1)  (b)O (c)

-2g(1)  (d)2g(1)
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(ii) JEE Main & AIEEE

84.

85.

86.

87.

8s.

89.

The area (in sq. units) of the region [2017 JEE Main]
{(x,y):x20,x +y<3 x? <4y}and y<1++/x}is

5 59 3 7
(@) E (b) E (c) E (d) g

The area (in sq units) of the region {(x, y): y* = 2x and

2 2 .
x“+y°<4x,x20,y20is [2016 JEE Main]

4 8
_= by T =2
(@) . by 1 3
42 T 242
Ve d)— - 22
(m 3 (d) 5 3
The area (in sq units) of the region described by
{(x.y):y* <2xandy=>4x - 1 is [2015 JEE Main]
7 5
L b) >
(a) 2 (b) 61
15 9
=2 Q=
(c) " (d) 22
The area (in sq units) of the quadrilateral formed by the

tangents at the end points of the latusrectum to the

P 2

. y .
ellipse Xl =1is
9 5 [2015 JEE Main]

27
— b) 18
(@) . (b)
27
— d) 27
() 5 (d)
The area of the region described by

A={(x,y):x* +y® <land y* <1- x}is [2014 JEE Main]

m 4 m 4
— + = b) — — =
(@) 2 3 (b) 2 3
m 2 m 2
— - d)— +—
© 2 3 @ 2 3
The area (in sq units) bounded by the curves y = +/x,

2y — x +3 =0, X-axis and lying in the first quadrant is
[2013 JEE Main]

90.

91.

92,

93.

94.

(@ 9 (b) 36

(©) 18 @ %

The area bounded between the parabolas x* = % and

x® =9y and the straight line y = 2is [2012 AIEEE]
(a) 2042 (b) %

(c) % (d) 102

The area of the region enclosed by the curves y = x,

1 . ..
x = e,y =— and the positive X-axis is
x [2011 AIEEE]

(a) 1 sq unit (b) g sq units

(c) g sq units (d) % sq unit

The area bounded by the curves y = cos x and y =sin x

. 37T,
between the ordinates x =0 and x = — is
2 [2010 AIEEE]

(b) (442 +2) sq units
(d) (42 +1) sq units

(a) (442 -2) sq units
(c) (442 -1) sq units

The area of the region bounded by the parabola

(y —2)% = x —1, the tangent to the parabola at the point
(2,3) and the X-axis is [2009 AIEEE]
(a) 6 sq units
(c) 12 sq units

(b) 9 sq units

(d) 3 sq units

The area of the plane region bounded by the curves
x+2y% =0and x +3y* =1is equal to [2008 AIEEE]

(a) g sq units (b) é sq unit

(c) 2 sq unit (d) 3 sq units



Answers

Exercise for Session 1 O-x-1, x<-5/2
0 _ _
1. 1 squnit Z.ﬁsq units 3.ﬂsq units At x-5/2<x5-2
15 3 55. g ()= 2, -2<xs<-1
4. fsqunits 5.§squnits 6.5—6a2 sq units B I=x —l<x<-1/2
3 3 3 H 1+x, x>-1/2
7. gaz sq units 8. 2z sq units 9. % sq units and area = 101 sq units
10. 3+16 log2 sq units 56. |:|2 1 4 pgo10 :
H +0g§3\/§§ egqumts
. . 4
Exercise for Session 2 57. QT{ -2 qu units 58. 1 @3—“ Q sq units
1. (d 2.(a) 3. (c) 4. (d) 5.(a) 3 8 L16
6. (b) 7. (a) 8. (a) 9.(c) 10.(b) 59. Required maximum ratio = 2
11. (d) 12.(b)  13.(a) 14.(c) 15.(b) 7 3
16. (3 17.(c)  18.(a)  19.(a)  20.(b) 60. (4)yy = ;s units
Chapter Exercises 61. 4, =1 ;iil EAZ =m-1-sinl4; =3m-2
1. (d) 2. (b) 3.(b) 4. (c) 5. (b) 62. 4 logs %e— %sq units
6. (¢) 7.(d) 8.(a)  9.(b) 10.(b) 27
1) 12.0)  13.() 14 15.@ 63. 4 {12 - amtfsq units
16. (a) 17.(a)  18.(a) 19.(c)  20.(b) \ 3
21. (a) 22.(b)  23.(d) 24.(c) 25.(b,c) 64. 5 65. 2 sq units
26. (a, b, d) 27.(a,d) 28.(a, d) 29.(a,c) 66. 8 sq units 67. 5 sq units
30. (d) 31.(c)  32.(d) 33.(b) 34.(c) .
35. (a) 36.(b) 37.(a) 38.(a) 39.(a) 68. Ez T qu units
40. (b) 41.(c)  42.(b)  43.(a) 0. 0 4 (a0
4. (A) ~ (): (B) ~ (9): (C) » (1): (D) = (5) " Hiog2 ¢ )=l ppaunts
45 (A) = % (B) ~ (% (©) ~ (0 (D) ~ © 70. a0[1,2) 72.(c)  T73.(3) 74.(d) 75.(b)
46. () 47. () 48.(H  49.(7) 76. (b,d) 77.(c)  78.(b)  79.(b,c,d)80.(b) 81.(b)
50. ®) 515 52.03) ] 82. (a) 83.(d) 84.(a) 85.(b) 86.(d) 87.(d)
53. 3esqunits  54.f(x) = —[x* — ke + (2k — 4] 88. (a) 89.(a) 90.(c) 9L (b) 92.(a) 93.(b)
k+1 94. (d)



Solutions

1. Here, [x +y] =[x] -1

when x 0[0,1) 0 [x + y] = -1
-1<x+y<0

()

...(ii)

when x0O[L2) O [x+y]=0
a 0<sx+y<1
which can be shown, as
Y, x=1 |x=2
\
\
\ \
\
N\ \ \
AN \ \
N \ \
N\ \ \
N
-1 N 0N T 2
N\ \ \
N\ \ \
N\ \ \
N\ \ \
\\ \\ \\X+y=1
N\ \ \
\\ \ \
N X+y:0
N .
x+y=-1

U Required area =2
. Required area = ZJ';/Z FH(x) dx
Let, f'(x)=t0 x=f(@)
dx = f'(t)dt
0 A=2 I; (t OF (t)dt

. 0
=2 %Ef (t)ﬁO —J’O 1U(t)th

B of
ad ad
=2 (1) - = log2
g "3 8%
o 1 a %
=2 = ——log2=1-log2 =lo
B 2 g B g g
o
. Here, E;: ﬁ + ﬁ =1
12 (2)?
2
Length oflatusrectum=2%= 2 =42

2
Now,zL:ﬁ O p¥2 =gun
p

Jp

O p=27"

2 2
X Yy _

0 Ey: o173 + PR

Area of ellipse E,, is
nQ/p=mnp’*= 7z

4. Area of bounded region by

4]x —2017*°") + 5]y —2017°°"| <20, is same as area of the
region bounded by 4| x| + 5|y| <20.

1

g 4 X — X4X5 =40
2

Y

4

5. Here,y = x* + 1and y = \/x —1 are inverse of each other.

The shaded area is given K units
0 Area of the region bounded by y = x* + 1,y = \/ﬁ and
(x+y —-1)(x+y —3) =0,is 2K units.

y y=x?+1

_.
=
<
1
%

X

0o 1 3N\d
x+y=3

x+y=1

6. Given, I: f(x) dx—J': g(x)dx =10

(A + A3+ Ay) —(Ay +A; +A,) =10
A —A, =10 (1)
YAK

(0.4)

o]

Again, I: g(x) dx —J':f(x) dx =5

(Ag+Ay)—Ay =5
A, =5 (i)
Adding Eqs. (i) and (ii),
A =15



7. Solving, e™ =", we get e
Y4 X
a-x
©.1)
/ >
0 > X
a/2 a-x X a g-x x\ya/2
SIJ'O (e“@™ —e")dx =[He" [d7" +e™)]|
:(ea +1) _(ea/Z +ea/2):ea _zea/Z +l:(ea/2 _1)2
% DZ 1 [f
0 Sz _1 -1
a 4|:| al2 D
a limi2 =1
a-0gqg 4
a? —b?
8. mpy = " =a - b equation of PQ
Q(-b,b?
P(a.a®
@)
—az‘az_bz(x—a) or y—a®=(a-b)(x —a)
y ath y
y =a® + x(a —b) —a® +ab
y =(a-b)x +ab
0 S, = I_b((a -b)x +ab —x%) dx
3
which simplifies to @. ()
a a* 1
Also, 52=% b b1 =§[ab2+a2b]=%ab(a+b) (i)
0 0 1
3 2
O i:(a-'-b) 3 2 :(a+b) _lul-yéq.zm
S, 6 ab(a+b) 3ab 3B a H
0O S -4
2| min 3
9. y=In*x-1 O y’=21£=0 O = 1
x
YAK
| / X
O1 /e e

a—x 2x

a
=0 x=-—

10.

Chap 03 Area of Bounded Regions 217

x >1,y increasing and 0 < x <1, y is decreasing

x—1)dx

| fe?

[l dx =, ds
[x In® x5, _2_[;, QnTXQBC = % _‘I?Q
ey B

-2 gx In x]}, —L/edxé

=| -2
2-@2-x),if x<2=x  [Ocif x<2
y= % (x—),1fx22—4—x_EfL—x,ifx22
BE if x>0
Also, y = D’g
O-=,if x<0
0O x
Y4
3-
2
3/2
1
01322 3 X
y =X y = 4-x
A=) e [ e —
2 i 0 2
:Ek——ﬂnxm +|jlx—x——3lnx|]
02 G, 0 2 0

0 . D 300, 9 . 0
=g -3mn2 % 3ln2§5+52 S =31n3 6 2 ~n2)

=7 -3In2+3In3 -3In2 +f -31n3 +3ln2—— -3In2
8 2 8
11. Given, g(x) =2x +1; h(x) =2x +1)* +4
Now, h(x) = fg(x)]
@x+1)%+4 = f2x +1)
Y A
(0,4) P(2.8)
Y =mx
0 > X




218

Textbook of Integral Calculus

Let 2x+1=t O f@F t+ 4

a flx)=x*+4

Solving, y=mx and y=x’+4
x> —mx+4=0

Put D=0; m’=16 O m=* 4

Tangents are y = 4xand y = —4x
— o (2 _ =2 1x —2)?
A= ZJ'O [(x° +4) —4x] dx —Zj'o(x 2)°dx

2 i

16
= Z(x-2)*5 = — sq units
%( )E 3 q

12, y =—J/—x 0O y% - x, where xand y both negative
x=-/-y 0O x% - y, where x and y both negative
YAK
— EDS »X
X= *\/*)/\
y =~
Since, A= 16; where,a =b =—
0 a=1
3
LIy
f(x)
Integrating, In f'(x) =x+C, f(0)=10 & 0
YAK
T
1=
— y+1=0

fl)=e*f(x)=e"+k f(0)=0 O kF-1
f)=e* -1
Area :I;(ex —1+1)dx =[e"]; =e -1
14. A :zI;[y,/l —y? ~(y% —1)]dy =2
Y,

A

/ﬁ x =gE T2
1 X = y2—1
15. y=xe™
Yy =e ¥ —xe ™ =(1 —x)e ™ increasing for x <1

16.

17.

18.

y' == —[e" —xe ] =e [ -1 +x]=(x—2)e"

¥ 2

_z—x —[—np X172 fo__—Z_—XZ
A—one dx =[—xe ]O+J'Oe =(=2¢"") —(e")g

For point of inflection y” =0 [0

=2 —(e?-1) =1 e > 2 =1 3¢
(a, 0) lies on the given curve

O 0=sin2a —=3sina [ sin& 0orcosa=~/3/2

Tt . . .
O a= " (as a > 0 and the first point of intersection
with positive X-axis)
/6

/6 2
and A :Io (sin2x —~/3 sin x) dx = Q—Coszix ++/3 cosxg1

0
1 1
= %, +§§— Q>, +\/§§:Z_I ZZ -2 cosa
4 2 2 4 4

0 4A 8cosa& 7

x=1y =2
2=a+b+c
x=0,y=0 Oe o0 +a =b 2
Y
A
_1
3 0 > X
d
Now,—y =2ax+b =1
X 1(0,0)
O & 1,& 1

Hence, the curve is y = x*+x
0, 0 1 .
A =J’ 1(x"+x —x) dx=J' 1(x*) dx =— sq units
- - 24
2 2
F=e™
O ye™ :J'e_x(cos x —sinx) dx. Put —x =t
= —Iet(cos t+sint) dt = —e' sint +C
ye ¥ =e Fsinx+C

Y.

0 X

Since, y is bounded when x - o0 0 & 0

()



g y =sinx

/4
Area =I (cosx —sin x) dx =~/2 -1

6x _S’x3

19. 1= J'(6x 3x%) dx = =3x? —x* =x%*(3 —-x)

A, =1(2)—I(1) =4 -2 =2 units

A, =1(2) —I(3) =4 —0 =4 units

A; =1(3) —I(4) =0 —(-16) =16 units
YAK

. mszt:X

! a
R 0 2Nl

U One value of a will lie in (3, 4).
Using symmetry, other will lie in (-2, -1).

20. Required area, A =I Zn((sin x —x) +2T10) dx
Tt

2
= — —2sq units
2 q

21. g(X)=|f(|XI)—2|ZIIXI—1—2|:IIXI -3

O(|x] - 3) <_3 -x =3 x<-3
x| =3), x < -
0 (#~3) =3 <x <3= H—( x -3), -3 <x <0
= x| =3), -3<«x
= D —(x —3), 0<x<3
E|x\—3 x 23

E x =3, x =3

[+ x -3 x<-3
Hx+3 -3<x<o0

_E—x+3 0<x <3
Hx-3 x 23

(—2+2v2, 0)
vY

For point of intersection,
x2—4(—x +3) +8 =0

O x2+4x-4=0
-4+ .J16 +16
o xzf:—ZiZ\/g

0 Point of intersection is at x = —2 + 2+/2
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—2+2y2 0

0 Required area=2J' f—x +3) BLDD dx
0
O my
—2+2«f x3|j2+2«/§
I 4 —4x —x7) dx—fﬁlx 2x* -—n
4 3 0
[12x =6 x° —x7] 2422
(-2 +242) —6(=2 +242)% —(=2 +22)%]

—24 +24/2 —6(4 +8 —8+2) 8 +16+/2) 42442 48]

[—24 +2442 =72 +482 +56 —4042]

»—AO\\»—A ox\»—n O\\»—A | =

-1 —401=8 R _
-6[32ﬁ 40] 6(4\/5 5) 3(4[ 5)

22. Shaded region represents S N §' clearly area enclosed is 2 sq
units.

A (011)

1.0 O 153213 4 )

©.-1)

23. Required area is 2 5’: ex In x dx + J'la(l -1 =(x -1)%) de

24. y=v2ax-x* 0 (x a)% y%= a*
Let P(h,k) be a point, then BP > PN
For the bounded condition BP = PN =k

Now, AP =a -k =+(h —a)® +k*
2
O k :h—h—
2a
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25.

26.

27.

28.

29.
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2
0 Boundary of the regionis y = x -

2a
o O 2 0 2a2
Required area = ZI Oc - Odx = 22
2al] 3
fi(x)=2x-a. At(2,4), f(x)=4-a
Equation of normal at (2, 4) is(y —4) = —(4 ! )(x -2)
-a

Let point of intersection with X and Y-axes be A and B
respectively, then

da-1
A=(-4a+18,0) B = %}“ 8

. 9
Since, a > — as
2

0 Area of triangle = 1(4a —1&@ =2
2 (@-4)
u (4a—17)(a—=5) =0
1
a=5 or —7
4

Max {f(x), g(x)} = % [1f o)+ g+ f(x) —g(x)]

Min {f (x), g(x)} = g [£(0)+ g0 =] f(x) ~g(x)|]

b
O Area = [max {f(x), g(x)} ~min {f(x). g(x)}] dx
Area bounded by parabola y = x* =7x +10 and X-axis is given
by
5, 50, 9 .
J' [x*=7x +10| dx :I |=x“ +7x —10| dx == sq units
2 2 2

2 2

y

Area bounded by the ellipse x—z + W =1 will be the same as
a

2 2
the area bounded by the ellipse x—z + y—z =1and Ttab
b® a

0 Required area = Tt (2)(3) =6 Ttsq units

OP = x

If slope is Z—y, then equation of tangent is

dy
Y-t="2(x -
dx( x)

Pxy)

P

0
Length of perpendicular from origin to this tangent is

Y—xd—y
_ dx

1+§’%’§

30.

31.

32.

33.

34.

e Bt o 2 2

0 dy _ _x'-y* [homogeneous form]
x 2xy
ELCZ +yZD xZ
dy _1-x_x-x*_[0 2 0§ _y'-«
dx y xy xy 2xy

Since, option (a) is true (equation of circle).

If option (a) is true (b) can’t be (It is parabola).

If option (a) is true, option (c) is also true where ¢ = 1.

O sin® x <sinx, O 0 (0,77

Therefore, area of y =sinx will be lesser from area of y = sin x.
Statement II is obviously true.

Hence, (d) is the correct answer.

Let the line y =kx +2 cuts y = x> =3 at x =a anda =, area

bounded by the curves ZI:(yl =y,) ZI:{(kx +2) —(x? 3)} dx

2 3/2
0 f(x) =@

which clearly, shows the Statement II is false but f(k) is least
when k = 0.
Hence, (c) is the correct answer.
As of region bounded by parabola y* = 4x and x* = 4y is
40 20 Oy 3 1
2Vx - Odx = x2 -2 =16 sq units
o0 40 B 3
Hence, Statement I is false.
As the area enclosed by | x| + |y| < a is the area of square
(i.e., 2a®).

OAreaenclosedby|x + y| +|x —y| <2isarea of square shown as

y A 1}/ —
2 2
\‘«x/ .
- »X
“4y = x
O Area=4 %XZ XZQZSSq units

Also, the area enclosed by | x + y| +|x —y| <2 is symmetric
about X-axis, Y-axis,y =xandy = —x.

OBoth the Statements are true but Statement II is not the
correct explanation of Statement I.

[RUSEERS

is true for all quadrants.

[ Statement II is false.
The area bounded by y = x(x —1) and y = x(1 —x).



35.

y = x(-1)
O 3 »X
Ny =X (19

3

O 0
0 Areaenclosed = ZJ' x(l -x)dx=2 [h 3 —0
0h

=2 i %@%

Since, absolute area

—J' h(x) dx +J' —h(x) dx +J'J:C3 h(x) dx
:zjj%)<mw

36. Also,x,,;=x30 n=2

37.

38.

39.

1 1 11
Required area = Io sin® Tedx — Io log, x dx = 3

Y A
. .o > X
0| 45,/ 1872 X 2x X 3
ax +1
f)=———
xi+ax+1
For differentiation, better write f(x) as
2ax
flo) =1
x“+ax+1
2a(x* -1
Now, on differentiation f(x) = _Zal o) (1)
(x* +ax +1)?
f=0=f(1

Then, the options (b) and (d) are eliminated.
Again, for the differentiating Eq. (i) gives
(x*+ax +1)? Bx —(x* -1)
F(x) = ﬁ(x +ax+1)(2x +a)
(x*+ax+1)*
4a _ 4a
@-a)* @+a)’

Combining both f7(1) 2+ a)* + f"(-1)2 —a)* =0

fen=-

(x*-1)

o +n2=mﬁx'””+l)
X ax

(x* +ax +1)2

fx)=2

If is easily seen that f(x) decreases on (—1,1) and has a local
minimum at x =1, because the derivatives changes its sign
from negative to positive.

40. .

41.

t
43. x=—(6-
x 3( )

44.

Chap 03 Area of Bounded Regions 221

e = L
1+e
Now, fEe)= 2alle™ ~1)

(eZX + aex + 1)2
It is seen from the above that f'(e*) and so g'(x) is positive on
(0,00) and negative on (—,0).

Clearly, x = a sin® Ly =a cos® t, (0st=<2m)

2
S =Iona sin® t[@ 3 sin®t(-sin t) dt

/2
= —3q° XI sin’t cos® ¢ dt
0

513
j S
2 2)2 = 3422

= —3q° X
S|4t2+2 2X3><2><1
2
3 3
= 21 =2 12 [absolute value]
8 8
S = —J' a (1 —cost)a(l —cost) dt

=-a J' (1 -2 cos t +cos’t) dt

:—aJ' Bl Zcost+§ﬂ%d

[3 —4cost +cos2t
=g b

2

= -3Ta® =3Tu [absolute value]

2

1 2 t 1, 5 3
=—(6t 1), y =—(6-t) =—(6t* ~t
3( )y 8( ) 8( )

0 Area= I:é 6 -1 B;L(th —13t%)dt

1o 1 il
=1 (t* +24t* —108%) dt =~ Et +813 _§t4D
840 8 2
U
_1 216 _ 2
LOT76 1728 -3240 7= 218 =27 o0 uniits
8Hs H 5x8
(A) Required area = 4s
n n
= + gi —
s .[0 (x +sinx) dx J'Ox dx
T[2 T[Z .
=— —CcosTl+ cos 0 ——— =2 sq units
2 2
Yy =x
%yﬁ(x):x-s-sinx
S 1
)
T
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1 . - . -2 - -
(B) Required area = zj—oxex dx =2[xe" —ex]t =9 (C) The line y = x + 2 intersects y = x“ at x = —1and x =2
v The given region is shaded region area
A
x=-1 o] x =1 "X
= ‘ T2
15 2 9
=—- _1x2 dx =—
(C) y* = x* and | y| = 2x both the curve are symmetric about 2 2
Yeaxis (D) Here, a® =9,b% =5,b* =a* (1 —¢?)
4 2
y2=x U ef=— 0= =
" 9 3
5 2
ﬁ// Equation of tangent at @, 3 is ?x + % =

—
N

9
x-intercept = pe y-intercept = 3

ax*=x*0% 04

4
Required area=2I @2x —x*%) dx =16 9 1
0 5 Area =4 X — x3 x— =27 sq units
(D) Vx + Iyl =1 22
Above curve is symmetric about X-axis 46. Yy
A
4 NN Y
> X
0 (1.0
L 1, 5
Area is given by A =2J'0(x -3x +2)dx =§
a 3A+2:3|__§r+2 =7
Iyl =1-VxandVx =1-[]y| 3
1
O forx>0,y>0,\/;=l—\/; 47. Forc<1;‘|'(8xz—x5)dx:1
1 dy__ 1 ) 3 36
zﬁdx 2\/; 0 §—1—8L—i :E
d 3 6 3 6 6
Y- X 08 A0 16 8 1 _17
dc  \y O coLt O, LtoF
. 3 60 3 3 6 6
D<o _
dx O c=-1

Again, for ¢ 21 none of the values of ¢ satisfy the required

1 1
Function is decreasing required area = 10(2\/; -2x) = g condition that

c 16
45. (A) The area = 2 unit L(sz -x) dx=? O c+2=1

(B) Area enclosed = IOT[ sin x dx =2



Required area = PQRSP = Area PQRP + Area PRSP

Sl S TS R

_4-3In3

+

sq units

49. Equation of ABy = (x 2)

3_
Equation of BCy =5 :6 i(x—4) Oy=-x+9

Equation of CAy -3 :g_z(x—é) a y:%(x -2)

Required area

= §J'4(x —-2)dx +J'6—(x =9) dx —%J':(x -2) dx

SQx z)D4 Qx 92ﬂ_gﬂx—z)2ﬂ
2|:| 2 g D 2 % 40 2 5
1 3

> -0]-5[(—3) —(5)7] _§[4 —0]

5 1 3
== x4 ->[9 -25] == [16 =0
. 5 L 121 ]

0|

1 3 .
=5 _E[—IG] —g X16 =5 +8 —6 =7 sq units

50. If[|x|]=1and[|y|]=0,then1 <|x|<20<|y|<1

O xOf 2- 10 [L2). 5 ( 11)
If [x[1=0[yl]=1
12
i
—— ——
72§71 1§2'X
— | =
= | ==
A
2
Then, x06 1,1),y0-(z 0 [12]

=

Area of required region =4 (2 —1) (1 —(-1)) =8 sq units
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2

51. Clearly, flx)= 2x ; o
YA
0.2 y=x
(0,3/2)
B
: a

ol »X
100 M N (320 (2,0

(3/4,0) (1,0

1
Since, 2x + 2y =3; passes through A @ Egand B % l@
so bounded area A
= Area OAB = 2 [Area OCM + Area CMNA - Area ONA]

:2[1x§><§+1%+l@xl—lj'l(2x—x2)alxm—i
B 44 2 2074 2Jo H 24

g 24A =5

. f(x) = min Emn_l x, cos ! x E@ x [0, 1]

DArea:J'1 sin” xdx+fB—3 ZH J’I/z Txdx

=(xsin”'x + /1 )l/2
+(xcos x—\/l—xz)\/g/2
zg(l_ﬁ)Jr\E—l J§2—1
_ _ _ - 9-T __a- Tt
=3 1)% 120 63 +1) b3 +1)
O a=9,b=6 0 a—-b=3

. Given, f %ﬁ=f(x) -f) ..(1)

Putting, x =y =1, f (1) =0 L
ﬂx+m—fW):mﬂf§+x§

Now, f"(x) = hlim [from Eq. (i)]

-0 h h-0
rg+t
— x
P h Ok
+
o f(x 3 * Dince, lim fa+x) = 3D
X x-0 X E
YA
3.
D - >y =3
. C
—'s A ‘
OF= (1.0 (0 "X
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g f(x)=3logx+c
Putting x=10 ¢c=0
ad f(x)=3logx=y

3 3
0 Required area = J'_ xdy ZJ’_ ¥’ dy=3[e""]2,

=3 (e — 0) =3e sq units

According to given conditions,

[, =" =) dx =k [ [2x* =) =f (x)]dx

Differentiable both the sides w.r.t. ¢, we get
F@O=@" -48*) =k(@t* =) = f (1)
or A+k) f@)y=2kt® —kt® +t* 41>

0 £ :ﬁ{t“ —k® + 2k —4) 12}

Hence, required f is given by;

fx)=

[x* —kx® + 2k —4) x?]

[say]

k+1
fO=lt-1]=[t]+]t +1]
Oo-t 1<-1
. f(t)—§+t’ -1<t<0
_E?—t, 0<t<1
B t t>1
Y‘k
2
\/-1\/
-1 -1/2 O 1/2 1 1% 2

1
Casel x+2£—5 0 x<-

RS

gx)=max {f (t): x+1<t<x +2}
=f(x+1)=-x -1, x <-5/2

1 5
Case Il —5<x+2s0D— 2< x- 2

g()=f(x+2)=4+x —g <x €2

CaseIIl 0<x+2=<1[F+ % =x-1
g(x)=2

CaselV 1<x+2<3/2[F K x- 1/2
g(x)=f(x+1)=1-x

CaseV x+2>3/20 »- 1/2
gx)=f(x+2)=2+x
Fx-1 x<-5/2
Usg+x, -5/2<x<-2

Hence, gx)=0 2 -2<x<-1
El—x, -1<x<-1/2
H2+x, x>-1/2

56.

57.

5
Now, required area = J'_ v 8 (x) dx

= J’_;:Z @) dx + J'__lm (1 -x)dx + J’_Sm @ +x) dx

R e

1 .
= —— sq units
4 q

It is easy to see that,
O e*, 0<x<log(3/2)
Fx)=H3/2 log(3/2)<x <log (2)
H+e, log (2) < x <1

Let A be the required area. Then,

log 3/2 log 2 1
A:J'(Og )exdx+J'og §olx
0 log 3/2 2

_xyog3/2 3, \log2 —xy 1
=(e"),® +5(x)lg§3/z +(x —e?) log 2

+Log2 1 +e *)dx

=g -1+ 2 Hogz -log 2+ H -2 ~logz + 1}
2 2 & g2 e & 2

:§+log @%Q—é Esq units
fx+h)-f(x)

frw= m, L
o L RI) = f ()
h-0 h
Sy, AR/ -fO) _ fx)
x h-0 h/x x
o2 S 2
Of (x)= . or e =

Yy

-

Integrating both the sides, we get f (x) = Cx?, since

f=10¢& 1
So, f(x)=x*
Now, 2 2=x2 O x% x =z o
1+ x
O =1 0 =% 1
) OO0 2 ,0 0
Required area =2 |:|J' U ; —x" Udx
o 01+ x
O t
O x’ 10
=2 3tan " x——=2 5-—-
%’ 3 "B sH

(Y



58. y(x+y)dx=x(y* —x)dy

59.

O xyde+y*de=xy*dy —x*dy

---------- -->y =316
ad xd (xy) = x%° ldy —%dx@
x x
. 19) v RyAn LAY E L
(xy)*  «x x xy 2Ux
At,x=4y=-2
1 1 1
So, 7:7§—7g+CD Cc=0
8 2 2
Hence, y3 +2x =0
So, f(x)=(=2x)"
The second equation given is
y= " sin™! Vi dt +J' T cosT At dt
/8 1/8

O y'=x[2sinxcosx+ x[2cos x(—sin x) =0
So, y is constant.

1
Put sin x = cos x =$
V2, .
Hence, y :.[1/8 (sin” !/t + cos™ ) dt

172 [T Tt 3T 31T
= @—th:—£:—, and g (x)=—
18 U2 2 8 16 16

So, we must find the area betweeny = f (x),y = kLl

16

3T 131

At y=— ;x=—— —QZP sa;
Y 16 2 16 ( Y)

0 []3TT
Hence, area :IP @E +(@2x)" de

0
0 4/3 [ 1 4
=|:|3—nx+21/3ELD =g§%ﬂ§ sq units

016 4/30,
As in the figure AR+ AG) _ay + bz
A(T) hx/2

where h =a + b + ¢, the altitude of T.

rnc
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. . x_y _Zz

By similar triangles — = =—,

Y & h b+c ¢
al+c)x X
AL L S o

o ARFAES) "~ h

AT hx/2

=%(ab + ac + bc)

We need to maximize (ab + bc + ca) subjecttoa + b + ¢ =h.
One way to do this is first to fixa,so b + ¢ =h —a.

Then, (ab + bc +ac) =a(h —a) +bc

and bc is maximized when b = ¢. We now wish to maximize

2 ab + b? subject to a + 2 b = h. This is a straight forward
calculus problem giving a = b =c¢ =1/ 3. Hence, the maximum
ratio is 2/3 (independent of T).

. Consider a coordinate system with vertex P of the isosceles

APQR at(a, 0) and Q and R at (0, b) and (0, — b) respectively.
A:%aQb:ab (1)

Let the centre of ellipse be (0, 0) and the axes be of lengths, 2a

and 2 3.

(x-a)*  @)°_

+22 =1

GZ BZ

So, the equation of ellipse is

Y 4

0l©.0)
\

Now, the line PQ is tangent to the ellipse. To apply condition
of tangency, let us take a new system x’y’ whose origin is at
(a, 0).
Then, x =x'+ 0 andy =y'.

2 ' 2

So, the ellipse becomes — + );32 =1
and the line PQ becomes 9. yb =1

b a
which can be writtenas y' =——x"+ b Ql -— Q
a

a
o, vhi-2H=atf-LH
-

O BP=b* 01 -— (i)
a

Now, area of ellipse =Tt ap O A®=1d’p

Using Eq. (i), A° = noc? [ A H0=r () (say)
a
O 6o’ O
"(x)= T b? 020 - — [
fr) 0 e 0O
60’ a

f'a)y=00 20 —O =00 —# 0)
a 3
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62.
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Since, f'" (a)= 1% b2 Qz_ﬂgz_ﬂ[zbz =(-ve)
a
(ata =a/3)
a 2 2 T[ZAZ
So, E*Q:T{ZE&@Z @l—fgz using Eq. (i
TH; 5 S 0=, lwingEq. ()
Hence, (A)max :LA _‘/§T[A sq units

343
A = J’O“ {sin x — f (x)} dx = = [cos x]& - J’O“ £ (x) dx

= —(cosa 1) - J’O“ f(x)dx =1 —sina +(a —1) cosa (given)
O- cosa Ioaf(x)dx:— sing (e 1)cosa

0- J’O“ f(x)de - sind acosa

a J'O f(x)dx=sina —a cosa

Differentiating w.r.t. a.

f(a)=cosa —(cosa —asina) =asina
O f(x)=xsinx
Now, y =sinxand y = f (x) intersects at

d asinag =sina U (& 1)sin& 0
a a=1 [assina = 0]
Hence, A =1-sin1l

1
A, =.[1 (x sin x —sin x) dx =Tt —1 —sin 1

2
A=

Forx=1,y =b[3" +4 =5b +4

TU
| xsin x —sin x| dx =310 -2

and j—y:belogS O 5blogs 40log5 O b=8
x

The two curves intersects at points where
805" +4=25" +16
O 5*-8B+12=0 O x=logs 2, x =logs 6

Hence, the area of the given region;

1 6
:I°g5 813" + 4 —(25% +16)} dx
log 5 2

1 6
=I°g5 @B* —25% —12) dx
log 5 2

_Os3r 25 s °
-0 - - 0
rlog. 5 log, 25 Chg., 2

_ 510g5 36 3 Blogs 6
+ —12(log 5 6 —log 5 2)
log, 25 log, 5

)t 4 I 2
Sogs SBC’gs

+
log, 25  log,5
-36 48 4 16
=————+ —— —12[logs 3] + — -
2log,5 log,5 2 (log.5) (log, 5)
1
=10 logs 3 =4 log; e* —4logs 25
log, 5
Oe* O .
=4 logs [j— [Pq units

DED

64. Area of AAOB =2 xgé xg xa’ Q:%

63. By the symmetry of the figure circle(s) of maximum area will

have the end point of diameter at the vertex of the two
parabola.

1 1
0 Radius of circle = 3 x AB = 5 X 8 =4 units

S

/AN
%45&0 " ;1 2X—x°

3
So, the area of shaded region = 4 x EL (3 +2x —x%) dx —i

. 16 .
area of circle = 4 Q? — 4T @sq units

3

y=4x°
A D fB
C >
-a/2 @) a/2 "
/2 3 3 3
Area = Area OCBD —I“ axtde=t - =2
0 2 6 3

Area of triangle

im
x - 0 Area between the line and parabola

. ad*2 3
=lim —— ==
x-0 g /3 2
65. Required area= é X2 X2 =2 sq units
YAK
-1,2) (1,2
> X
(-1,0) (1,0
-1,-2) (1,-2)
0 2)2 d
66. Required area =4 x D@ — (Tt —2) 78 sq units
t u

an
N>,

(2,0)
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67. 5 squnits 2

b
Now, curves are y = bx* and y = 5 x

A Y
5 Y
4
3
2
1
»X
0 1 2 3 4 5
68. Area of the square ABCD =2 sq units
C
0 3/2 32 [T
=20 \ﬁ AR B
D ovb 3/2 b 3/2 g
’ = (W2 -1y = (-1 @E 1)
3+b NG
A Area will be maximum when b = [a]is least.
Asa=22 0O [a]ieast 10 <1 <a 2
Area of the circle = Tt X 1_m sq units. 71. Since, f' (x)< 00 f(x)is a decreasing function and also
2 2 f" (x)>00 f(x)is concave upwards.
. s . Hence, the graph of the function y = f (x) is as follows :
Required area = @2 -— qu units
2 Y
69. 2l ¥ gy +2l* < (0
Clearly, this region is symmetrical about X and Y-axes.
Let x <0, Eq. (i) gives, ‘
2 -y +2¥ 711 7_7
_ox-1
0 S 7
2% 2
Y 1
x=1/2 (i)
A Y A
1/2
=1/2
¢ B =
»X
@) 1/2
-1/2
Clearly, bounded region in the first quadrant is OABC. The
required area is 4 times the area of the region OABC. 1
1/2 1 0 o7 g .
Required area = 4I % - fgdx =4F - U . )
0 2 0 In2 20 . Let S; denotes the shaded area in figure (i).
O _ O = = -
S04 oy B s 0 S =f@Q+fO+.+f@ = FO)-fQ)
Bn 2 EF r=1
70. Pair of lines y* =3y +2 =0 From the figure (i) it is clear that, S; <J'ln f(x)dx

[ Linesarey =2,y =1. n n
Let [a]=b O Y fO-FO<[ f(x)dx
r=1
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0 zl FOS[ fxde+fQ)

Let S, denotes the area of the shaded region in figure (ii).

SEH W@

%(f(z) +fO)

+%(f(n—1)+f(n))

=FO+fR+fB)+

SO F0 s

From figure (ii) it is clear that;
S, >L f(x)dx

03 SO0 r e[ f
12

Fo>f" + f ()
> f@dcrat )

F(x)dx +%(f M)

From Egs. (i) and (ii), we get

L+ fn-1) +f ()]
—%(f(l) + f ()

IO+ [ 1 dx <i o) <[ flxdx+ £ Q).

72. Here, {(x,y) OR*: 32 J|x+t 3,5 (x+ 9K 15}
g y 2 Jlx+3]
O.x +3, when x = -3
g

>
y DD\/—x -3, when x < -3
, _ Ox+3,whenx>-3
or y 20
T3 —x when x <-3

Shown as

2y Y
X Y X
-3

0
v
Also, 5y <(x+9) <15
d (x+9)=25yand x <6
Shown as
Y
(0, 9/5) =1

(-9, 0) 0

Xx=6

O {(x,y) OR*:y2 Jjx+ 3.5 (x+ 9K 15}

Y
(1.2)
, 10
X 9 (40 A E-30/0D X
!

U Required area = Area of trapezium ABCD

— Area of ABE under parabola
— Area of CDE under parabola

%1+2)(5) [ ' ~(x +3)dx - f S +3) dx

0 o* o 0
_15 (-3 -x%0 Ox+3)*0
O 0 "0 3 O
i 72 H, B 2 H
15 2 [0 —1] _g[g —0]:9—%—& :15 —B :§
3 3 2 3 3 2 3 2
73. Since, F'(a) + 2 is the area bounded by x =0,y =0,y = f(x)
andx =a.
a =’ +
O Iof(x)dx F'(a)+2

Using Newton-Leibnitz formula,

fla)=F"(a) and f(0)

2

F(x) :J’; + T1/6

On differentiating,

F'(x) = 2cos? Exz

Again differentiating,

F'(x)=4 [cos @x

—4[(:05 Ex Q 4x cos@x
O F"(0)=4E¢OSZ%QE=3
a il

0 flo=3

2cos’tdt

+ E@Dx -2
6

Given,

74.

It also touches the circle x* + y* =2.
O

O 0—— [I V2
om 1+ m? 0

O m*+mi=2 0 m'+m*-2=0

0 (m*=1)(m* +2) =0

O m=+1,m’=-2

So, tangentsarey = x +2,y = —x —2.

They intersect at (-2, 0).

= F(0) ()

cos’x O

" oncofe Tl B

+ {4 cos x [Sin x}

e+ 2

+ 2sin2x

2
Let equation of tangent to parabola be y = mx + —

m

[rejected m*=-2]



75.

76.

Equation of chord PQis —2x =2 0 x=-1
Equation of chord RSis 0 = 4(x —=2) 0 x =2
0 Coordinates of P, Q, R, S are

P(-1,1), Q(=1, -1), R(2, 4),
(2+38)x3

S, —4)

O Area of quadrilateral = =15 sq units

To find the bounded area between y = f(x)and y = g(x)
between x = ato x = b.

Y
o] X
0 Areabounded = J'c[g(x) - f(x)]dx + Ib[f(x) - g(x)]dx

= [ x) = gl dx

Here, f(x) =y =sinx + cosx,when0 < x < —
. Tt
osx —sinx, 0<x<—
and g(x) =y =|cosx —sinx|=[] 4
. Tt Tt
Binx —cosx, —<x<—
0 4 2

could be shown as

14
Nl f(x) y is\;ix .+ cosxTt
=v2sin ( X+ Z)
1
9@ 9@
0 4 2

0 Area bounded = J'Om4 {(sinx + cosx) —(cosx —sinx)}dx
+ (2
I /4 {

4 /2
=J' 2sin xdx +J' 2cosxdx
0 /4

sinx + cosx) —(sinx —cosx)}dx

oy Z[Sinx]m

=4 —2/2 =24/2(/2 — 1) sq units
Graph for y =

—2[cos x]z)T

Y

77.

78.

79.
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Since, x*<x when x [0, 1]

O - B- x ore¥2e¥
1 —x? 1 —x
0 J'Oe dx EJ'Oe dx
0 52— ) =1-1 )

e

1 _ .2
Also, Ioe ¥ dx < Area of two rectangles

< B E T
1

<L +T§ T@ (i)
0 7+T§ Qz >1 [from Eqs. (i) and (ii)]
R II_lx f(x) dx ..(i)
Using Lb F(x) dx = Lb fla+b -x)dx

R = J’_21(1 — %) f(1 - x) dx

0 R = I_Zla — %) f(x) dx (i)

[f(x) = f(1 = x), given]
Given, R, is area bounded by f(x), x = —1and x =2.

0 Ro=[ " fx) dx
On adding Egs. (i) and (11) we get
2R, =J'_1f(x) dx

...(iii)

.(iv)

From Egs. (iii) and (iv), we get
2R =R,
Here, area between 0 to bis R, and b to 1 is R,.

0 J'Ob(l—x)z dx—J’l (1 -x) dx =%

0 Ql—x‘%'j] Ql—x Dlzl
0 00 g

1 51
[0 -0 -]

1 3
O —g[(l—b) 1]

0 “Za-pp=-talaL
3 3 4 12
1
0 1-b)Y ==
1-b) s
1 1
a 1-b)==0 b==
1-b) 5 5

Shaded area =e — %’l e dx%z 1
0

Also, Leln(e+1—y)dy [pute+1-y =¢t0 -dy =di]

Y
e/ye
I
/:
o 1 X

=f: In t(=dt) = [(In tde = [ Inydy =1
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1401 + si - 0
80. Required.area:-roTT [I1 smx_\/l Smed

cos x cosx [

[ 1+sinx S1 —sinx

E cosx
0
O 2tan£ 2tan£ ]
O1+—2 1-—2 0O
0 1+tanzf 1+tan2£|:|
/4[] 0
= 2 - 2 —dx
[o o x x 0
1-tan"— 1-tan"— [
O . i 0
O 1+ tan®= 1+tan?> O
a 2 2 U

0 x x O
1+ tan— 1—tan—[]
O 2 _ 2 Ddx
X X
1—tan— 1+ tan—%
2 2

x x
1+tan— -1 +tanf 2 tanf

=1, 2 2 dx= J’
\/l—tanf 4/1 — tan g

X 1
Puttan — =t [ fsecz—dx=dt
2 2 2

_ptny 4t dt
I° 1+ %) 41 -+#°
J2-1 4t dt
As _—
P 1+ 7)1 -1
81. Given, y* =3y +x =0
0 3y2d—y—3d—y+1 =0

dx x
2 D 2
O 3y2%j%|]+6y g%g —3L3;:0
(dx“ 0 x dx

Atx=—10+/2, y =22
On substituting in Eq. (i) we get

3(242)? Eﬁi— 3E‘IL+1—0 o ¥=-1

dx 21
Again, subst1tut1ng in Eq (11) we get

3(2+/2)? +62f[§~ g 3[L—o

0 zld@ 122
dx* (21)?

. dy _-1242 _-42
N 3 O R A

82. Required area = J'aby dx :Lbf(x) dx =[f(x) &L —J'abf’(x)x dx

= bf(b) —af(a) -I:f'(X)x dx

= bf(b) —af(a) +Ibm

D - A—

Tt
[ tan — =42 —1]
8

& 357 -1) 3P 117

83. LetT=[ g(x)dx=[gw] =g() ~g(-1)

Since, y? =3y +x=0
and y=g()
O {80}’ =3g(x) + x =0

Atx =1, {g)}® -3g(1) +1=0

Atx=-1{g(-1)y -3g(-1) -1 =0

On adding Egs. (i) and (ii), we get

{gF +{g(- 1}’ -3{g (1) +g(-1)} =0

0 [g)+g(- DIHs@}* +{g(-1}* —g(1)g(~1) -3] =0

U g) +g(=1) =0
U g)=-g(-1)
u I=g(1) —g(=1) =g(1) —{-g)} =2g0)

1 2 2 x*
. Required area =J'0 (1 +~/x)dx +L (3 —x)dx —J'O Idx

©,3

©, 1

0ol 0C e X

Y'y
0, 3/2D‘ D _LZDZ_D)RDZ
EF 3/2[5 D 2% 2%}

ST B

5 3 2 3_5 .
=>+>-—--=1+>-=>squnits
3 2 3 2 2

: . 2 _
. Given equations of curves are y“ =2x,

which is a parabola with vertex (0, 0) and axis parallel to
X-axis.
And xt+y?=4x
which is a circle with centre (2, 0) and radius =2
On substituting y* =2x in Eq. (ii), we get
x*+2x=4x O x*=2x

O x=0orx=2
O y=0ory=%x2
Now, the required area is the area of shaded region, i.e.
Y
A2,2)
X +y2 4x
X (0, O\ B|(2,0) X
yP=2x
v
Al f i!
Required area = M J' N2x dx

()

[from Eq. (i)]
(i)
.. (i)

(i)

[using Eq. (i)]



T[(2) /2 |j

[J‘ V2 = 0= A2 ?D
242 _ .
—T [242 —0]= Q‘[ —ggsq units

86. Given regionis {(x, y): y* <2xand y = 4x — 1}

y? < 2x represents a region inside the parabola

y? =2x ..(i)
and y = 4x — 1 represents a region to the left of the line
y=4x -1 ..(ii)
The point of intersection of the curve (i) and (ii) is
(4x —1)*=2x

16x% +1 -8x =2x

16x* =10x +1 =0

1 +1 20
Hence, required area =J'_1/2 éL4 - %Eﬂy

I ()

O a®=9,b =5 0O a=3b=45

e

2,0 d—f
(£2,0) and — =2

[0 Extremities of one of latusrectum are @, ggand @, %SQ

Now,

Foci =(%ae, 0) =

0 Equation of tangent at @, g@is,
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or 2x +3y =9 ..(id)
Eq.(ii) intersects X and Y-axes at % Ogand (0, 3), respectively.
0 Area of quadrilateral = 4 x Area of APOQ

9
=4 x % ><5 x3@227 sq units

88. Given, A={(x,y): x> +y? <landy*<1-x}
Y

— D
U’O& / 0.1)

yl
1 1 1 g y3D1
Required area = =T0° + 2[ (1 —y?)dy =-m(1)* + 203 -0
q 5 {0 ~y7dy =) 5t 3
m 4
= — 4+ —
2 3
89. Given curves are y =+/x ..(Q)
and 2y —x+3=0 ...(i)
Y
41
gl Pl _
boyEW
1+ //QI
14 T
X P i X
o ~
£ //3 9
5t o-3
31 2
-4+
v
On solving Egs. (i) and (ii), we get 2¢/x —(V/x)? +3 =0
O Wx)2=2dx =3 =0
0 (Wx =3)(Wx +1) =0
O VJx =3 [ +/x = —1is not possible]
O y=3
3 3
0 Required area =Io(line —curve) dy =.[0 {@y +3) -y*} dy
0 dl

=’ +3y -L0=9+9-9=9
0 30
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90. Given Two parabolas x* = % and x* =9y

To find The area bounded between the parabolas and the
straight line y = 2.

The required area is equal to the shaded region in the drawn
figure.

The area of the shaded region (which can be very easily found
by using integration) is twice the area shaded in first quadrant.

Required area =2 IOZ Eﬁﬁf - géd}/ =2 Ij% ﬁ@dy

32 =2
=5 0 :9(23/2 —0) :720\/5
/2@:0 3 3

1
91. Given,y =x,x=eandy =—, x =0
x

Since,y =xandx =0 [ y20
[ Area to be calculated in I quadrant shown as

Y
y=x

B y =1/
D (1,0)C (e 0)
X=e

x. O

YV
0 Area = Area of AODA + Area of DABCD

1 e 1
=—1x1)+[ —d
S+ [ —dx
1 e
=, *og|x|)

=+ {log |e| ~log 1 [ log [e| =1]

1 3 .
=— +1 =—sq units
2 2

92. Graphofy =sinxis

Y
M . gjf\n f:)’TVZ /

“n o \\jh 3

y’

and graph of y = cosx is

/4 5TU/4
Required area =J' (cosx —sinx) dx + J' (sinx —cosx)dx
0 /4

31/2 )
+I (cosx —sinx)dx
5T/4

31/2

5T/4
+ 5T1/4

=[sinx + cos x]g/4 +[—cosx —sinx],” *+[sinx + cosx]
=(4+/2 —2) sq units

93. The equation of tangent at (2, 3) to the given parabola is
x=2y —4

3
0 Required area =J’0 {(y —2)* +1 -2y +4}dy

y -2)°
=g~y +5Q
3 G
1 8 .
=— -9 +15 +—-=9sq units
3 3

94. Given, equations of curves are x +3y* =1 . (i)
and x+2y*=0 ... (ii)
On solving Egs. (i) and (ii), we get
y=%landx = -2

1
I_l(x1 —xp)dy
Y

(a9 A

v
1 2
[l 0=y

-l

O 5

_ y’Oi_

=2y -oF
0 30

O Required area =

[ =3yt +2y)dy

2[ (1 =y)dy

=2 sq units
3
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A differential equation can simply be said to be
an equation involving derivatives of an unknown
function. For example, consider the equation

d—y+xy=x2

dx
This is a differential equation since it involves the
derivative of the funtion y(x) which we may wish to
determine. We must first understand why and how
differnetial equations arise and why we need them at all. In
general, we can say that a differential equation describes
the behaviour of some continuously varying quantity.

Scenario 1 : A Freely Falling Body

A body is release at rest from a heigh h. How do we
described the motion of this body?

The height x of the body is a function of time. Since the
2

acceleration of the body is g, we have —; =g

dt
This is the differential equation describing the motion of
the body. Along with the initial condition x(0) = A, it
completely describes the motion of the body at all instants
after the body starts falling.

Scenario 2 : Radioactive disintegration

Experimental evidence shows that the rate of decay of any
ratioactive substance is proportional to the amount of the
substance present,

Session 1

dm _
dt
where m is the mass of the radioactive substance and a
function of t. If we know m(0), the initial mass, we can use
this differential equation to determine the mass of the
substance remaining at any later time instant.

—-Am

ie.

Scenario 3 : Population Growth

The growth of population (of say, a biological culture) in a
closed environment is dependent on the birth and death
rates. The birth rate will contribute to increaseing the
population while the death rate will contribute to its
decrease. It has been found that for low populations, the
birth rate is the dominant influence in population growth
and the growth rate is linearly dependent on the current
population. For high populations, there is a competition
among the population for the limited resources available,
and thus death rate becomes dominant. Also, the death rate
shows a quadratic dependence on the current population.

Thus, if N(t) represents the population at time ¢, the
different equation describing the population variation is of
the form

N _ AN =, N?

dt

where A; and A, are constants.

Along with the initial population N(0), this equation can
tell us the population at any later time instant.

Solution of a Differential Equation

These three examples should be sufficient for you to realise
why and how differential equations arise and why they are
important.

In all the three equations mentioned above, there is only
independent variable (the time ¢ in all the three cases).
Such equations are termed ordinary differential
equations. We might have equations involving more than
one independent variable :

o, of

X—=X

ox dy

. 0 . T

where the notation — stands for the partial derivative, i.e.
E) ox . . .

the term F would imply that we differentiate the function

X
f with respect to the independent variable x as the

variable (while treating the other independent variable y as

a constant). A similar interpretation can be attached to —.

)
Such equations are termed partial differential Y

equations but we shall not be concerned with them in
this chapter.

Consider the ordinary differnetial equation

d’ d

Vs i x?=¢

dx2 dx
The order of the highest derivative present in this
equation is two; thus we shall call it a second order
differential equation (DE, for convenience).

The order of a DE is the order of the highest derivative
that occurs in the equation



Again, consider the DE

2
diy + dl = x2y2
dx? dx
The degree of the highest order derivative in this DE is
two, so this is a DE of degree two (and order three).
The degree of a DE is the degree of the highest order
derivative that occurs in the equation, when all the
derivatives in the equation are made of free of
fractional powers.

2 2
dy -1+x 4’y =k
dx dx?

is not of degree two. When we make this equation free of
fractional powers, by the following rearrangement,

2 2 2
dy —1+k—-x d7y
dx dx?

2

we see that the degree of the highest order derivative will
become four. Thus, this is a DE of degree four (and order
two).

Finally, an n'™ linear DE (degree one) is an equation of
the form
n n—1
aod—y+a1 d +...+an_1d—y+any=b
dx" dx" ! dx

where the a/s and b are functions of x.

Solving an n™ order DE to evaluate the unknown function
will essentially consists of doing n integrations on the DE.
Each integration step will introduce an arbitrary constant.
Thus, you can expect in general that the solution of an
n'® order DE will contain n independnet arbitrary
constants.

By n independent constants, we mean to say that the most
general solution of the DE cannot be expressed in fewer
that n constants. As an example, the second order DE

ﬂ +y=0

dx®
has its most general solution of the form

y =Acos x + Bsin x. (1)

(verify that this is a solution by explicit substitution).

Thus, two arbitrary and independent constants must be
included in the general solution. We cannot reduce (1) to a
relation containing only one arbitrary constant. On the

other hand, it can be verified that the function

x+b
y =ae
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is a solution to the second-order DE
d’y _
dx?

but even through it (seems to) contain two arbitrary

constants, it is not the general solution to this DE. This is

because it can be reduced to a relation involving only one
arbitrary constant :

y

b b

+ b
y=ae*" =ae*.e” =ce®™ (wherec=a-e")

Let us summarise what we have seen till now : the most
general solution of an n™ order DE will consist of n
orbitrary constants; conversely, from a functional relation
involving n arbitrary constants, an n'™ order DE can be
generated (we shall soon see how to do this). We are
generally interested in solutions of the DE satisfying some
particular constraints (say, some initial values). Since the
most general solution of the DE involves n arbitrary
constant, we see that the maximum member of
independent conditions which can be imposed on a
solution of the DE is n. As a first example, consider the
functional relation

y=x+ce” +cye’” ..(3)

This curve’s equation contains two arbitrary constants; as
we vary ¢; and c,, we obtain different curves; those curves
constitute a family of curves. All members of this family
will satisfy the DE that we can generate from this general
relation; this DE will be second order since the relation
contains two arbitrary constants.

We now see how to generate the DE. Differentiate the
given relation twice to obtain

Y =2x +2c,e** +3c,e” ...(id)
...(iii)
From Egs. (i), (ii) and (iii), ¢; and ¢, can be eliminated to
obtain

y” =2+ 4c,e** +9c,e’"

2x 3x 2
e e x“ -y
2x 3x ’
2e 3e 2x —y
4e** 9e>* 2-y”
11 x° -y
= 2 3 2x-y’
4 9 2-y”

= 6-3"—18x +9y +8x —4y' —4+2y” +7x° -6y =0

...(iv)
This is the required DE; it corresponds to the family of

curves given by Eq. (i). Differently put, the most general
solution of this DE is given by Eq. (i).

= y” =5y’ +6y =6x* —10x +2
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As an exercise for the reader, show that the DE
corrersponding to the general equation

y=Ae* +Be* +C
where A, B, C are arbitrary constants, is

y” =3y”" +2y"=0
By expected, the three arbitrary constants cause the DE to
the third order.

Example 1 Find the order and degree (if defined) of
the following differential equations :

dy dy\ 1 (dy’
“y‘”idxi !idxi a!idxi

3 \%3 2
[ =Y iy DY o[
dx’ T dx? dx
Sol. (i) The given differential equation can be rewritten as
y= edy/dx
dy
= =1
dx ny

Hence, its order is 1 and degree 1.

(ii) The given differential equation can be rewritten as

&y (dy 2)3
dx® dx

Hence, its order is 3 and degree 2.
(iii) Its order is obviously 2.

Since, the given differential equation cannot be
written as a polynomial in all the differential
coefficients, the degree of the equation is not defined.

Example 2 Find the order and degree (if defined) of
the following differential equations :

0[5 (E i

(iii) dX =./3X +5

Sol. (i) The given differential equation can be rewritten as

2 2
&yY (du 3)
dx? dx

Hence, order is 2 and degree is 3.

(ii) The given differential equation has the order 2. Since,
the given differential equation cannot be written as a
polynomial in the differential coefficients, the degree
of the equation is not defined.

(iii) Its order is obviously 1 and degree 1.

Linear and Non-linear
Differential Equation

A differential equation is a linear differential equation if it
is expressible in the form
dn dn 1 n—2
a, Y +a, + a, )2)
dx" dx" dx""
where ag, a;, a,,...,a, and Q are either constants or
functions of independent variable x.

+...+a,4 d—yi—any:Q
dx

Thus, if a differential equation when expressed in the form
of a polynomial involves the derivatives and dependent
variable in the first power and there ae no product of
these, and also the coefficient of the various terms are
either constants or functions of the independent variable,
then it is said to be linear differential equation. otherwise,
it i a non-linear differential equation.

3.\ 2
The differentiable equation %y -6 4’y -4y =0,is
dx’ dx®

a non-linear differential equation, because its degree is 2,
more than one.

3 2
e.g. The differential equation, %y +2 dy +9y =x,
dx 3 dx

is non-linear differential equation, because differential

coefficient Z—y has exponent 2.
X

e.g. The differential equation (x* + y*) dx —2xydy =01is a
non-linear differential equation, because the exponent of
dependent variable y is 2 and it involves the product of y

and d—y e.g. Consider the differential equation

dx
2
d—y -5 dy +6y =sinx
dx? dx

This is a linear differential equation of order 2 and degree.

Formation of Differential Equations

If an equation in independent and dependent variables
involving some arbitrary constants is given, then a
differential equation is obtained as follows :

(i) Differentiate the given equation w.r.t. the
independent variable (say x) as many times as the
number of arbitrary constants in it.

(ii) Eliminate the arbitrary constants.
(iii) The eliminant is the required differential equation.

i.e. If we have an equation f (x,y,c;,¢y,...,¢,) =0



Containing n arbitrary constants ¢, ¢y, c3,...,c,, then by
differentiating this n times, we shall get n-equations.

Now, among these n-equations and the given equation, in
all (n + 1) equations, if the n arbitrary constants
€1,Cy,C3,..., C, are eliminated, we shall evidently get a
differential equation of the nth order. For there being n
differentiation, the resulting equation must contain a
derivative of the nth order.

Algorithm for Formation
of Differential Equations

Step I Write the given equation involving independent
variable x (say), dependent variable y (say) and the
arbitrary constant.

Step II Obtain the number of arbitrary constants in Step
L. Let there be n arbitrary constants.

Step III Differentiate the relation in step I, n times with
respect to x.

Step IV Eliminate arbitrary consstants with the help of n
equations involving differential coefficients obtained in
step IIl and an equation in step L

The equation so obtained is the desired differential
equation. The following examples will illustrate the above
procedure.

Example 3 Form the differential equation, if
y? =4a(x+b), where a,b are arbitrary constants.

Sol. Differentiating y* = 4a (x + b) w.rt. x,
~d—y=4a ie. yd—yZZa
dx dx

Again, differentiating w.r.t. x, we get

dy (dyY
Y 1Y) 2y
ydxz (dx

which is the required differential equation. Thus, the
elimination of arbitrary leads to the formation of a
differential equation.

2y

Example 4 Find the differential equation whose

solution represents the family xy =ae* +be™*.

Sol. xy =ae” +be” * (1)
Differentiating Eq. (i) w.r.t. x, we get
xd—y+y=aex —be™* ...(ii)
dx

Differentiating Eq. (ii) w.r.t. x, we get

dy ~dy _ dy

X—2+ -2 -14+-F=qge” +be ...(iii)

dx? dx dx
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Using Egs. (i) and (iii), we get

Which is the required differential equation.

Example 5 Find the differential equation whose

solution represents the family c (y +c)* = x°.

Sol. Differentiating ¢ (y + ¢)* = x° (i)

We getc [2(y +¢)] Z—y = 3x? but from Eq. (i), we have
X

3
2x 2(y+c)d—y=3x2
(v +c¢) dx
= 20 Ay g e 2 Yy
y+c dx y+c dx

2x | dy 2x | dy

= 1 =y+c o == 22—
3 [dx} Y 3 l:dx} Y

Substituting ¢ in Eq. (i), we get
2
()= b T_y
3 (dx |3 dx |
Which is the required differential equation.

Example 6 Find the differential equation whose
solution represents the family y = ae®™ +be*.

Sol. y = ae’* + be* ..(i)
Differentiating the given equation twice, we get
2
dy _ 3ae®™ + be* and 4y _ 9ae** + be*
x dx?

From the three equations by eliminating a and b, we obtain
d’y 4d
LY 24 43y=0
dx*  dx

Remark

The order of the differential equation will be equal to number of
independent parameters and is not equal to the number of all the
parameters in the family of curves.

Example 7 Find the order of the family of curves

y=(c;+cy)e" +cse
Sol. Here, the number of arbitrary parameters is 4 but the
order of the corresponding differential equation will not
be 4 as it can be rewritten as, y =(¢; + ¢, + c5 ) e”,
which is of the form y = Ae™. Hence, the corresponding
differential equation will be of order 1.

Example 8 The differential equation of all
non-horizontal lines in a plane is given by

2 2
() d—f =0 (09 —0
dx dy
2 2
(c)d—{:Oandd—;(:O (d) All of these

dx dy
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Sol. The equation of the family of all non-horizontal lines in
a plane is given by,

ax+by =1 (wherea #0) ...(I)
Differentiating w.r.t. y, we get
ad—x+b=0 (asa#0andbe R)
dy
Again, differentiating w.r.t. y, we get
2
ad—fzo (asa#0andbe R)
dy
2
= d—)zc = (asa #0)
dy

. Differential equation of all non-horizontal lines in a
2

. dx .
plane is T = 0. Hence, (b) is the correct answer.

Example 9 The differential equation of all
non-vertical lines in a plane is given by

2 2
(a)j{:O (b)jf:o
X y
2 2
(c) Z;( =0and 3{ =0  (d) All of these
ly X

Sol. The equation of the family of all non-vertical lines in a
plane is given by ax + by =1, where b #0 and a€ R.

Differentiating both the sides w.r.t. x, we get

a+b-—>=0 (asb#0anda€ R)
dx
Again, differentiating both the sides w.r.t. x, we get
2
bd—JZ/ZO (asb#0anda€ R)
dx
d’y
= — =0 (asb #0)
dx?
.. Differential equation of all non-vertical lines in a plane.
2
= d—f =0
dx

Hence, (a) is the correct answer.

Example 10 The differential equation of all
straight lines which are at a constant distance p
from the origin, is
@y +xy1)* =p* (1+y7) by —xyi)=p* (1+y,)°
(© (y —xy;)? =p? (1+ y{) (d) None of these
Sol. As, we know xcoso +ysino =p (1)
Represents the family of straight lines which are at a
constant distance p from origin. Differentiating Eq. (i) w.r.t.
x, we get

. dy
cosO +sinol -— =0
X

1 . 1

= tanot =—— or sino =
N J1+yf

and cosa = — ..(ii)
41 +y12

From Egs. (i) and (ii), we get
y

— X =p
VI+yE 1+ yf

=(y—xy1)*= p*(1 + y7) is required differential equations.

Hence, (c) is the correct answer.
Example 11 The differential equation of all circles of
radius r, is given by
@1+ ()42 =r?y3
@O+ ()%} =ry3
Sol. Equation of circle of radius r,
(x—a) +(y-b?=r’ (1)

(Here, a, b are two arbitrary constants)

(b) {1+ (y1)%}? =r?y3
(d) None of these

Differentiating Eq. (i), we get

2(x—a)+2(y—-b)y; =0 ...(ii)
Again, differentiating Eq. (ii), we get
L+(y=b)y, +31 =0
2
= (y—by=—|1F2 (i)
Y
Putting (y — b) in Eq. (ii), we get
2
(x—a)=m (V)

Y2
From Egs. (i), (iii) and (iv), we get
2\2 2 242
(1+Y12) }’1+(1+)2/1) -2
Y2 Y2
= 1+ =r’y;

Hence, (c) is the correct answer.

Example 12 The differential equations of all circles
touching the x-axis at origin is

@ (y?* —x*) =2xy (;’O

d
(b) (x? —yz)d—i=2xy

@ (* - y?) =2 (dyj
dx
(d) None of the above
Sol. The equation of circle touches x-axis at origin.
= (x —0)* +(y —a)* = d*

or x? +y* —2ay=0 (1)



Differentiating w.r.t. x, we get

2x+2yd—y—2ad—y=0
dx dx
d
P(a-y)=x
dx dy
x+y (d)
= a=— %/ ..(i)

( yj
dx
From Egs. (i) and (ii), we get

x+y(2)
x2+y2—2y — o

dx
or (x* —yz)d—y=2xy
dx
Hence, (b) is the correct answer.

Example 13 The differential equation of all circles in
the first quadrant which touch the coordinate axes is
(@) (x=y)* (1+(y)?) = (x + yy")?
(b) (x+ )2 (1+(y)?) = (x + y)?
©(x=y)* (1+y) = (x+ yy)?
(d) None of these
Sol. Equation of circles touching coordinate axes is
(x —a)’ +(y —a) =d° (1)
Differentiating, we get
2(x—a)+2(y—a)y =0
X +yy’

—; where y’ = dy ..(ii)
1+y dx

Y4

0, a)

o

From Egs. (i) and (ii),

/2
1+y

12 /2
_x+yy [ x+yy
1+y’] [1+y’]

- xy’—yy’2+ y=x) _(x+w)
1+ 1+ 1+y’

= (x =)V +(y-x) =(x+yy)

= (x=y) 1+ =(x+yy)

Hence, (a) is the correct answer.
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Example 14 The differential equation satisfying the
2 s y2
a’+A b+
unknown, is
(@) (x + yy1) (xyq = y) =(@* =b?) y;
(b) (x+ yy1) (x = yy1) =y,
(O (x = yy1) (xys +y)=(@* =b?) y,
(d) None of these

curve

=1, where A being arbitrary

2 2

x y .
—_—t =1 (1
a+r b+ 0
Differentiating both the sides, we get

22x + 2y dy _ 0
a“+ A

Sol. Here,

b* + ) dx
= x (PP +A)+y@ +A)y =0

- N= o xb® + a’yy,
X+ yn

xb® + a’yy,
X+ yn
(@® - b*) x
X+ Y%
b2 4 ) = (a2 - bz))’)’l
X+ yy
From Eqgs. (i), (ii) and (iii), we get
x* (x+yy) Y (x+yy)
(@ =b*)x (@ =) yy

a+r=d* -
2
= a’+ A=

...(i)

Also, ...(1ii)

=1

= (x + yy1) (xy; — y) = (a* = b*) y,

Hence, (a) is the correct answer.

Example 15 The differential equation of all conics
whose centre lies at origin, is given by

a) Bxy, + X%y 3) (y = xy1) =3xy, (y = xy1 = x7y,)

b) Bxy, + XZ)/z) (y1 = xys)=3xy; (y —xy2 — XZYz)

) Bxys +x°y3) (yr = xy) =3xy1 (y = xy1 = x%y>)

d) None of the above

Sol. Equation of all conics whose centre lies at origin, is

ax® + 2hxy + by =1 ..(d)

(
(
(
(

Differentiating Eq. (i) w.r.t. x, we get
2ax + 2hxy, + 2hy + 2byy, =0
= ax + h(y + xy;) + byy, =0
Multiplying by x equation becomes,
ax® + h (xy + xy)) + bxyy, =0 ..(ii)
Subtracting Egs. (i) and (ii), we get

h(xy — x*y) +b(y* = xyy;) =1
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= (hx + by)y — xy; (hx + by) =1 — xy, — x2
' b(y—xy)=2 N2
= (hx +by)(y —xy) =1 (y = xy1)
= hx + by = .. (i) - xy; — x°
R = p=? "N V)
(y — xy1)

Again, differentiating w.r.t. x, we get

Again, differentiating both the sides w.r.t. x, we get

__ Wi Xy =)
hrbnes (y = xp)* 0=L— N —3xy, — x’ys n 3(y = xy1 = x°y) %y,
v, (v = xpn)’ (v =)’
or h+by,=——— (1v)
! (y - xyl)2 = (3xyy + x%y3) (¥ — xy1) =3xy, (¥ — xy; — x°y3)
From Egs. (iii) and (iv), we get Hence, (a) is the correct answer.

Exercise for Session 1

10.

The differential equation of all parabolas whose axis of symmetry is along X-axis is of order.

(a)2 (b) 3 (c)1 (d) None of these
The order and degree of the differential equation of all tangent lines to the parabola x2 =4y is
(1,2 (b)2,2 ()3, 1 (d) 4,1
2 2 2

The degree of the differential equation d—‘g +3 [d—y) =x2log d }2/ is

ax dx dax
(a)1 (b) 2 (c)3 (d) Not defined
The degree of the defferential equation satisfying the relation v1+ x? + 1+ y? = Mxy1+ y2 —y/1+ x2)is
(a1 (b) 2 (c)3 (d)4

2,2 2 2
The degree of the differential equation d—{ + (d—yj =X sin d—“z/ is
dx dx dx

(a) 1 (b) 2 ()3 (d) Not defined

The differential equation of all circles touching the y-axis at origin, is

@y -x*=20Y )y -x =29 ©x* -y =20 Y (d)x? - y? = 20y &
dx d ax dy

The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is

@w2+yi=y+yi Oy +yi=0 ©) yy2 + ¥i = i (d) None of these

The differential equation of all conics whose axes coincide with the coordinate axes, is

(@) xyy2 + xyf = yy; =0 b yy2 + vi —yy1=0

©)xyy, + (x-y)y1=0 (d) None of these

The differential equation having y = (sin‘1 x)2 + A (cos‘1 x)+ B, where A and B are arbitrary constant, is

@ (1-x*) y, —xy; =2 (b) (1-x?) yo + yy; =0

©)(1-x)y, + xy;, =0 (d) None of these

The differential equation of circles passing through the points of intersection of unit circle with centre at the
origin and the line bisecting the first quadrant, is

@y (X +y? = 1)+ (x+yy)=0 O)(ys = 1) (X* + y* =)+ (x+ yy1) 2(x —y)=0
@ +y*-N+yy,=0 (d) None of these



Session 2

Solving of Variable Seperable Form,
Homogeneous Differential Equation

Solving of Variable
Seperable Form

Solution of a Differential Equation

The solution of the differential equation is a relation
between the variables of the equation not containing the
derivatives, but satisfying the given differential equation
(i.e from which the given differential equation can be
derived).

Thus, the solution of Z—y =e” could be obtained by simply
X

integrating both the sides, i.e. y = e+ C and that of,

dy . x? . .

d—sz +qisy =p7 + gx + C,where C is arbitrary
X

constant.

(i) A general solution or an integral of a differential
equation is a relation between the variables (not
involving the derivatives) which contains the same
number of the arbitrary constants as the order of the

differential equation. For example, a general solution
2

of the differential equation d—; =—4xis
dt

x = A cos 2t + Bsin 2t, where A and B are the
arbitrary constants.

(ii) Particular solution or particular integral is that
solution of the differential equation obtained from the
general solution by assigning particular values to the
arbitrary constant in the general solution.

For example, x =10 cot 2¢ + 5 sin 2¢ is a particular
2

solution of differential equation —ZC =—4x.
dt

Differential Equations of the
First Order and First Degree

In this section we shall discuss the differential equations
which are of first order and first degree only.

A differential equation of first order and first degree is of

the form dy_ f(x,y).
dx

Remark

All the differential equations, even of first order and first degree,
cannot be solved. However, if they belong to any of the standard
forms which we are going to discuss, in the subsequent articles
they can be solved.

Equations in Which the
Variables are Separable

The equation Z—y = f(x, y)is said to be in variables separable
x

form, if we can express it in the form f(x) dx = g(y) dy.

By integrating this, solution of the equation is obtained
which is, j f(x) dx =j g(y)dy+C

Example 16 Solve
sec” x tan y dx+sec? y tan x dy = 0.

Sol. Dividing the given equation by tan x tan y, we get

2
sec X

2
dx + Y dy=0
tan x tan y
This is variable-separable type

SeC2 X SCC2 y

Integrating, _[ dx + J. dy=C’

tan x tan y

In|tan x|+ In|tan y|=In C; where C'=In C
or In|tan x-tan y | =1In C; (C >0)
= |tan x -tan y|=C
This is the general solution.

Example 17 Solve Zyzexy +x*e™,
X

x 2
Sol. Here, d—y=e—+x— = e¥dy=(x*+e")dx
dx  e¥ e

This is variable-separable form,
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". Integrating both the sides,
3
.[ey dy=J. (x* +e")dx = ey=%+ex +C

Which is the general solution of the given differential
equation, where C is an arbitrary constant.

Example 18 Solve \/1+ x>+ y2 + x2y? + xy

Sol. The given differential equation can be written as

(l+y2)(1+xz)=—xyd—y
dx

N1+ x% dx _ ydy
x J1+9°

This is the variable-separable form.

= —

. Integrating both the sides, we get

S ECT

: W(Fﬂf

This is the general solution to the given differential
equation.

dy dy ).
Example 19 Solve y —x—=a| y’+—
P Y- dx (y dx
Sol. Rewriting the given equation as
y-ayt=(x+a) ¥
dx
dy  dx
y(d-ay) (x+a)

This is the variable-separable form.

=

Integrating both the sides, we get

Iy(l—ayff(xm)

1 dx
- ".[y+1—ayjd _J. x+a
= Iny—gln(l—ay)+lnC=ln(a+x)
a
= ln((a+x)(l_ay))=ln(C)
y

or Cy =(a+ x)(1— ay) is the general solution.

dy /dx

Example 20 Solve e = X+ 1, given that when

x=0y=3.
Sol. This is an Example of particular solution.

e@WI) = 41

ay _
dx

=In(x+1)
de = Jln (x+1)dx (integration by parts)
ie. =xIn(x+1)- dx
Y ( ) '[x +1
ie. y=xh(x+1)—-x+In(x+1)+C

This is the general solution.

To find the particular solution, put x =0, y =3 in the
general equation.

3=0-0+0+C
C=3
.. The required particular solution is,

y=(x+1)In(x+1)—-x+3

Differential Equations Reducible
to the Separable Variable Type

Sometimes differential equation of the first order cannot
be solved directly by variable separation but by some
substitution we can reduce it to a differential equation
with separable variable. ‘A differential equation of the

form Z—y = f(ax + by +¢) is solved by writing
x

ax +by+c=t”

Example 21 Solve Zy =sin® (x+3y)+5
X

3dy dt

Sol. Let x +3y=t,so that 1+—
X dx

The given differential equation becomes,

1(dt .2 dt .2
| ——1|=sin“(¢t)+5 :>d—=3sm t+16
x

3 \dx
= Idx

=

J- sec’ t dt

3sin® t + 16

= 5 5 =x+C
3tan” t + 16sec” t
2
sec” t dt
19 tan® t + 16
du
= J.27=x+c;wheretant=u
19u” + 16
= sec? t dt = du
1 d 1 +19 _1 [ ~19
= J. “ tanl( 4“)+C

19 6
197 2,16 " 19 4

= ﬁ {tan_1 [\/‘1:9 tan (3y + x)j} +C
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Example 22 Solve (x+y)? d—y —a’
X
2 dy 2 .
Sol. (x+y)"—=a ...(3)
dx
Put x+y=tﬁ1+dl=£ or dyz(dt_lJ
dx dx dx dx

-. Eq. (i) reduces to t* {dt - 1} =4°
dx

. t . . . .
ie t? — = a®+ t*, separating the variable and integrating.
x
2 2
t a
dx = dt =| [1-———|dt
I '|'az+t2 '[( a2+tzJ
-1 t
x=t—-atan |- |+C
a
+
sl e
a

) — C is the required general solution.

ie. x=x+y—atan1(

Ty
a

. -1 (X
lLe.y =atan

Example 23 Solve
(2x+ 3y —=1)dx+ (4x+6y — 5)dy =0.
Sol. 2x +3y —1)dx +(4x +6y —5)dy =0 ...(0)
Substitute u=2x+3y-1
du_,, 3y dyzl(d“_ZJ
dx dx dx 3 \dx
. Eq. (i) reduces to
1(du
u+(2u—3)(—2)=0
3 Ldx

2 1 du
ie. u-——-Qu-3)+-Qu-3)—=0
3( ) 3( )dx

—u+6 1
ur6 Lioy—3_y
3 3 dx

Writing this in the variable-separable form
(2u_3]du=dx
u—=6
J.dx='|. 2u_3du
u-—=6
2(u—6)+9
(u—6)
x+C=2u+9In|u-6]|
o x+C=22x+3y-1)+9In|2x +3y—-7|
3x+ 6y —2+9In|2x +3y —7|=C is the general solution.

ie.

x+C=J. du

Remarks

Sometimes transformation to the polar coordinates facilitates
separation of varibales. It is convenient to remember the
following differentials.

1. xdx+ ydy=rar
.’ + dyP=dr?+ r%d 6

2.xdy—ydx=r°d0
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2

xdx+ydy a’-x’-y

Example 24 Solve

xdy —ydx x2+y?
Sol. Let x =r cos 0,y =rsin 0
So that x%+ y2 =r? ..(1)
and tan0 = 2 ...(ii)

x
From Eq. (i), we have d (x* + y*) = d (r?)
ie. xdx+ydy=rdr ...(iii)

From Eq. (ii), we have  d ( Y ) =d (tan 0)
x

=sec’ 0 do

ie.

xdy—ydx
2
x

ie. xdy-ydx=x"sec’0dd=r®cos’0sec’ 0 dd..(iv)

Using Egs. (iii) and (iv) in the given equation, we get
2 _ 2
"Ziz /% e _m»
r° do r 1/(12 — rz

ie. sin_l(rJ=6+C or r=asin (0 +C)
a

or \Jx% +y? =asin {C + tan” ' (y / x)}

It is advised to remember the results (iii) and (iv).

Homogeneous
Differential Equation

By definition, a homogeneouos function f(x, y) of degree
n satisfies the property

fOx, hy) =N f(x,y)
For example, the functions
fi(x,y) =x’ +y3
fo(x,y)=x* +xy +y°
fs(x.y)=x e +xy?

are all homogeneous functions, of degrees three, two and
three respectively (verify this assertion).

Observe that any homogeneous function f(x, y) of degree
n can be equivalnetly written as follows :

flx,y) = x"fm =y"f(’“j
X y

f(x, Y)=x3+y3

3 3
=x3 1+(yj =y3 1+(xj
x y

For example,
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Having seen homogeneous functions we define
homogeneous DEs as follows :

Any DE of the form M(x, y) dx + N (x,y)dy =0

or dy __ MCx.y) is called homogeneous if M (x, y) and
dx  N(x,y)

N(x,y) are homogeneous functions of the same degree.

What is so special about homogeneous DEs? Well, it turns
out that they areextremely simple to solve. To see how,

we express both M(x,y) and N(x, y) as, say x”M(y) and
x

x”N(yj.This can be done sicne M(x, y) and N(x, y) are
x

both homogeneous function of degree n. Doing this
reduces our DE to

(3 ()
dl:_M(x,y)z x)__ x zp[yj

dx N(x,y) x"N(yj N(y) x
x x

—M(t))

N(z)

(The function P(t) stands for

Now, the simple substitution y = vx reduces this DE to a
VS form

y=vx
= d—y =vV+Xx d—y
dx dx
Thus, dy _ p(y) transforms to
dx x

dv
v+x—=Pv

. (v)

dv._dx
P(v)-v «x

This can now be integraed directly since it is in VS form.

=

Let us see some examples of solving homogeneous DEs.

Alogorithm for Solving
Homogeneous Differential Equation
StepI Put the differential equation in the form

dy _ 9(x.)

dx y(x.y)

StepII Puty =vx and dy _ v+ x dv in the equation in
dx dx

step I and can out x from the right hand side. The

equation reduces to the form v + x ? = f(v).
X

Step III Shift v on RH.S and seperate the variables in v
and x.

Step IV Integrate both sides to obtain the solution in
terms of v and x.

Step V Replace v by Y in the solution obtained in step IV
x

to obtain the solution in terms of x and y.

Following examples illustrate the procedure.

Example 25 Solve y dx+ (2,/xy — x)dy =0.

Sol. ydx +(24/xy —x)dy =0 ..(i)
This is homogeneous type. Substitute y = ux
dy s X du
dx dx

. Equation ux dx + (2+/x% u — x)(udx + x du) =0
ie. x-{udx+Q2Vu-Dudc+xduVu-1)}=0
ie. dx (2u®? —u+uw)+xdu2Ju —1)=0

Separating the variables, dx + ( 2 \/;3/_2 ! j du=0
x 2u

Integrating both the sides In| x|+ In|u]|+ L C

Ju
1 x y
or In|xu|+—==C or In + [=—=C |~vu==
| xu | Tu |y1 \fy ( x)

Which is the general solution.

Example 26 Solve (x* +y?)dx —2xy dy =0.
dy _x*+y' _1[ x y]

Sol. Here, — =
dx 2xy 2|y «x
. dy du . .
With y = ux, = = u + x —, so that the differential
dx dx

equation becomes

dx 2\u
xdu 1+u°
= = —
dx 2u
xdu 1-u®
— =
dx 2u
2u dx
= du=| —
'l.l—u2 X
= —log|1-u*|=log|x|-log|C]|
= x(1-u®)=C
2 .2
= XY _¢ (..,uzy)
x x

Hence, x* — y* = xC, is the required solution.



2

2dy y Y
Example 27 Sol =+ —
P owe dx X +><2

Sol. The above equation is homogeneous so that we put y = ux.

=

=

d d
2{u+xu}=u+u2 = 2u+2x—u=u+u

2

dx dx
Zxd—u=u2—u:> du =d—x
dx ul—u 2x
[P
u(u—-1) 29 x
.[ ! du—.[ldu=1 d—x
u-—1 u 29 x
log\u—l|—log|u|=%log|x|+log|C|
|u—1]
log! — ! =1log|C~/x|
| w |
“locvx » X% cx
u y
y-x=C+x-y

Which is the required solution.

Example 28 Solve
(142 eXY)dx+2 XY (1-x/y)dy =0.

Sol. The appearance of x /y in the equation suggests the

substitution x = vy or dx =v dy + y dv.

.. The given equation is

ie.

(1+2e")(vdy+ydv)+2e’" (1-v)dy=0
y(1+2e")dv+(v+2e’)dy=0

1+2e"
¢ dv+d—y=0
v+2e’ y
1+2¢e" d
Integrating,f evdv+.|. Doy
v+2e y

=

log|v+2e”|+log|y|=1log|C|

(v+2e")y=C

[x+2e’”y)y=c
y

=

(x +2ye*'?)=C, is required solution.

Example 29 Show that any equation of the form

y f(xy)dx+x g(xy)dy =0

can be converted to variable separable form by substi-
tuting xy =v.
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Sol. Since, xy=v,y=l and d(xy)=dv
x

ie. xdy+ydx=dv
and dy:d(v):xdv—zvdx
X X
ie. xdy=dv—ldx
x
vf(v)dx+g(v){dv—vdx}=0
x x
VO =EO e o (v o
x
SR PR

— S =0
x vif(v)-g)}

Which is in variables separable form.

Reducible to Homogeneous Form
Type |

Many a times, the DE specified may not be homogeneous
but some suibtale manipulation might reduce it to a
homogeneous form. Generally, such equations involve a
function of a rational expression whose numerator and
denominator are linear functions of the variable, i.e., of
the form
dy _ (ax+by+cj ()
dx dx +cy+ f
Note that the presence of the constant ¢ and f causes this
DE to be non-homogeneous.
To make it homogeneous, we use the substitutions
x—>X+h
y—-Y+k
and select h and k so that
ah+bk+c= 0} .
...(ii)
dh+ek+ f=0

This can always be done (if % # d) . The RHS of the DE in

e
a(X+h)+b(Y+k)+c
d(X+h)+eY+k+f)

:f(aX+bY)

(i) now reduces to = f (

Using Eq. (ii
X 1oy (Using Eq. (ii))

This expression is clearly homogeneous! The LHS of Eq. (i)
is d—y which equals d—y . d—Y . d—X Since d—y . d—x =1, the
dx dY dX dx dX

LHS d—y equals d—Y Thus, our equation becomes
dx dX



246  Textbook of Integral Calculus

av f(“X + ”Y] (i)

dX +eY

We have thus succeeded in transforming the
non-homogeneous DE in Eq. (i) to the homogeneous DE in
Eq. (iii). This can now be solved as described earlier.

dy2yx4

Example 30 Solve the DE =
dx y-3x+3

Sol. We substitute x — X + h and y — Y + k where h, k need
to be determined
dy _d¥

dx dX

(Y - X)+(2k —h—4)
(Y -3X)+(k-3h+3)

h and k must be chosen so that

2k —h—-4=0
k—-3h+3=0
This gives h = 2 and k = 3. Thus,
x=X+2
y=Y +3
Our DE now reduces to
dy 2y - X
dX Y -3X
Using the substitution Y = vX, and simplifying, we have
(verify),
2\1 -3 dv = —dX
ve 5v+1 X

We now integrate this DE which is VS; the left-hand side
can be integrated by the techniques described in the unit of
Indefinite Integration.

Y
Finally, we substitute v = e and
X=x-2
Y=y-3

to obtain the general solution.

Type Il

Suppose our DE is of the form

dy [fax+by+c
dx dx +ey+ f

We try to find A, k so that
ah+bk+c=0
dh+ek+ f=0

What if this system does not yield a solution? Recall that
this will happen if % = i How do we reduce the DE to a
homogeneous one in such a case?

Let £ _bo A (say).
d e

Thus,
ax +by+c _Mdx +ey)+c
dx+ey+f dx+ey+f
This suggests the substitution dx + ey = v, which will give
dte dy dv
dx  dx
. dy _1fdv_,
dx el\dx
Thus, our DE reduces to
dv _d )= Av+c
dx v+ f
dv  Aev+ec
= —=——+d
dx v+ f
_(Ae+d)v+(ec+d)
v+ f
= v+f) dv =dx
(Ae+d)v+ec+df
which is in VS form and hence can be solved.
dy x+2y-1
Example 31 Solve the DE = Y _X¥
dx  Xx+2y+1

Sol. Note that h, k do not exist in this case which can reduce
this DE to homogeneous form. Thus, we use the substitu-

tion
x+2y=v
= 1428y v
dx  dx

Thus, our DE becomes

(dv 1)_1}—1
dx v+1

dv 2v-2 3v—1
et _—= =
dx v+1 v+1
+1
= ke dv =dx
3v—1
1 4
= ~|1+ dv =dx
3 3v—1

Integrating, we have

1 4
—|lv+—In@Bv-1)|=x+C
BT

Substituting v = x + 2y, we have

4
x+2y+§ln(3x+6y—l)=3x+C2

= y—x+§ln(3x+6y—1)=C



Example 32 The solution of the differential
dy  siny+x

equation =—is
dx sin2y —xcosy
X2
(a)sinzyzxsiny+7+c
X2
(b)sin2y=xsiny—7+c
X2
(c)sinzy:x+siny+7+c
X2
(d)sinzy:x—siny+7+c
Sol. Here, . sny+x
X sin2y — x cosy
d iny +
= cosy yZM,putsinyzt
dx 2siny-x
dt  t+x
= — = ,putt =vx
dx 2t—-x
xdv+ v+ x v+l
dx 2vx —x  2v—1
dv  v+1 v+1-2vi+v
X — = -V =
dx 2v-1 2v -1
PA d
or %d\/z—x
—2vi +2v+1 X

On solving, we get

2
. . x

s1r12y=xsmy+—+C
2

Hence, (a) is the correct answer.

Example 33 The equation of curve passing through
(1, 0) and satisfying

dy ’ 2 2 dy )
ya+2x =(y +2x7) |1+ ™ ,is given by

Chap 04 Differential Equations

1 5 - 5
(a)ﬁxiﬁ :M

X

b) St :y+w/y2 ++/2 x?

X

1
SIS AL

X

(d) None of the above

Sol. The given differential equation can be written as

dx

2
y? (dy) +4x° +4xy-3—y=(y2 +2x2)£1+(dy
x

2]

X

2
dx x 2\ x

Let y=wvx
. vopdv_dy
dx dx
.. Eq. (i) becomes
vix L=yt 1vz+l
dx 2

or jil ; .
-v-+1
2

= 2log|v++vi+2|=log|xC|
y+\/y2+2x2
X

}:10g|xC\,

= 2 log

putting x =land y =0
= C =2y

+4/y? +2x° *
YINY TeX _ oy
pe

Hence, (a) is the correct answer.

. Curves are given by

-

247
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Exercise for Session 2

2
1. The solution ofd—y o xry) is given by

dx  (x +2)(y -2)

(@) (x + 2 [ 1+ % j:kezy”‘
X
2(y-2)

(c) (x + 2)3[1+ 2(y_2)j:ke X+ 2
X+ 2

(d) None of these

2. 1f(y® -2x2%y)dx + (2xy? — x®)dy =0, then the value of xy /y? — x2,is

. The solution ofd—yz(x +y -1+ —
dx log(x +y)

(@) {1+ log(x+ y)} —log{1+ log(x + y)}=x+C
—log{1+ log(x+ y)}=x+C

. The solution of -~ =

@y?+x
(c) any constant

(a) log =x+C

1+ tan(u)
2

(c)log|1-tan(x + y)|=x+C

() {1+ log (x + y)}?

@ +y*=)=(x*+y?-3y°C
@O +y?=3)=(x*+y*-1)°C

dy

Tty

(x =12+ (y —2)? tan™" [

(b) xy?
(d) None of these

. The solution of dy /dx =cos (x + y) + sin(x + y), is given by

(b)log| 1+ tan (x + y) |=x +C

(d) None of these

,is given by

(b){1-log (x + y)} —log{1—log(x + y)}=x+C

(d) None of these

. The solution of (2x2 + 3y 2 — 7) xdx — (3x2 + 2y? —8) ydy =0, is given by

y-2
1

(b) (x* +y? -1 =(x* + y* - 3)°C
(d) None of these

, is equal to

. The solution ofdy:( X+2y—3j s
dx

(xy —2x —y +2)tan”’ [_zj
x -1
@f{x-1%+ -1 tan‘1(y_i)—2(x— Ny -2=2(x-172logC (x - 1)
X_
OHx -+ -DP)-2(x-1)(y-2) tan”" (}/_?J:Z(x— 1)? logC
X_
©){x =1+ (y - 1?3 tan"1[y_ﬁj—Z(x—1)(y—2)=logC(x—1)
X_
(d) None of the above
2
2x +y +3 |
(@ (x+3)°-(y-3°=C(x-y+6)

() (x + 3)* + (y — 3)* =C (d) None of these

dy —cosx(3cosy-7sinx-3) .

(b)(x+3)° - (y-3)°=C

. The solution of -~ = ,is

siny (3sinx —7cos y +7)
(b) (cos y — sinx — 1) (sinx + cos y — 1)° =C
(d) None of these

(@) (cos y — sinx — 1)? (sinx + cos y — 1)° =C

(c) (cos y —sinx —1)? (sinx + cos y — 1) =C
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11.

12.

13.

14.

15.
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A curve C has the property that if the tangent drawn at any pointP on C meets. The coordinate axes at A and B,
then P is the mid point of AB. The curve passes through the point (1, 1). Then the equation of curve is

(@) xy =1 (b)£:1

y
(c)2x=xy - 1 (d) None of these
The family of curves whose tangent form an angle % with the hyperbola xy =1, is
(@y=x-2tan" (x)+ K (byy=x+2tan"" (x)+ K
(c)y=2x—tan” (x)+ K (d)y =2x + tan'(x) + K

Aand B are two separate reservoires of mater capacity of reservoir are filled completely with water their inlets
are closed and then the water is released simultaneously from both the reservoirs. The rate of flow of water out
of each reservoir at any instant of time is proportional to the quantity of water in the reservoir at that time. One

hour after the water is released, the quantity of water in the reservoir Ais 1% times the quantity of the water in

reservoir B. The time after which do both the reservoirs have the same quantity of water, is
1
(8) 10gs/4 (2) () logas

(c) |091/2(%) (d) None of these

A curve passes through (2, 1) and is such that the square of the ordinate is twice the rectangle contained by the
abscissa and the intercept of the normal. Then the equation of curve is

(@) x% + y? = 9x (b) 4x” + y* = 9x
(c) 4x? + 2y? = 9x (d) None of these

. . . x(1+ y2)
A normal at P (x, y) on a curve neets the X-axis at Q and N is the foot of the ordinate atP. If NQ = ﬁ .

+ X

Then the equation of curve passing through (3, 1) is
(@) 5(1+ y?) = (1+ x?) (b) (1+ y?) = 5(1+ x?)
(©) (1+ x2) = (1+ y?).x (d) None of these

The curve for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length
of the radius vector is constant (k), is

(8) (y +x* -y =c (b) (v + X2+ yP ek = ¢
© (y-Vx*-y* " =c (d) (y—x2+ y2 " =c

A point P(x, y ) nores on the curve x?/3 + y2/3 = 3%'3 3 > 0 for each position (x, y ) of p, perpendiculars are drawn

from origin upon the tangent and normal at P, the length (absolute valve) of them being Py(x ) and P,(x)
brespectively, then

(a)%_dﬁ<o (b)%_dﬂgo
dx dx dx dx
(C) dp1 dpz >0 d) dp1 _dp2 >0

dx dx dx dx



Session 3

Solving of Linear Differential Equations,
Bernoulli's Equation, Orthogonal Trajectory

Solving of Linear
Differential Equations

First Order Linear
Differential Equations

A differential equation is said to be linear if an unknown
variable and its derivative occur only in the first degree.

An equation of the form

d

4 P(x)-y=0Q(x).

dx
Where P(x) and Q(x) are functions of x only or constant
is called a linear equation of the first order.

To get the general solution of the above equation we
proceeds as follows. By multiplying both the sides of the

above equation by e Jrax ,we get
Jde dy P eJ. x_Q '[de
ie. eJ.de ) dl n i(e Ide) _ Q eJ'de
dx
. d Pdx Pdx
ie. —(ye J )=Q-e J
dx

.. Integrating, we get ye

J.de :.‘-erdedx+c

Pd .
Here, the term eI * which converts the left hand
expression of the equation into a perfect differential is
called an Integrating factor. In short it is written as IF.

Thus, we remember the solution of the above equation as
y (IF) = jQ (IF) dx + C.

Algoritm for Solving A Linear
Differential Equation

Step I Write the differential equation in the form
dy / dx + Py = Q and obtain P and Q.

Step II Find integrating factor (LF.) given by LF. = el P

Step III Multiply both sides of equation in Step I by LF.

Step IV Integrate both sides of the equation obtained in
step IIl. w.r.t x to obtain y (LF.) = IQ(IF) dx +C

This gives the required solution following examples
illustrate the procedure.

d
Example 34 Solve d—y+ 2y =C0s X.
X

Sol. 1t is a linear equation of the form

D s py=0(x)
dx

where P=2and Q = cos x

Then IF = eJ'de = eIde ="

Hence, the general solution is y (IF) = _[ Q (IF) dx

ie. y-ez’(:.[ezx cos xdx +C
ez;c
y e = ; [2 cos x +sin x]+ C
dy 'y
Example 35 Solve AN A log x.
dx  x

Sol. 1t is a linear differential equation of the form
d
L4 Py=0(x)
dx
1
Here, P=—,0=logx
x

1/x dx
_ CI :elogx

Then IF = eIPdX = =x

Hence, the general solution is

y(F) = [QF) dx +C

ie. yx = J.(log x)xdx+C
ie. yx = (log x) — - f— —2 +C
ie. yxzx—z(log x)—x—2+C

2 4



Example 36 Solve & _ Y

dx  2yln y+y—x
Sol. The equation can be written as

e _yyty=x_oppen-X
y

dy y
ie. d—x+l~x=(21ny+l)
dy 'y

1
In this equation it is clear that P= —and Q=(21In y + 1).
y

Which are function of y only because equation contains
derivatives of x with
respect to y.

IF:eIde zej.l/ydy =€lny =y

.. The solution is; x (IF) = J.(Z In y + 1) (IF) dy
ie. xsz.(Zlny+1)~ydy=y21ny+C

ie. x=ylny+E
y

Note In some cases a linear differential equation may be of the
form % + A x = Q,where A and Q, are function of y alone. In
y

such a case the integrating factor is ejﬂ v

d
Example 37 Solve cos® x d—y -y tan2x=cos" x,

X
T i 343

where|x|<—andy| — |=—-
4 6 8

Sol. The given equation can be written as

d
—y—sec2x~tan2x~y=coszx

dx

J~ 2 tan x

tan® x — 1

2 sec’ x dx
tan 2x - sec” x dx

IF = ef‘
dt

=e¢t, wheret =tan® x — 1
=t =t =|tan® x — 1|
It is given that | x | < % and for this region tan® x < 1.
IF = (1 - tan® x)
*. The solution is
y(1- tan? x) = J.cos2 x (1 - tan® x) dx

= J.(cos2 x —sin® x) dx

sin 2x
+C

= f(cos 2x)dx =
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Now, when X—E,yzM

6 8
M(l_l)zl.%c = c=0

8 3 2 2
_ sin 2x

Y 2(1 - tan® x)

dy ,
Example 38 Solve oY ¢’ (x) = d(x)- o’ (x), where

d(x) is a given function.
Sol. Here, P =¢'(x) and Q= ¢(x) ¢" (x)

IF = eJ.q’/(x)dx = ™)
.. The solution is
yet® =j¢(x)-¢’(x)~e¢(x)dx=f toel dt,
where O(x) =t
ye?®@=e (t-1)+C
ie. ye®™) = {o(x) — 1} " + €

Bernoulli's Equation

Sometimes a differential equation is not linear but it can
be converted into a linear differential equation by a
suitable substitution. An equation of the form
d
—y+Py=Qy". (n#0,1)
dx
Where P and Q are functions of x only, is known as
Bernoulli’s equation (for n =0 the equation is linear.)

It is easy to reduce the above equation into linear form as
below :

Dividing both the sides by y", we get

. d Y
y " Lepy =0
dx

"=z and hence, (1—n)y_"d—y=d—z

dx dx

Putting y'~ the

equation becomes Z—Z +(1—n) Pz =(1—-n) Q which is linear
x

in z.

Here, IF

.. The solution is,
—n) Pd
¢ J.(l n) Pdx

:eJ.(l—n)de

=[0I  ax
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_ 2
Example 39 Solve (y log x —1) y dx = x dy. Example 41 Solve & dy _yo'()-y where o(x)
Sol. The given differential equation can be written as dx d(x)

a given function.

dy _ .2 .
x—+y=y“logx ..»i)
dx Sol. The equation can be written as

Dividing by xy* , hence dy ¢ (x) _ y*
L‘Ly i—llogx dx (I)(x) o(x)
y? dx  xy «x le. _y dy O(x) 1_ 1
1 1 dy dv dx o(x) y Q)(x )
bt y T T & 1 | dy dz
y y* dx dx Let — =2z So that, — dy d
dv 1 1 y y? dx dx
So that — ——v=—-"logx
dx x x & . (]) (x) 1
Which is the standard linear differential equations, with dx O(x) ¢(X )

v,

-1 Q——llogx x
x x [F=e %) =0 = ¢(x)

—1/xdx -Inx Inx™! 1
Ierj =e =e == .. The solutionisz-(])(x)zj‘i-q)(x)dx=x+C
x o(x)
The solution is given by . ox) e ox)
1 €. —— = , =
l—_[ ( 1logx)dx=—.[0gzx dx Y x+C
x x x
log x 11 log x Remark
= T - _[; : ; dx = . + ; +C Another type of equation which is reducible to the linear form is
dy
’ P =
= v=1+log x + Cx = log (ex) + Cx f<)d+ (- fy) =00
1 An equation of this type can be easily reduced the linear form by
or ; =log(ex)+ Cx or y{log(ex)+Cx}=1 taking z = f(y).
, dy 3
olve sec —+Z2X@ny=x".
dy , Example 42 Sol y 2x tan y
Example 40 Solve SN dx
X
o 2 SOI.Lettany:zsothatseczy~d—y:k
Sol. Dividing by y*, we get dx  dx
—2dy 1 I Thus, the given equation reduces to
dx 'y @ +2x-z=x"
L ! *
et —=2z )
y ‘ IF =l ™ 2o
So that - Ld—y = % .. The solution is, = Ix
y? dx dx
. : 1 2 1
.. The given equation reduces to ie. tany-e* = 5 J.xz e’ -(2x)dx = 2 .[t el dt,
@—xz=—x where t = x*
dx )
IF:e-[_de:e’xz/z tany-e” =5(t-et—et)+C
*. The solution is ooe x? R
2 2 2 ie. = B + . -1
zefx/2=J‘_x.efx/2dx=efx/2+c Le tany Ce € (X )
ie. l=1+Ce"2/2 tany:chz+%(x2_1)

y



dy

Example 43 Solve o X(x+y)=x>(x+y)’ -1
X

Sol. The given equation can be written as

(dy+1]+x(x+y)=x3(x+y)3
dx

ie. M+x(x+y)=x3(x+y)3
dx
ie. (x+y)’3 ~M+x(x+y)’2 =x3
dx
Let(x +y) ? =z sothat —2(x +y) > M:%
dx dx
The given equation reduces to
1dz 3
———4+xz=x
2 dx
ie. dz _ 2xz = — 2x°
dx

.. The solution is

2 2 2
z-e =J.—2x3-e_x dc=(x*+1)e * +C

1 ]
ﬁZCexz+x2+l
xX+y

Example 44 Solve sin y- Zi =cos y(1- xcos y).

Sol. The given differential equation is
sinyd—yzcosy(l—xcosy)
dx
or sinyd—y—cosy=—xcoszy
dx
Dividing by cos? y, we get

tany-secy-d—y—secy:—x
x

dy dv
Let secy=v = secytany -—=—
dx dx
So that dl_‘,:_x
dx

Which is linear differential equation with P=—-1,Q = - x

IF = eIde _ e'[fldx _ e_x

The solution is given by

vee Y =|—-x-e Ydx=xe

=e *(x+1)+C
or v=(1+x)+ Ce*

or secy =(1+ x)+ Ce”
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Orthogonal Trajectory

Any curve, which cuts every member of a given family of
curves at right angles, is called an orthogonal trajectory of
the family. For example, each straight line passing through
the origin, ie, y = kx is an orthogonal trajectory of the

family of the circles x* + y* = a®.

Procedure for Finding the
Orthogonal Trajectory

(i) Let f(x,y,c) =0 be the equation of the given family of
curves, where c is an arbitrary parameter.

(ii) Differentiate f =0; w.r.t. x”and eliminate ‘¢, i.e. form
a differential equation.

(iii) Substitute — dx for dy in the above differential
dy dx
equation. This will give the differential equation of
the orthogonal trajectories.
(iv) By solving this differential equation, we get the
required orthogonal trajectories.

Example 45 Find the orthogonal trajectories of the
hyperbola xy = C.
Sol. The equation of the given family of curves is xy =c ...(I)
Differentiating Eq. (i) w.r.t. x, we get
x dy "
—+y=0 (11
o Y (i)
Substitute — dx for dy in Eq. (ii), we get
dy dx

_xdx o ...(iid)
dy

This is the differential equation for the orthogonal
trajectory of given family of hyperbola. Eq. (iii) can be
rewritten as x dx = y dy, which on integration gives

x2—y2=C.

This is the family of required orthogonal trajectories.

Example 46 Find the orthogonal trajectories of the
curves y =cx?.

Sol. Here, y = cx? (1)
Differentiating w.r.t. x, we get
dy ..
— =2cx .1
o (ii)

Eliminating ¢ from Egs. (i) and (ii),

1 dy 2
= —— |x
Y (Zxdx)
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= 2y=x dy ..(iii)

This is the differential equation of the family of curves
given in Eq. (i).

Now, to obtain orthogonal trajectory replace dy by — dx in
dx dy

Eq. (iii).

dy
or 2ydy=—xdx
Integrating both the sides, we get

2

x
y P=- > +C

= x? +2y* = C,, is the required family of orthogonal
trajectory.

Example 47 Find the equation of all possible curves
that will cut each member of the family of circles

X2
Sol.

+y? —2cx =0 at right angle.
Here, x2+y? =2 =0 (i)

Differentiating w.r.t. x, we get

2x +2yy, —2c =0

= c=x+yy ..(ii)
From Egs. (i) and (ii), we eliminate c
= X' 4yt —2(x+yy)x=0
or —x2+y2—2xyd—y=0
dx

This is the differential equation representing the given
family of circles. To find differential equation of the

d
orthogonal trajectories, we replace o by — d—x
dx dy
= y2 -xt=- 2xy d—x
dy
= y*dy = x* dy — 2xy dx

d(x*)—x*d
gy =Y )2 Y

y

=

Sol. Here,

2
= —dy:d[xj
y

Integrating both the sides, we get
2
—y=x—+C = x2+y2+Cy=0
y

Represents family of orthogonal trajectory.

Example 48 Find the orthogonal trajectory of the
circles

x? + y2 —ay=0.
x2+y*—ay=0 (1)
Differentiating, we get

2x +2yy; —ay; =0

- o= 2ty (i)
N
Substituting ‘a’ in Eq. (i), we get
X%ty —2(x+yyl)y:0
Y1
= (x> = ")y —2xy =0

This is the differential equation of the family of circles
given in Eq. (i).

.. The differential representing the orthogonal trajectory is

obtained by replacing dy by — d—y
dx dx
ie. —(xz—yz)d—x—2xy=0
dy
= 2xy dy — y* dx = — x* dx

xd(y*)—y*dx _
T—_dx

2
- d[yjz—dx
X

Integrating both the sides, we get

y? + x? = Cx, is required family of orthogonal trajectories.



Exercise for Session 3

10.

The solution of (1+ x2)gl Ly —elan'x
X

_q 1
(a) zyetan X :eZtan X +C

tan™! y

(c) 2ye g2ty L ¢

The solution ofd—y + % y = x 4y, is given by
dx 1-x

(@) 3.y + (1- x?)=C (1- x*)"*
(€)3y - (1-x?)=C (1- x*)*'2

The solution ofg—y +xsin2y =x3cos? y,is
X

2

@@e* =(x>-1Ne* tany+C

X

@)’ tany=(x2- N tany +C

,is given by
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(b) yetan’1 Yy _ 62 tan™" x +C

(d) None of these

(b>gﬁ+ (1- x2) =C (1- x2)?'2

(d) None of these

(b)e* tany :%(x2 — e +C

(d) None of these

The solution of 3x (1- x2) y2dy /dx + (2x2 - 1) y® =ax3is

(@) y*=ax+C1-x2

(©)y?=ax+C1-x2

The solution of 2. + ¥ logy = LZ (log y)?,is
dx  x X

(a)x:zilogy+C (b)x® +logy =C
X

The solution on—y+yf’(x)—f(x)~f’(x)=0,y #f(x)is
X

(@) y =f(x)+ 1+ ce” )

() y =f(x)— 1+ ce )

(b) y® =ax + Cx /1- x2

(d) None of these

©) 1 1

=—+ (d) None of these
xlogy 2x?

(b) y —ce™")

(d) None of these

The solution of (x2")dy /dx -siny —2x -cos y =2x —2x°, is

2 x* 2
(a) (x —1)cosy:?—x +C
4 2
2 X" X
c)(x“—=1)cosy="-2_+C
() ( ) cos y PR

The Curve possessing the property text the intercept made by the tangent at any point of the curve on the

(b) (x2—1)S|ny:X7—x2+C
4 2
(d) (x2—1)siny—i—%+c

y-axis is equal to square of the abscissa of the point of tangency, is given by

(@)y?=x+C
(c)y =-x2+cx

The tangent at a point P of a curve meets the y-axis at A, and the line parallel to y-axis at A, and the line
parallel to y-axis through P meets the x-axis at B. If area of AOAB is constant (O being the origin), Then the

curve is
(@) ex?—xy+k=0

(c) 3x% + 4y? =k

(b) y = 2x% + cx
(d) None of these

(b) x% + y? =cx

(d)xy -x?y? +kx =0

255

The value of k such that the family of parabolas y = cx? +k is the orthogonal trajectory of the family of ellipse

x2+2y?-y=C,is

@)y, () ys

(€) ya (d)ys



Session 4

Exact Differential Equations

Exact Differential Equations

A differential equation of the form

M (x,y) dx + N (x,y) dy =0is said to be exact (or total) if
its left hand expression is the exact differential of some
function u (x, y).

ie. du=M-dx+N-dy

Hence, its solution is u (x, y) = ¢ (where c is an arbitrary
constant). But then there is a question that how do we
confirm whether the above mentioned equation is exact.
The answer to this question is the following theorem.

Theorem The necessary and sufficient condition for the
differential equation M dx + N dy =0 to be exact is
oM _ON

dy ox

The solution of M dx + N dy =01is,

'[ Mdx + .[(terms of N not containing x) dy =C
y—constant

provided %—M a—N

y 0x

Example 49 Solve (x* —ay)dx+(y* —ax)dy =0.

Sol. Here, we have M = x* —ay and N = y* — ax
oM _ 0o oN
By ox
Thus, the equation is exact.

*. The solution is, J

y—constant

(xz—ay)dx+fy2dy=C

3 3

= x——axy+y—=C
3 3

2
Example 50 Solve (2xlog y)dx + (X+ ByZJ dy =0.
y

2
Sol. Here, we have M =2x logy and N = x4 3y*
y

aM 2x
R

and a—N = and hence the equation is exact.
ox

*. The solution is,
f (2xlogy)dx+.|. 3y°dy=C
y—constant

= x*logy+y*=C

Equations Reducible
to the Exact Form

Sometimes a differential equation of the form

M dx + N dy =0 which is not exact can be reduced to an
exact form by multiplying by a suitable function f(x, y)
which is not identically zero. This function f(x, y) which
then multiplied to a non-exact differential equation makes
it exact is known as integrating factor.

One can find integrating factors by inspection but for that
some experience and practice is required.

For finding the integrating factors by inspection, the
following identities must be remembered.

1. xdy+ydx=d(xy)
2. xdx+ydy=%d(x2 +y%)

3, xdy—ydx:d(yj

x? X

4.ydx—xdy d[x]

2

y
xdy—ydx

dy dx d{l g( ﬂ
Xy
o Ydx-xdy d{log }

Xy
xdy-—ydx (

7. xdy—ydx x’ = x) =d|tan”'| Y
X%+ ¥ 2 x
I+ 1+(y

d d X X
8. XY _ yln(x+y)]
x+y
xdy+ydx

9. d(In(xy)) =

10. d(;ln(xz +y2)):x dx +y dy

x2 -i—y2
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1. d _1J =M Example 54 Solve
xy x"y +sin x cos? (x X
Y (y)dx+ +siny [dy =0.

Y Vdy—e’ d cos? (xy) cos? (xy)
12. 4| & | =22 D7 X Y Y

x x* Sol. The given differential equation can be written as

e’ ye*dx —e’dy M+sinxdx+sinydy=0
13. d 7 272 Cosz (XY)

y
= sec’ (xy)d (xy)+sin x dx +sin y dy =0

m _ny_ .m-1_n-1
14 d(x" y7)=x Y (my dx +nx dy) d (tan (xy))+d (- cos x) +d (— cos y) =0

. dfx,y)]' " _ f(x,y) = tan (xy) — cos x —cos y =C
= (fxy)" dy
2 2 Y dx _ .2 A
Example 51 Solve (x* —ay)dx+ (y* —ax)dy =0. Example 55 Solve —dy =X 42y +—-
X
Sol. The given differential equation is y—=X a
2 2 -
xidx +y'dy —a(ydx+xdy)=0 Sol. The given equation can be written as
3 3
— d(x] d[yj—ad(xy)zo xdx+ydy:ydx—xdy'£
3 3 (x? + y2)? ) 2
x* d(x%+y?%) 1 x
Integrating, we get — +=— —axy =k = J. 73/:2‘[ d| =
3 3 (xz +y2)2 xz/yz y
= x*+y® =3axy=3k=C Integrating both the sides, we get
1 1
XZ 2 - 2 5 = - +C
Example 52 Solve (2xlog y)dx+| =—+3y* |dy =0. (x*+y%)  (x/y)
y
1
Sol. The given differential equation is = L =C

x X2 +y2
2
X 2
(logy)2xdx+—dy+3y°dy=0 )
y Example 56 The solution of

= (logy)d(x*)+x*d(logy)+d(y*)=0 X(YZ—U
= d(x*logy)+d(y*)=0 eV {xy’dy+y’dx+{ydx—xdy}=0is
- logy +y' =C @e” +eXY +Cc=0 (b)e¥ —eXY +Cc=0
Xy y/x - Xy _ o¥/X —
(integrating both the sides) (cJe™ +e’"+C=0 (de e’" +C=0
D))
Example 53 Solve xdx+y dy = xdy —y dx. Sol. Here, e 7 -y*{xdy+ ydx}+ {ydx — xdy}=0

Sol. The given equation can be written as

;d(xz+y2)=xzd(y)

= e - y? {xdy + ydx} + e*'¥ {ydx — xdy} =0
vy fydx = xdy}

x or e {xdy + ydx} +e ; 0
y
5 , 2x* d(y) / x
- d(x"+y°) _ x or e” -d(xy)+e*Y-d| = |=0
xz +y2 xz +y2 y
- d(x*+y?) _ 2d(y/x) or d(e?)+d(e")=0
x? +y° 1+(y/ x)* Integrating both the sides, we get
e eV rC=0
= log(x2+y2)=2tan_l(yj+c
x Hence, (a) is the correct answer.
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Example 57 The solution of
x*dy — y2dx+xy? (x—y)dy =0, is

- 2 2
(a)log XTYI-Y ¢ (b) log Y ‘—X+C
Xy 2 X=y 2
_ 2
(c)log y‘:X+C (d) log y‘—x+c
Xy 2 Xy
Sol. Here, x? z(dz d)zc j+xzy3(1_l)dy=0
X y X
- e
y X y
= Y
= #+ydy 0 or y X =d(3;J

Integrating both the sides, we get
2
log‘ l_l'=L+c
| x vl 2

Hence, (a) is the correct answer.
Example 58 The solution of the differential equation
ydx — xdy + xy? dx =0, is

X X2

(@)X +x2 =2 b) 2+ =
y y
2
() XX (d) None of these
2y? 4

Sol. Given equation is, ydx — xdy + xy* dx =0

Which could be converted into exact form

ie. M + xdx =0

y

- G

Integrating both the sides, we get
2

X X
— + — = constant
y
x  x?
or S+ =
y 2

Hence, (b) is the correct answer.

Exam|2)|e 59 The solution of differential equation
xdy (y?e™ +e*/) ydx( eV —y2e) s

(@) xy =log (e* + A) ) x% [y =log @Y + )
(c) xy =log (€ +2) (d) xy? =log (€/¥ + 1)

Sol. The given equation is
xy?e™) dy + (xe™?V)dy = (ye™'V)dx — (y*e™) dx
Y Y y =W y

= Y% (xdy + ydx) = ™' (ydx — xdy)

R P
= e (d(xy))zex/y.d(x]

y
= d(exy):d(ex/y)

Integrating both the sides, we get
e =e Y 4 )
= xy = log (™Y + L)

Hence, (c) is the correct answer.

Example 60 The solution of the differential
equation

(y + xJxy (x+y) dx+(y [xy (x+y)—

2 2
(a)quZtan’1 \F C
2 2y
2 2
)XYy otan! \F=c
2 y

x2+y2 -1 |x
C + 2 tan —=C
95 Vy

(d) None of these

X)dy =0, is

Sol. The given equation can be written as

(ydx—xdy)+x@(x+y)dx+y@(x+y)dy=0

= (ydx—xdy)+(x+y)\/x7y(xdx+ydy)=
_ 2, 2

= yhx ZXdy+(x+l]~ xd(x ty j:o
y y y 2

SEC T

(o)

=

()l

Integrating both the sides, we get

2, 2
+ _

= XY hotan! [X=c
2 y

Hence, (b) is the correct answer.
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Exercise for Session 4

1. The solution of xdy + ydx + 2x3dx =0, is

1 4 x2 Xt

(@) xy + x* =C (b) xy + 5 X" =C (c) =—+ =C (d) None of these

2. The solution of, ydx — xdy + (1+ x?)dx + x2sin y dy =0, is given by

(@)x+1-y?>+cosy+C=0 (b)y+1-x2+xcosy+C=0
(c)£+l—y+cosy+C:O (d)X+l—x+cosy+C=O
y y X X
3. The solution of (1+ x 4/x2 + y2)dx + (= 1+ /x% + y?) ydy =0, is
(a)2x—y2+§(x2+y2)3’2:C (b)2x—y+§(x2+y2)3’2:C
(c) 2y — x% + g (x2+y?)P¥2=c (d) None of these
4. The solution of, 2xdy2:[ 2y 2—1] dx, is given by
x2+y x2+y
(a)tan‘1(5J+ x=C (b)tan'1(zj+ x=C (c)tan‘1(1)+xy=c (d)tan'1(zj+ x?=C
y X X X

5. The solution of ye*'” dx = (xe*'¥ + y? sin y)dy, is given by

(@)eX’Y =—cosy+C  (b)eX"Y + 2cosy =C (c)e*"Y =xcosy +C (d)eX’Y =2cosyeX’¥ +C

6. The solution of x sin ( Y jdy ={ y sin[ Y J - X } dx, is given by
X X

(a) logx — cos (y] logC (b)log x — sin (y) C (c) log (5] — Ccos (Zj =logC (d) None of these
X y X

7. The solution of XX+ Y& _ a” - x* - y ,is given by
xdy — ydx x?% + y?

(@) sin™! (yx2 + y?)=a tan” 1 Z) (b) sin™ ! (yx? + yz):j tan™" ( y )+C
X a X
(c) sin”" [ Wy ]— tan™" ( Y )+ c (d) None of the above
a X
8. The solution of (1+ e*'¥ ) dx + e*"¥ (1 - 1) dy =0, is given by
y
(@a)x —ye*'V =C (b)x + ye*'¥ =C ) y-Xev=C (d) None of these
y
L2 2 2
9. The solution of X +ydy/ldx _ Xsin (X“+y ),is given by
y —x dy/dx y3
2
(a)—cot(x2+y2)=({) +C (b) tan (x% + y?)=x2y? + C
y
) cot(x2 + y2)=%+C (d) None of these
y
10. The solutionof & + ¥ = L 5. is given by
dx x (1+logx +logy)

(@) xy (1+ log (xy)) =C  (b) xy* (1+ log (xy)) =C () xy (1+ log (xy))* =C (d) xy (1+ (log xy)*) =C



Session 5

Solving of First Order and Higher Degrees, Application of
Differential Equations, Application of First Order

Differential Equations

Solving of First Order
and Higher Degrees

Differential Equation of First Order
and Higher Degrees

A differential equation of first order is of the form

f(x,y, P) where P =dy / dx.If in the equation degree of P
is greater than one, then the equation is of first order and
higher degree.

The differential equation of first order and higher degree
can be written in the form

P" +F(x,y) P" ' +...+F,_1(x,y) P+ F,(x,y) =0
The differential equations of these category can be solved
by one or more of the following methods :

(i) Equations solvable for P.
(ii) Equations solvable for y.
(iii) Equations solvable for x.
(iv) Clairaut’s equations.

Now, we shall discuss these cases.

(i) Equations Solvable For P

If the equation
P" +F(x,y) P" ' +...+F,_,(x,y) P+ F,(x,y) =0,

is solvable for P, then LHS expression can be resolved
into n linear factors and hence can be put in the form

(P = filx; (P = fox,¥)) ... (P = fulx, ¥)) = 0.
Equating each of these factors to zero, we get n differential
equations of the first order and first degree.

d d d
l=f1(x’y)!l=f2(x5y)!""l=fn(x’y)
dx dx dx
Let the solutions of these obtained equations are
q)l(xsy’cl):()’ ¢2(xay’c2) 205"'a q)n(x’y’cn) =0
respectively.

Hence, the general solution is given by

q)l(x’y’c)ﬁ ¢2(x’y’ C),..., q)n(x’y’ C) =0
Here, the arbitrary constant ¢y, ¢y, ..., ¢, are replaced by a
single arbitrary constant ¢ because every first order
equation has only one arbitrary constant in its solution.

Example 61 Solve (p—x)(p—e*)(p-1/y)=0;
dy
where p = —-
P dx
Sol. The component linear equations are p = x, p=e”, p = 1

2
If d—y=x, thendy=xdx = y=x7+C1

dx
dy X X X
If —=e',thendy=e"dx = y=e" +C,
dx
2
If dl:l,thenydy=dx = y—=x+C3
dx vy 2

*. The required solution is
2 2
(y—x2+C](y—ex +C)();—X+C]=0

Example 62 Solve x’p? + xyp —6y* =0.
Sol. The given equation is
xzp2 + xyp — 6y2 =0

Solving as a quadratic in p, we get

_ (= xy £4/x%y% +24x%y°) _2 _3y
2x*

p s
x x
2
tp=2" then @ -2 &y _2dx
x dx x y x
= log|12’=k:>y=C1x2
| x* |
p=— then® -3 _,dy__3dx
x dx x y x

= x3y=C2

.. The required solution is (y — Cx?) (x3y -C)=0.



Example 63 Solve xy? (p* +2)=2py’ + x°.
Sol. The given equation can be written as
(xyp® = x*)+2(xy® - py’) =0
= x(y'p* = x*)+2y" (x = py) =0
= (py =) {x (py + x) = 2y*} =0
If py—x=0,thenydy — xdx =0=y* - x* =,

2
Ifxyp+x2—2y2=0,then2yd—y—4iz—2x

x x
dt 4
= =S =—ox,
dx x
2 _.[id" —41n 1
where t =y I[F=e ~ * = Y=
1
x
.. 1 1
Itssolutlonlst()=f—2x-dx
4 4
x x
. t 1 .
ie. —42—2+C2 ie. y2=x2+C2 x*
x x

Hence, the required solution is

P -x*-C)(y' —x"-Cx")=0

(ii) Equations Solvable Fory

Equation that comes under this category, can be expressed
in the form

y=8(x.p)
(i.e. an explicit function y in term of x and p) ...(i)
Differentiating Eq. (i) w.r.t. x, we get

Which is a differential equation of the first order
containing x and p. Let us suppose that its solution is

O(x, p,c)=0 .(ii)
Then, the solution is obtained by eliminating p between
vy = g(x, p) and ¢(x, p, c) =0. However, if eliminating of p is
difficult express x and y as a function of the parameter p.

Example 64 Solve xp* —2yp +ax =0.

Sol. The given equation can be written as,

xp = ax .
==+ = .
y=s, 2 (@)
dy_p, xdp a _ax dp
dc 2 2 dx 2p 2p® dx
d
= PP -a)=x(p’-a) L
dx
= d—p—p—:p—Cx
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(The equation p* — a = 0 gives us singular solution in
which we are not interested).

The substitute p in Eq. (i), we get the required solution

a
2y =Cx?+=
Y C

Example 65 Solve y =2px —p”°.
Sol. Differentiating the given equation w.r.t. x, we get

d—y=2p+2xd—p—2pd—p

dx dx dx
or 2(x—p)d—p+p=0
dx

dx 2
or —+—x=2
dpp
It is a linear equation in x and p.
J.de
[F=e P =¢?l8P = p?

. The solution is xp* =J p?-2dp =§P3 +C

Thus, the solution of the given equation is

2

2 -
x = 3 p +Cp~ °, where p is parameter.

(i) Equations Solvable For x

This type of equation can be put in the form

x =g, p) (D)

Differentiating w.r.t. y, we get

1=dx=G[x,p’dp)
p dy dx

which is a differential equation of 1st order containing y
and p and its solution is

Ay, p.c) =0
Then, the solution is obtained by eliminating p between
x =g(y, p) and iy, p, ¢) =0. However, if eliminating of p is
difficult express x and y as a function of the parameter p.
Example 66 Solve y =2px+y?’p°.

Sol. Solving for x, we get

2,2
=2 _YP .(0)
2p 2
Differentiating Eq. (i) w.r.t. y, we get
dx 1 d d,
B 1y e e, b
dy 2p 2p° dy dy
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11 ) 1 dp
or — otV ESY Y |-
p2p 2p dy
or (+2p’) p=-y(1+2p’y)- L
dy
or dip+ﬂ=0:>py=C:>p=£
p y
Substituting this in the Eq. (i), we get
2 2
xzy——c— = y*=20x+C?
2C 2

(iv) Clairaut's Equation

The differential equation y = px + f(p) is known as
Clairaut’s equation. The solution of equation of this type
is given by y = cx + f(c).

Which is obtained by replacing p by c in the given
equation.

Remark

Some equations can be reduced to Clairaut’s form by suitable
substitution.

p

J1+p? '

2

Example 67 Solve y =px+

Sol. Its solution is, y = cx +

1+c

Example 68 Solve \/1+p? = tan (px - y).

Sol. The given equation is

J1+p? = tan (px - )
o preym (TP
or y=px—tan” (J1+p?)
yzcx—tan_l(m)

Example 69 Solve y?log y = pxy +p°.

Its solution is,

Sol. Let log y = t. Then 1dy = L
ydx dx
So, ifﬂ = p,then‘p— =p
dx y

Substituting these in the given equation, we have
Yit=y-pxy+p’y" or t=px+p’
Which is in Clairaut’s form.
Thus, the required solution is
t=cx+c? or logy=cx+c’

(c being an arbitrary constant.)

Application of Differential
Equations

Differential Equation of First Order
But not of First Degree

1. The most general form of a first order and higher
degree differential equation is
Pt P p T AP p + P, =0 where P,, P,,
...... , P, are function of x, y and p =dy/dx. If a 1st
order any degree equation can be resolved into
differential equation (involving p) of first degree and
1st order, in such case we say that the equation is
solvable for p.
Let their solution be
g1(%,y,01) X &2(x, 3, €2) X X gu (X, 3, ¢,) =0,
(where ¢y, g, oo , C,,, are arbitrary constant) we
take ¢; =¢, =.....=c¢, =c because the differential
equation of 1st order 1st degree contain only one
arbitrary constant. So solution is

81(x,y,¢) X ga(x,y,¢) X... X gu(x,y,€¢) =0
2. The most general form of a first order and higher
degree differential equation is
p"+P p" + P, p" +...+ P, =0, where P,, P,,
...... , P, are function of x, y and p =dy/dx. If
differential equation is expressible in the form
y = f(x, p), then

Step 1 Differentiate w.r.t. x, we get p d—y=f X, p, dap .
dx dx

Step 2 Solving this we obtain ¢(x, p,c) =0.
Step 3 The solution of differential equation is
obtained by eliminating p.

Application of First Order
Differential Equations

Growth and Decay Problems

Let N(t) denotes the amount of substance (or population)
that is either growing or decaying. If we assume that

dN /dt, the time rate of change of this amount of
substance, is proportional to the amount of substance
present, then

dﬂ:kN or dd—N—kNZO (1)
t

Where k is the constant of proportionality. We are
assuming that N(t) is a differentiable, hence continuous,
function of time.



Example 70 The population of a certain country is
known to increase at a rate proportional to the
number of people presently living in the country. If
after two years the population has doubled and after
three years the population is 20000, estimate the
number of people initially living in the country.

Sol. Let N denotes the number of people living in the country
at any time t, and let N, denote the number of people
initially living in the country. Then, from Eq. (i)

N v =0
dt

Which has the solution N = Ce** ..(1)

Att =0, N = N; hence, it follows from Eq. (i) that
N, = Ce*® or that C = N,

Thus, N = Nyt (i)

Att =2, N = 2N,. Substituting these values into Eq. (ii), we
have

2N, = Nye’* from which k = é In 2 =0.347

Substituting this value into Eq. (i) gives
N = N 0347t ...(i)
Att =3, N =20000. Substituting these values into Eq. (iii),
we obtain
20000 = Nye 340

Example 71 A certain radioactive material is
known to decay at a rate proportional to the
amount present. If initially there is 50 mg of the
material present and after two hours it is observed
that the material has lost 10% of its original mass,
find (a) and expression for the mass of the material
remaining at any timet, (b) the mass of the material
dafter four hours, and (c) the time at which the
material has decayed to one half of its initial mass.

Sol. (a) Let N denotes the amount of material present at time

t. Then, from Eq. (i)

N _ N =0

dt
This differential equation is separable and linear, its
solution is

N = Cef ()

Att =0, we are given that N = 50. Therefore, from
Eq. (i),50 = Cek© or C =50.

Thus, N =50k ...(ii)

Att =2, 10% of the original mass of 50 mg or 5 mg has

decayed. Hence, at t =2, N = 50 — 5 = 45. Substituting
these values into Eq. (ii) and solving for k, we have
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45
50

Substituting this value into Eq. (ii), we obtain the
amount of mass present at any time ¢ as

N = 500 0-053¢

1
45=50e% or k=§1n = —0.053

...(iii)
Where t is measured in hours.
(b) We require N at t = 4. Substituting ¢ = 4 into Eq. (iii)

and then solving for N, we find N = 50¢ " 0:053) (4)

(c) We require t when N =50/2 = 25. Substituting N = 25

into Eq. (iii) and solving for ¢, we find 25 = 50e~-95%

1
or —0.053t=1n5 or t=13h

Example 72 Five mice in a stable population of 500
are intentionally infected with a contagious disease to
test a theory of epidemic spread that postulates the
rate of change in the infected population is
proportional to the product of the number of mice who
have the disease with the number that are disease
free. Assuming the theory is correct, how long will it
take half the population to contract the disease?

Sol. Let N(t) denotes the number of mice with the disease at

time t. We are given that N(0) =5, and it follows that
500 — N(t) is the number of mice without the disease at
time t. The theory predicts that

N _ kN (500~ N) ()
dt

Where k is a constant of proportionality. This equation is
different from Eq. (i) because the rate of change is no longer
proportional to just the number of mice who have the
disease. Eq. (i) has the differential form

dN

——————— —kdt =0 ...(if)
N(500 — N)
Which is separable. Using partial fraction decomposition,
we have
1 _ 1/500 + 1/500
N(500—N) N  500— N
Hence, Eq. (ii) may be rewritten as
Ll L N —kd=o
500\ N 500—- N

It solution is LJ. 1z + ! dN — Ikdt =C
500\ N 500— N

or L (in| N~ 10500 - N|) = kt = C
500
Which may be rewritten as
n|—N | =s00(C +kt)
500 - N
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N _ gswoc+in ...(iif)
500 — N

But ¢°®€ Tk = 5% ok getting C, = ¢°°C, we can write Eq.

(iii) as

N__ Cie* (1v)
500 - N
Att =0, N = 5. Substituting these values into Eq. (iv), we
find
4
o ¢ 500K(0) _ c
495

So, C; =1/99 and Eq. (iv) becomes
N 1

- eSOOkt ...(V)
500—- N 99

We could solve Eq. (v) for N, but this is not necessary. We
seek a value of t when N = 250, one half the population.
Substituting N = 250 into Eq. (v) and solving for ¢, we
obtain

1
1=— " 1n99 =500kt
99

ort =0.0091/k time units. Without additional
information, we cannot obtain a numerical value for the
constant of proportionality k or be more definitive about ¢.

Geometrical Applications

Let P(x;,y;) be any point on the curve y = f(x), then

slope of the tangent at P (= tan y) = (dy) and
X (x5 y1)

hence we find the following facts.
x1.y1)

T

Fig. 4.2

(i) The equation of the tangent at P is,

Y=V =;Ly(x — x;) when it cuts x-axis, y =0.
x

*. x-intercept of the tangent = x; —y; [;lx)
Y

y-intercept of the tangent =y, — x;, dy

dx
(ii) The equation of normal at P is,
Y=y =-— _ (x — x,) x and y-intercepts of
' (dy/dx) !
dx

normal are; x; +y; d—y and y; +x; —
dx d

(iii) Length of tangent = PT =| y, | \/1 +x/dy)l

(iv) Length of normal = PN =]y, |\/1 +(dy / dx)(zx "

(v) Length of subtangent =ST =| y, ( dx j ‘

dy (xl,}’1)|

X

(vii) Length of radius vector = W

Example 73 Find the curve for which the area of the
triangle formed by the x-axis tangent drawn at any
point on the curve and radius vector of the point of
tangency is constant equal to a’.

Sol. Tangent drawn at any point (x, y) is

(vi) Length of subnormal =SN =| y, ( dy )
(x1,91)

Y—yzd—y(X—x)
dx

YA
Px.y)
0 x.0)
When Y=0,X=x—yd—x
dy
Area of A =2a* (given)
ie. ll.x-y|=2a2
|2 |
ie. ‘xy—yzd—x‘=2a2
| dy |
ie. xy — y2 dx =+24°
dy
2
ie. d—x -—=x 2



1
-4
IerI Tl
y
2
.. The solution is x~l=J.i2L2 l(,ly
y yy
2 -2 2
:iu+C, i.e.szy+a—

Example 74 Find the curve for which the intercept
cut off by any tangent on y-axis is proportional to the
square of the ordinate of the point of tangency.

Sol. The equation of tangent at any point (x, y) is
Y-y= dy (X = x)
dx
dy .
When X =0;Y =y — x o = y-intercept
x

Itis givenY o< y®.ie. Y = ky®

(k being constant of proportionality)

ie. y—xcLy=ky2
dx
2
e dy _1,__k~
dx x x
ie. —y_zd—y+l-l=E
dx x y «x
Let —=z sothat,—idfy @ ﬁ i=£
¥ y? dx dx dx x x

= £=kx+C
y
= x =kxy +Cy
= x—Cy=kxy=>—+i-l=l
y k x
= Q+2 1 (wherelzczand—czcl)
x y k k

Example 75 For any differential function y = f(x)

2 2
the value ofzy+( Zy j Z;( is equal to
X

y

dy 2 dy
oy L =7
@2y dx by dx

2 2
(y— dy a’x (d) None of these
dX dyz
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-1

Sol. We know, d—y = [ , differentiating both the sides

&
Ne—

dx dy
ol (@) dfdx)dy
dx? dy dy\ dy ) dx
dy dy* dx
- dzy__d%f.(dyf
dx*® dy* \ dx
d*y dyj3 d*x
or — | = | —=
dx? (dx dy*

Hence, (d) is the correct answer.

dy dy (dy)’
Example 76 The solut
Xxamp e solution of y = de N (dx)’

is
(@y=Kx-1? (b) 4y = (x +1)?
© (y —1)? = 4x (d) None of these
Sol. The given equation can be written as
y=xp+p-p% where pzd—y (1)
dx
Differentiating both the sides w.r.t. x, we get
xdp  dp _, dp
+ =L —2p L
p=r dx dx i dx
ar (x+1-2p)=0
dx
. dp . ..
.. Either ——=01ie p=C ..(ii)
dx
or x+1-2p=0 ie, pz%(x+l)...(iii)

Eliminating p between Egs. (i) and (ii), we get

y=Cx+C-C?
As the complete solution and eliminating p between Egs. (i)
and (iii)
1 1 1 )
=—(x+1)x+-(x+1)—-—(x+1
5 (x +1) 5 (x +1) . (x +1)
ie, 4y =(x +1)* as the singular solution.

Hence, (b) is the correct answer.

Example 77 The solution of
dy
2x+y)d—+2><y 0, is
a)y+x —C)(x+logy +y? +C,)=0
-G (x
C)(x+logy -C,)=0

(

(b)(y+x
(O (y +x* -
(d)

d) None of the above

—logy -C,)=0
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Sol. The given equation can be written as

PZ+(2x+}/)P+2xy=0,Wherep=Zl

x

Le. (p+2x)(p+y)=0

’ p +2x =0, otherwise p + y =0

= Q'FZXZO or ﬂ_’_y:()
dx dx

= J.dy+2.‘.xdx:C1 or Jdl+fdx:C2

y

= y+x’=C, or logy+x=0C,
(y+x*-C)=0

or (x+1logy—-Cy)=0

= (Y+XZ—C1)(x+logy—C2)=0

is the required solution.

Hence, (c) is the correct answer.

Example 78 A curve y = f(x) passes through the

origin. Through any point (x, y) on the curve, lines are

drawn parallel to the coordinate axes. If the curve

divides the area formed by these lines and coordinate

axes in the ratio m:n. Then the equation of curve is
(@) y =cx™" (b) my? = Ccx™/"
Qy’= cxm/n (d) None of these
Area of OBPO _ m

Sol. =
Area of OPAO n

= mzﬂ = nxy=(m+n).|‘xydx
Jj ydx n ‘

Differentiating w.r.t. x, we get

n(xdy+yJ=(m+n)y
dx

dy
= nx —=m
dx i’
= m dx_ ﬂ, integrating both the sides
nox oy
y= me/n

Hence, (a) is the correct answer.

Example 79 The equation of the curve passing
through the points (3a,a) (a>0) in the form x = f(y)

——=—+==-2is
xy dy oy o x
T+er K 1+er K
(@Qx=y+a eik (b)x=y+a eik
1-2eY~ 1—e’~
T+e) 7k
(c)y=x+a(eJ (d) None of these
T—eYk
a dx x y
Sol. Here, — - —=—+<-2
xy dy 'y x
= azzd—y(x2+y2—2xy)
dx
2 dy 2 dy _dv
= X — —=a",put x—y=v 1-—=—
( Y) dx P Y dx dx
= vz(l—va=az
dx
= vz—azzvzd—v vidv =dx
) dx vZ_aZ
= 1+ dv =dx
Integrating both the sides, we get
v+glog‘v_a‘=x+c
2 |v+a|
- (x_y>+alog(x—y—aj=x+c
2 x—y+a
- y+c=alog(x—y—aj -0
2 x—y+ta
It passes through (3a, a)
= a+C=alog(1)
2 3
a 1
= C=—a+log(j
2 3
N Cz_a(2+log3)
2
y:a(2+log3)+log[x_y_a)
2 x—y+ta
= m=ey_k,where k=g(2+log3)
x—y+ta 2

x—y 1+e’7F
a 1-e? 7k

y—k
= x=y+a(1+ekJ,wherekza(2+log3)
1—e’” 2

Which is required equation of curve.
Hence, (b) is the correct answer.



Example 80 The family of curves, the subtangent
at any point of which is the arithmetic mean of the
coordinates of the point of tangency, is given by
(@x-y)?=cy (b) (y = %)* = Cx
(©) (x—y)* =Cxy (d) None of these
Sol. Let the family of curves be y = f(x)
o - LPP)

(TP

_1(PP")
(TP
f(x)

f(x)
y

= = %ﬂ/ (given)

’

tan O

I (subtangent) =

,_ 2y
x+y
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dy _ 2y

Ldx _xty
dx x+y o dy  2xy

=

It is a homogeneous differential equation.
Put x = vy
Differentiating w.r.t. y, we get
dx dv
T =v+ y—
dy dy

In Eq. (i) replacing Z—x by Eq. (ii), we get
Y

dv _wvy+y 1+4v

v+
ydy 2y 2
dv 1+ 1+4v—-2v 1-v
st yiz -V = =
dy 2 2 2
= 2 dv:d—y
1-v y
Integrating, %ll_v'=log|y|+log C,(C;>0)
—2log|ly—x|+2log|y|=log|y|+logC;
= log|y - x[* =log|y|-log C,
= log|y - x|*=log|y|+logC,

where log C = — log C;

= log|y - x|* =log| yC|

= (x — y)? = Cy, is the required equation of family of
curves.

Hence, (a) is the correct answer.

267

()

...(i)



268

Textbook of Integral Calculus

Exercise for Session 5

The equation of curve for which the normal at every point passes through a fixed point, is
(a) a circle (b) an ellipse
(c) a hyperbola (d) None of these

If the tangent at any point P of a curve meets the axis of x in T. Then the curve for which OP = PT, O being the
origin is

(a) x =Cy? (b)x =Cy?orx=C/ly?

(c)x=Cyorx=Cly (d) None of these

. According to Newton’s law, the rate of cooling is proportional to the difference between the temperature of the

body and the temperature of the air. If the temperature of the air is 20°C and body cools for 20 min from 100°C
to 60°C, then the time it will take for it temperature to drop to 30°C, is

(a) 30 min (b) 40 min

(c) 60 min (d) 80 min

Letf(x, y)be a curve in the x-y plane having the property that distance from the origin of any tangent to the
curve is equal to distance of point of contact from the y-axis. If f (1,2) =0, then all such possible curves are

(@) x% + y? = 5x (b) x* — y? = 5x

(c) x?y? = 5x (d) All of these

Given the curves y =f(x) passing through the point (0,1)and y = Jlx f(t) passing through the point( 0,% ) The

tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve
y =f(x),is

@Ffx)=x2+x+ 1 (b)f(x):;
(©)f(x)=e* d)Ff(x) = x - e*

A curve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the
y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the
product of square of the slope of the tangent and the subtangent at the same point, is given by

(a) x = e*2/x (b) x =e*VV/*
)y =e" P _1 (d)xy+e’* -1=0

Consider a curve y =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of

tangent drawn at any point P(x,f(x))and the line y =3 gets bisected by the line x + y = 1. then the equation of
curve, is

(@)y*=9(x-y) (b) (y=3)* =9(1-x-y)

© (y+372=9(1-x-y) (d) (y=3)* - 9(1+ x + )

Consider the curved mirror y =f(x) passing through (0, 6) having the property that all light rays emerging from
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is

(@) y? = 4(x-y)ory? = 36(9+ x) (b) y? = 4(1-x) or y* = 36(9-x)

(c) y? = 4(1+ x) or y? = 36(9- x) (d) None of these



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1 The order of the differential equation of family of
curvesy = C, sin"'x + c, cos” x+C; tan”' x + C, cot™' x
(where C,,C,,C; and C, are arbitrary constants) is

() 2 (b) 3
(c) 4 (d) None of these

Sol. Here, y =C;sin”' x + Cycos™' x + Cytan™' x + Cy cot ' x
_ I .- _ iy _
=y =Cisin Yx+ Cz(g—sm ! x) + Cstan Yx+ C4(E —tan lx)

=(C, = Cy)sin™ x + (C3 — Cy)tan ' x + (C5 — C4)§

There are only two independent arbitrary constant order of the
differential equation is 2.

Hence, (c) is the correct answer.

Ex. 2 The solution of the differential equation
dy 1

dx  xy(x®siny? +1)

is

(a) x*(cosy® — siny?® — 2ce_y2)= 2
(b) y*(sinx* — cosy? — 2ce_y2)= 2
(c) x*(cosy? — siny? — e’ ) = 4c

(d) None of the above

Sol. Here, Z—x = xy(x’siny® + 1)

LE—Ly—ysiny2
2 dy P
1 2 dx _dt
Let, —7=t = 7727
X x> dy dy
dt —ety?
= d7+2t-y:y-sinyZ,I.F.:e“Zydy*e”
Y

So, required solution is

1
te’ = IZy siny? x eyzdy = Eeyz(siny2 —cosy?) + C

2
= 2t = (siny® — cosy?®) + 2C e
2
= 2 =—x*(siny® — cosy® + 2ce”")
2
= x*(cosy® —siny® —2ce” ) =2

Ex. 3 The curve satisfying the differential equation

3
dl = M and passing through (4,—2) is

dx  x(y’-x)
(a)y? = - 2x (b)y = - 2
(©y*=-2x (d) None of these
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Sol. Here, (xy®—-x%)dy =(xy + y*)dx
= y’(xdy - ydx)— x(xdy + ydx = 0)

= xzySd(Z) -xd(xy)=0
x
dividing by x*y? we get
R zd(z)_ ;Z.d(XJZO
x \x) x% y
2
= E d(l) + d(lj =0
2 \x xy
Now integrating, we get
1(y) 1
,(z) L.
2\ x xy

It passes through (4, —2)

1 1

= ———=c = C=0
8 8

- y> = —2x s required curve.

Ex. 4 Spherical rain drop evaporates at a rate propor-
tional to its surface area. The differential equation corre-
sponding to the rate of change of the radius of the rain drop,
if the constant of proportionality is K >0, is

dr dr
a)—+K=0 b)—-K=0
(a) 7 (b) i
dr
(c) m = Kr (d) None of these
Sol. % = — k4nr? ..(1)
But V= 4 nr’
3
= av = 4mr? dr ..(i)
dt dt
Therefore, ﬂ =—
dt

Hence, (a) is the correct answer.

Ex. 5 A functiony = f(x) satisfies the differential equa-
tionf(x) - sin 2x —cos x +(1+sin” x) f’(x) =0 with initial
condition y (0) =0. The value of f(m/6) is equal to

(a) 1/5 (b) 3/5
(c) 4/5 ) 2/5

Sol. y sin2x — cosx + (1 + sin® x) Z—y =0 where y = f(x)
x

dy sin 2x
+ 5 |V = 2
dx 1+ sin“x 1+ sin“x

COos X
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st); dx J'ﬂ ,
[F=e 1+ sin“ x —e t =eln(l+sin x)

=1+sin’x (by putting 1 + sin® x = 1)
y (1 +sin’x) = fcosx dx

y (1 +sin’x) =sinx + C;y(0)=0= C=0

i i 2
Therefore, y= sz; y (7) _“
1+sin“x 6 5

Hence, (d) is the correct answer.

Ex. 6 The general solution of the differential equation

dy 1-x is a family of curves which looks most like which

dx
of the following?

(a) (b) v
Sol. _[

x2+y2—2x=C
(x-1)’+y*=C+1=C

Hence, (b) is the correct answer.

Remark

Family of concentric circles with (1, 0) as the centre and
variable radius.

Ex. 7 Water is drained from a vertical cylindrical tank
by opening a valve at the base of the tank. It is known that
the rate at which the water level drops is proportional to the
square root of water depth y, where the constant of propor-
tionality k >0 depends on the acceleration due to gravity and
the geometry of the hole. If t is measured in minutes and

1 . . . .
k =—, then the time to drain the tank, if the water is 4 m
15

deep to start with is

(a) 30 min (b)) 45 min  (c) 60 min  (d) 80 min

SOI.%z—k\/;;whentZO;y:4

d
[

t
[2«/;]2=—kt=—g

_ t
15
= t =60 min

Hence, (c) is the correct answer.

Ex. 8 Number of straight lines which satisfy the differ-

d dy )’
entialequation—y+x b -y =0is
dx dx
(a) 1 (b) 2 ()3 (d)4
Sol. y=kx+b;d—y=k
dx
= kx + b=k + xk? = k=kandb=k

k=0 or k=1

Hence, (b) is the correct answer.

Ex. 9 Consider the two statements :
Statement | y =sin kt satisfy the differential equation
y”+9y =0.
Statement Il y = e’ satisfy the differential equation

y”+y —6y=0.
The value of k for which both the statements are correct is
(a) -3 (b) 0 (©) 2 () 3

Sol. Statement I y =sinkt, y’ = k cos kt; y” = — k’sinkt
— k%sinkt + 9 sinkt = 0
sinkt [9—k*]=0 = k=0k=3k=-3
StatementII y = e y' = ke Y’ = k2%
k% + ket —6e" =0
kP +k-6]=0

(k+3)(k-2)=0
k=-3 or 2
Common value is k = - 3.
Hence, (a) is the correct answer.

X

Ex. 10 Ify =

(where c is an arbitrary constant) is
In|ex|

the general solution of the differential equation
d—y =Y 0 [Xj , then the function (D(X] is

dx x y Y
X2 x> y? y’
@  O-= @5 @-
y y X X
Sol. Inc+ In|x =
y
Differentiating w.r.t. x, 1 =¥- 2x s
X y
2
y dy
L=y —x =
X Y dx

Hence, (d) is the correct answer.



Ex. 11 Iffx ty(t) dt = x* + y(x), then'y as a function of

X IS
2_ 2 2_ 2

X —a X —a

@y=2-(Q2+a*)e ? b)y=1-(2+a*)e 2

x2 —a?

(Qy=2-(1+a*)e 2

(d) None of these

Sol. Differentiating both the sides, we get
xy (x) =2x - y'(x)

Hence, dy xy =—2x {y’(x) = dl; y(x) = J/}
dx dx
—x?
IF = eI_de = eT
_y2 _x2
ye ? =_[—2xe 2 dx
x? x?
Let e 2 =t = —xe 2 dx=dt
I= _[Zdt
XZ XZ

ye 2 =2% % +C

XZ

y=2+Ce?

Ifx=a = a*+y=0 = y=-a®(from the given equation)

JEE Type Solved Examples :
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aZ 2
2.

iCe? =—(2+a%)

a
2

Hence, —a?=2+ Ce

az Xz —az

C=—(2+a2)e77;y=2—(2+a2)e 2

Hence, (a) is the correct answer.

[ 2
Ex. 12 The differential equation dy _N1=y” deter-
dx y
mines a family of circles with [IIT JEE 2007]
(a) variable radii and a fixed centre at (0, 1)
(b) variable radii and fixed centre at (0, —1)
(c) fixed radius 1 and variable centres along the x-axis

(d) fixed radius 1 and variable centres along the y-axis

1-2
Sol. - dy 1=y
dx y
y 1
= '[ — dy=fdxz>—g-2wll—y2:x+c

= ~J1-y?=x+C 51—y =(x+C)
= (x+C)2+y2=1

Therefore, the differential equation represents a circle of fixed
radius 1 and variable centres along the x-axis. Hence, (c) is the
correct answer.

More than One Correct Option Type Questions

Ex. 13 A curvey = f(x) has the property that the
perpendicular distance of the origin from the normal at any
point P of the curve is equal to the distance of the point P
from the x-axis. Then the differential equation of the curve

(a) is homogeneous

(b) can be converted into linear differential equation with
some suitable substitution

(c) is the family of circles touching the x-axis at the origin
(d) the family of circles touching the y-axis at the origin

Sol. Equation of normal

Y—y=—i
m
X+my—-(x+my)=0

X-x) = -my+my=X-x

ol

x + my

J1+m?

Perpendicular from (0, 0) = =y = x*+2xym=y*

dl_yz—xz

= homogeneous
dx 2xy

Puty® =t 2y =" +xt=t
Y Y dx dx dx
dt 1 o . . .
= t = — x which is linear differential equation.
x x

Hence, (a), (b) and (d) are the correct answers.

Ex. 14 A differentiable function satisfies
f(x)= J: {f(t)cost —cos (t — x)} dt. Which is of the follow-
ing hold good?

(a) f(x) has a minimum value 1-e¢

(b) f(x) has a maximum value 1— e’

© f" @=e () f(0)=1
Sol. f(x) = jo"{f(t) cos t — cos (t — x)} dx

= jo f(t) cos t dt — j:cos(— t) dt [ jo f(x)dx= jo fla-x) dx}
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flx)= _[OXf(t) cost dt —sinx

Differentiating both the sides, we get
f’(x) = f(x) cosx — cosx

, d
Let fx) =y fx) =
dx

dy

—— — ) COSX = — COSX (LDE.)

dx

IF = e—J.cos xdx —e sin x

Therefore, y - e Snx = _ J.e_sin * cosx dx;

y.e—sinx =C+ e—sinx;y — Cesinx +1

If x=0; y=0 (from the given relation)
= C=-1
Therefore, flx)=1—¢"n¥

(when x =m/2)
(when x = —1/2)

Now, minimum value =1 —e

. -1
Maximum value =1 —e

sin x
—e

f(x)= cosx
Therefore,  f’(0)=-1
f//(x) - _ [C032 x- esin x _ esin *.sin x]

-

Hence, (a), (b) and (c) are the correct answers.

Ex. 15 Letj—y +y = f(x) wherey is a continuous func-
x

XOoifo<x<
tion of x with y(0) =1and f(x)=1¢ > TOSX<2 ypicy
e, ifx>2
is of the following hold(s) good?
(@) y()=2¢" By (N=-e"
©y(3)=-2" d)y'3)=-2"
Sol. d—y+y=f(x) = IF=¢*
dx
ye* = J.exf(x) dx + C
Now, if 0 < x <2, then ye* = _[ex e Xdx+C
= ye* =x+C
x=0,y000=1,C=1
ye¥ =x+1 ...(d)
y="lym=2 5yttt De _(xzf L
e e e
, —2% - 1
e
e e e

Ifx>2, yex=_[ex_2dx
ye* =e* " 4+ C
y=e?+Ce™

As y is continuous.

+1 _ -
lim 27" = lim (e + Ce™)
x—2 ex x—2
3e?=e?+Ce? = C=2
o forx >2
y=e?+2"
Hence, yB) =2 + e =e22e7 + 1)
y/ = = 2673(:
y'@)=-2"

Hence, (a), (b) and (d) are the correct answers.

Ex. 16 A curvey = f(x) passes through (1, 1) and

tangent at P(x, y) cuts the x-axis and y-axis at A and B
respectively such that BP: AP =3:1, then [IIT JEE 2006]

(a) equation of curve is xy” —3y =0
(b) normal at (1, 1) is x + 3y =4
(c) curve passes through (2, ;)

(d) equation of curve is xy” + 3y =0
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is
Y-y= dy (X —x)
dx
Y4

5 >X
* Thus, cuts the x-axis at A and y-axis at B.
d
x?y_y dy
Al —% 0 |and B(O,—x—+y)
dy dx
dx
BP:PA=3:1
3[xd—y—yj
ddxd +1X%x0
- (dy/dx)
4
= xd—y+3y:0
dx
- e
y x
= logy =—-3logx + logC
C
= y=7

~» Curve passes through (1,1) . C =1

1
- Curve is x’y = 1 which also passes through (2, g) .

Hence, (c) and (d) are the correct answers.



JEE Type Solved Examples :
Statement | and Il Type Questions

Ex. 17 Let a solution y = y(x) of the differential equa-

tion xy/x*> —1dy —y \ly> —1dx =0 satisfy y(2) =\2f.
3
[IIT JEE 2008
o n
Statement | y(x) = sec (sec X — )

Statement Il y(x) is given by ! 2[

(a) Statement | is true, Statement Il is also true; Statement
Il'is the correct explanation of Statement I.

(b) Statement I is true, Statement Il is also true; Statement
Il is not the correct explanation of Statement I.

(c) Statement I is true, Statement Il is false.
(d) Statement | is false, Statement Il is true.

Sol. - x\/xz—l dy—y\/yz—l dx =0

Which can be rewritten as dx = dy

xyx% =1 y y2—1

JEE Type Solved Examples :
Passage Based Questions

Passage
(Q. Nos. 18 to 20)

A curve y f(x)satisfies the differential equation

(1+x ) + 2yx = 4x* and passes through the origin.

18 The functiony = f(x)

(a) is strictly increasing, V x € R

(b) is such that it has a minima but no maxima
(c) is such that it has a maxima but no minima
(d) has no inflection point

19 The area enclosed by y = f ~'(x), the x-axis and the
ordinate at x =2/3 is

(a) 2In2 (b)gmz (c>§lnz (d)%lnz

20 For the function y = f(x) which one of the following

does not hold good?

(a) f(x)is a rational function

(b) f(x) has the same domain and same rage
(c) f(x)is a transcendental function

(d) y = f(x) is a bijective mapping

Chap 04 Differential Equations 273

dx dy
x\/x2 -1 _J.y\/y2 -1
Ty+cC

= sec'(2) =sec (2/~3) + C

Integration yields, J

= sec ! x =sec

m T T
= =—+C > C=—
3 6
_ _ T
Thus, seclxzsecly+g
-1 b
= y =sec (sec x—gj
_ 1 _ 1
( 1 n) 1 43 11
cos|cos ——— Sl I
x 6 x 2 x? 2
1 1
1 3 e
= =— 4+
y  2x 2

Hence, (c) is the correct answer.

Sol. (Q. Nos. 18 to 20)

dy 2x 4x°
i bard e
dx 1+ x 1+ x

2x

IF=e¢ 1+ x°

dx

:eln(l+ x2)

=(1+x2)
3
1+ x 4x*? dx— +C
ya+x)=| S

Passing through (0, 0) =>C =0
3

_ 4x
Y 3(1 + x%)
dy _4 1+ x%)3x% - x*2x
dx 3 1+ x%)?
_4 3x% 4+ xt B 4x%3 + x%)
3] 1+ x> 31+ x?)?
Hence, d—y>0,Vx¢0;d—y:0atx=O
dx dx

and it does not change sign = x = 0 is the point of inflection
¥y = f(x)is increasing for all x € R.
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X =09 y —00; X —> =00 Y ——00 2 40 x°

A=——— S dx
3 39014 x
Y4
/ Put 1+x*=t = 2xdx=dt
2/3 2 2 2(t—-1
| PR
x 3 39 ¢
@)
2 22 1
22
3 34 t
2 2 , 2 2
=———[t-Intlj=—--[2-In2)-1
) 3 3[ I 3 3[( )—1]
Area enclosed by y = f'(x), x-axis and ordinate atng =§—§[l—ln2]—fln2

JEE Type Solved Examples :
Single Integer Answer Type Questions

Ex. 21 Lety = f(x) be a curve passing through (4, 3) x4
such that slope of normal at any point lying in the first y=I5 -k
quadrant is negative and the normal and tangent at any
point P cuts the Y -axis at A and B respectively such that the
mid-point of AB is origin, then the number of solutions of o\ o /2
y = F(x) andy =5 ~ ||| is \1/
Sol. Equation of tangent at any point (x;, y;) of curve y = f(x) is
0 —y1) = f(x)(x —x), so B(0, y; — xf"(x1))

. number of solutions for y = f(x)andy =|5 — | x|

. . 1
Equation of normal at (xy, y;)is (y, y;) = —m(x, X;) SO, - number of solutions are 2.
1
. T
A= (0, y+ fj(ﬁ)} mid point of AB is origin, so Ex. 22 A real valued function, f(x), f : (0, ) —R"
X 2
. satisfies the differential equation xf’(x)=1+f(x){x* f(x)"'}
2 —_ / _ = 7'C 4 . .
. xl(f () f’(xl)] andf() =—, then lim f(x),is
4 TT x—0
Thus differential equation of curve y = f(x), is 5 2
) Sol. Here, xf’(x) =1+ x“f“(x)— f(x)
x(dl) 5y - xo x £ + f0) _
dx dx = gz =1
1+ x“f%(x)
Thus dy _yt+ x4yt Integrating both sides
’ dx x (x £0) + )
dy [ =xC
In first quadrant, x > 0,y > 0, " >0, 1+ (x f(x))
x
o n) 4
Y FERR = tan (xf(x):x+C,asf(—):—.
So dl=7y al y,puty=vx 4 T
dx x R
= tan 1=—+
dv_vx+x1l1+v2 4
= v+ xa R — N C=0
J. dv J. dx R x f(x) = tanx
= = —_—
A1+ v? X N f(x) = tanx
x* x
lvi t =—-1
onsolving we get -y 4 and lim f(x) = limtaﬂ =1
x—0 x—=0 X



Ex. 23 Ifthe area bounded by y = f(x), x—% :73 and
the X-axis is A sq units where f(x) = x + % X += 2 gxs
+ g . g . gx7 +...00,| x| <1,Then the value of[ 4A] is (where[ -]
isG.1.F)
Sol. Here, f'(x)=1+2x2+§'4x4+§~§~6x6+. oo

d
=1+ x(a(xf(x))j

= Fi(x) =1+ x|xf'(x) + f(x),
= (1-x)f(x) =1+ xf(x)

Subjective Type Questions

EXx. 24 For a certain curve y = f(x) satisfying

d—)zl =6x —4; f(x) has a local minimum value 5 when x =1.
x

Find the equation of the curve and also the global maximum
and global minimum values of f(x) given that0 < x <2.
2

Sol. Integrating, Y _ 6x — 4, we get dy _ 3x* —4x+ C
dx* dx
when x=1,d—y=0. SothatC =1
dx
Hence, d—y =3x% —4x +1 (1)
dx

Integrating, we get

y=x3—2x2+x+C1, when x =1,y =5,

so that C; =5
Thus, we have y = x*=2x"+ x+5
1
Form Eq. (i), we get the critical points x = 3 x=1
1 d°
At the critical point x = — —)2} is (-ve).
3 dx

1
Therefore, at x = g , y has a local maximum.
d?
Atx =1, —32) is (+ ve).
dx
Therefore, at x =1, y has a local minimum.
Also, fQ) =

1) _139
- f(g)_m

f(0) =5, f(2)=7
Hence, the global maximum value =7, the global minimum
value = 5.

= - cy=—5 LF.=¢ "X =e =+1—-x

= y =
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—x 1 ,
dx  Zlog|1-x?
dy x 1 [— Sloglt - x|

dx  1-x° x?

y«/:—.[ Ni-x*+C

1-x?

= yV1-x* =sin"'x + C,as f(0)=0=C=0

sin”!x

wll—xz

|a

V32 sin”! /3 22 1| n? n?
:>A:J. s xdx:_[ntdt: R e
vz 2 6 2 )n 2| 4 36

[4A]=1

Ex. 25 If (x) is a differentiable real-valued function
satisfying ¢’ (x) + 2 ¢ (x) <1, prove that ¢(x) — IS a

non-increasing function of x.

Sol.

0'(x) + 2 9(x) <1
= 2 o'(x) + 2 (])(x) e <™
d 2x
= -— <0
L emom-te |
= ((I)(x) 2) is a non-increasing function of x.

1. . . .
= 0(x) - 5 is a non-increasing function of x.

Ex. 26 Determine all curve for which the ratios of the
length of the segment intercepted by any tangent on the
y-axis to the length of the radius vector is a constant.

Sol.

Let y = f(x) be the equation of the required curve.

dy
—x X
’y dx
Given that ——— =k (a constant)
4y
dy _y v Y
= L4 Tk —
dx  x x
Lety=vx,thenv+x?zvikwll+v2
x
dv dx . .
= =+ k —, integrating we get
1+ v x
= log [ v+ 1+ v? |=tklnx+C
Y PERR
= log INY Y o yklnx+C
x

Which are the equations of the required curves.
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Ex. 27 Let u(x) andv(x) satisfy the differential equa-
tions@ + p(x) u= f(x) andﬂ + p(x) v = g(x), where
dx dx

p(x), f(x) and g(x) are continuous functions.

Ifu(xy) >v (x;) for some x; and f(x) > g(x), for all x > x;,
prove that any point(x, y), where x > x;, does not satisfy the
equationy = u(x) andy =v(x). [IIT JEE 1997]

Sol. Given that

M px)-u= f(x) and % + plx) v = gx)

dx
Subtracting, we get
LEZ 4 ) w1 = ) - a0)
x
Multiplying by ejp ~) dx, we get
e.[p(x)dx. d(u-v) =) plx)- ejp(x)dx
dx
= () — g} - /PO E
e ) = (0 - gy PO
x

Since, exponential function takes only positive values and
f(x) > g(x) for all x > x;, RHS is + ve; x > x;

% {w-v) ") =0

ie, (u—v)- eJP (I 4 increasing function.

Hence, if ejp(x)dx = ((x), then for x > x;

Wehave,  {u(x) = v(x)} ¢ (x) > {u(x;) = ()} ¢ (x1)

ie. () — () > ) =V 0) o ey )]
0(x)

Thus, u(x) >v(x),V x> x

ie. u(x) #v(x),V x> x

Hence, no point (x, y) such that x > x; can satisfy the equations
y =u(x)and y = v(x).

Ex. 28 A normal is drawn at a point P(x, y) of a curve. It
meets the x-axis at Q. If PQ is of constant length k, then
show that the differential equation describing such curves is,
y Z—y =+./k* —y? and the equation of such a curve pass-

x
ing through (0, k). [T JEE 1994]

Sol. Let y = f(x) be the curve such that the normal at P(x, y) to this
curve meets x-axis at Q. Then,
PQ = length of the normal at P

dy 2
=y J1+| ==
Y (dxj

But PO=k

2
d
= y2+y2(d—y) =k* or ylzi K -y?
x dx
d
= %:idx
k" -y

Integrating both the sides, we get
—Jk? —y? =+ x + C, since it passes through (0, k) — C = 0.

—JK -yt =t x
or K —y? = x*

= x* + y% = k% is required equation of the curve.

Ex. 29 A curve passing through the point (1, 1) has the
property that the perpendicular distance of the normal at
any point P on the curve from the origin is equal to the
distance of P from x-axis. Determine the equation of the

curve. [IIT JEE 1999]

Sol. Let P (x, y) be any point on the curve y = f(x). Then, the
equation of the normal at P is,

1
- - X —-x
y (dy/d)( )
dy dy ) .
or X+Y—-— —+x |=0 (1
dx (ydx ®

It is given that distance of Eq. (i) from origin = Distance from

x-axis (i.e. y)
dy )
0 - —+Xx
( y dx

ie. — =y

= x?+ 2xy d—y = yZ
dx .
o dy _y'-x
dx 2xy

which is homogeneous differential equation and we can solve
by homogeneous or by total differential.

Here, using total differential,
2xy dy —y?dx=—x* dx
xd(y?)-y*dx

2
= d[sz—dx
X

Integrating both the sides, we get

= Yoo x+cC (i)
x
It passes through (1,1) = C=2
2
y—z—x+2 or y2=—x2+2x
x

= x% + y? —2x = 0, is required equation of curve.



Ex. 30 A country has a food deficit of 10%. Its population
grows continuously at a rate of 3% per year. Its annual food
production every year is 4% more than that of the last year.
Assuming that the average food requirement per person
remains constant, prove that the country will become
self-sufficient in food after n years, where n is the smallest

log, 10 —log, 9

integer bigger than or equal to
ger bigs 9 (log, 1.04)— 0.03

JIIT JEE 2000]

Sol. Let P, be the initial population, Q, be its initial food produc-
tion.
Let P be the population of the country in year ¢ and Q be its

food production in year t.

dp 3P
= i

P 3
= or — =
dt 100 P 100

Integrating, we get
3
logP=—1t+C
100
Att=0,we have P = P,

= C =log P,
= P =p, %03t ()

It is given that the annual food production every year is 4%
more than that of last year.

4 t

= =Q| 1+—

0-a 1+
Let the average consumption per person be k units.

90

= =kPy| — |=09kP,

Qo 0 ( 100 ) 0

Q=09 kP, (1.04) (i)
This gives quantity of food available in year ¢. The population

in year t is,

P=p 0031 [from Eq. (i)]
..(iii)

*. Consumption in year, t = kP0e0'03t

The country will be self sufficient, if

Q=P
= 0.9k P, (1.04) = kP03t
N 1(1.04)z > (0031
10

= (1.04) ¢ 003t > %O

10
= t log (1.04) — 0.03 t > log (3)

10
= t {log (1.04) — 0.03} > log (Ej

log 10— log 9

N > 67797
log (1.04) - 0.03
Thus, the least number of year in which country becomes self
sufficient.
log 10— log 9
log (1.04) — 0.03

= =
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Ex. 31 A right circular cone with radius R and height H
contains a liquid which evaporates at a rate proportional to
its surface area in contact with air (proportionality constant
=k >0), find the time after which the cone is empty.

[T JEE 2003]

Sol. Let the semi-vertical angle of the cone be 0 and let the height
of the liquid at time ‘#’ be ‘A’ from the vertex V and radius of
the liquid cone be r. Let V be the volume at time ¢. Then,

A O R 19:
or
OE: H
h
57
\ 7 Y Y
V= 1 nrlh
3
1 4 r
= V==mr"cot0 tan 0= —
3 h
Let S be the surface area of the liquid in contact with air at time ¢.
Then, S =mr?
av
= — S
dt
av . . .
= m = — kS, k is constant of proportionality.
t
i( 1Ttr3 cot sz—kﬂ:rz
dr\ 3
2 dr 2
= nr d—cotez—knr = cot Odr=—kdt
t

0 T
On integrating, we get cot 6 IR dr=-k '[0 dt

= R cot 6=+ kT, where T is required time.

= T=H/k (astan =R/ H)

Ex. 32 Solve the equation
xjo y(t) dt:(x+1)j0 t y(t) dt, x >0.

Sol. Differentiating the equation w.r.t. x, we get
xp(x) +1- jox Y(t)dt =(x + 1) xy(x) + 1- jox ty(t)dt
ie. jo" y(t) dt = x* y(x) + jo" ty(t) dt

Again, differentiating w.r.t. x, we get

y(x) = x" y'(x) + 2xy(x) + xy(x)

ie. 1 -3x) y(x) = m
dx
. (1-3x)dx dy(x)
ie. R At
x? y(x)

. c _
Integrating, we gety = — e v
x



278

Textbook of Integral Calculus

Ex. 33 If(y,,y,) are two solutions of the differential
d
4+ P(x)y=Qx)

X

equation

Then prove thaty =y, + C (y; —y,) is the general solution
of the equation where C is any constant. For what relation
between the constant o, 3 will the linear combination

oy, + By, also be a solution.

Sol. Asy;, y, are the solutions of the differential equation;

dl.{_ P(x)y:Q(x) (1)
dx
D14 Py -y, = 00) (i)
dx
and 92 4 piyy-y, = 0(x) ...(iif)
dx

From Egs. (i) and (ii), (dy ddylj + P(x)(y =) =
dx x

*(y—y1)+P(X)-(y—y1)=0 ~(iv)
dx
. d
From Egs. (ii) and (iii), — (y1 —y2)+ P(x)(y1 —y2) =0 ..(v)
- (y Y1) _
From Egs. (iv) and (v), dx .
— 1 —y2) 1=
dx
d d
—=-y) -0n-y)
N dx _dx
Y =n yi=Y2
Integrating both the sides, we get
log (y =y1) =log (y1 = y2)
s y=y+CO-y)
Now, y = ay; + Py, will be a solutions, if
d
*(0‘% +By2) + P(x) (ay; + By,) = Qx)

or (‘fiwa(x)yl)w( +P<x>yzj )

or o Q(x) + B O(x) = Q(x)
. (o + B) Qx) = Q)
oa+p=1

[using Egs. (ii) and (iii)]
Hence,

Ex. 34 Find a pair of curves such that

(a) the tangents drawn at points with equal abscissae
intersect on the y-axis.

(b) the normal drawn at points with equal abscissae
intersect on x-axis.

(c) one curve passes through (1, 1) and other passes
through (2, 3).

Sol. Let the curve be y = fi(x) and y = f,(x) equation of tangents
with equal abscissa, x are
0 - fi(x)=f1(x) (X -x)
and Y = folx) = 75 (x) (X = x)
These tangent intersect at y-axis,

= —x fh(x)+ filx) == x f(x) + filx)
= Jix) = falx) = x (f "1(x) = f "2(x))
Integrating both the sides, we get
= In| fi(x) = fo(x)[=In[ x|+ C
= filx) = fox) =+ G x (1)
Now, equations of normal with equal abscissa x, are
y—ﬁ(x)=—f T - x)
1

and 0 - filx) =~ ) X =x)
As these normal intersect on the x-axis,

x+ filx)- fx —x+fz(X) f (%)
= flx)- A fz x) - f, '(x) Integrating
= fi@-f (X) =
- £+ flx) = 7C e

Hx) = folx)  CGox x

[using Eq. ()] ...(i1)
From Egs. (i) and (ii), we get

zfl(x):i(&+C1x),2f2(x):i[£_clxj
x x

We have, f1( )= and f,(2) =3
= filx

——x and fi(x) = 2 + x
x

Ex. 35 Given two curvesy = f(x) passing through (0, 1)
andy = Jlx f(t) dt passing through (0,1 / n). The tangents

drawn to both the curves at the points with equal abscissae
intersect on the x-axis find the curvey = f(x).
Sol. Equation of the tangent to the curve; y = f(x) is
Y -y)=f"(0)X-x)
Equation of tangent to the curve g(x) =y, = wa f(t)dtis

(Y =y1) = g'(x) (X = x) = f(x) (X = x)
Given that tangent with equal abscissas intersect on the x-axis.

N P |
() f(x)
fo) _ oy
= 00 0 [y =f(x)]
. O _f0) | 8w _ [
noo fx) gx)  f(x)
= % =k = g(x)=Ce™
= g(x)=kC™ = f(x) =k Ce®
vy = f(x) passes through (0,1) = kC =1
y: = g(x) passes through
0.1/n)=C=2=k=n
n
= flx)=€"



Ex. 36 A normal is drawn at a point P(x, y) of a curve. It

meets the x-axis and the y-axis in point A and B, respec-

tively, such 1‘hati + L 1, where O is the origin, find the
OA OB

equation of such a curve passing through (5, 4).
Sol. The equation of the normal at (x, y) is
X-x)+¥ -y o
dx

X Y

N AN CE S T IT
ydx dy / dx
(x+y(jl—yj
= OA=x+y-—>,0B= il
Yo &
dx
Also, L+L:1:> 1+dl:x+ydl
OA OB dx dx

= (y—l)zll—z+(x—l)=0

Integrating, we get

y-1)°+x-1%=C
Since, the curve passes through (5, 4), C = 25.
Hence, the curve is (x — 1)2 + (- 1)2 =25.

Ex. 37 A line is drawn from a point P (x, y) on curve

y = f(x), making an angle with the x-axis which is supple-
mentary to the one made by the tangent to the curve at
P(x, y). The line meets the x-axis at A. Another line perpen-
dicular to the first, is drawn from P(x, y) meeting the y-axis
at B. If OA = OB, where O is origin, find all curve which
passes through (1, 1).

Sol. The equation of the line through P(x, y) making an angle

with the x-axis which is supplementary to the angle made by
the tangent at P(x, y) is

d
Y—y:—L(X—x) ()

X

where it meets the x-axis.

Y=0 X=x+ OA=x+yZ—x (i)

=
dy / dx y
The line through P (x, y) and perpendicular to Eq. (i) is

Y—yzg(X—x)
dy

where it meets the y-axis.

X=0,Y=y—xd—x = OB=y—xﬂ ..(iii)
dy dy
Since, OA = OB
= X+ @— —x@
ydy g dy

or (3/—x)=(y+X)ﬂ
dy
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dl_y+x

or , puty =vx
dx y-—-x
dv 14 2v—+?
= R e SR
dx v—1
l_
L bk
1+2v—-v X
= log(1+2v-v¥)+1log x=C
= x*+2xy—yi=C

where C; = log V/C

Since, curve passes through (1, 1) >C =2
.. Required curve, xt—y?+2xy =2

Ex. 38 The tangent and a normal to a curve at any point
P meet the x and y axes at A, B, C and D respectively. Find
the equation of the curve passing through (1, 0) if the centre
of circle through O, C, P and B lies on the line y = x (where O
is origin).

Sol. Let P (x, y) be a point on the curve.

= Cz(x+yd—y,0)
dx

dy
B=| 0,y —x—
( Y xdx)

Circle passing through O, C, P and B has its centre at
mid-point of BC.

D

Let the centre of the circle be (a, 3).

= 20c=x+yd—y
dx
and 2B=y—xd—y
dx
andsinceﬁzo(,y—xd—yzx+yd—y
dx dx
N dy _y-x
dx y+x

d 1+ v?
Let y=vx = x—vz—i( v)

dx 1+v
1+v dx
= 5 dv=——
vi+1 x
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Integrating both the sides, we get

1+v dx
Iz dv=—]—
v +1 X
1, 2 d d
= v [ =[5
2°v"+1 vi+1 x
1 _
= Elog\v2+1|+tan1|v|=—logx+C

= log {(\/v* +1) x} + tan" ' v=C
= log 4/x% + y° +tan71y—=C
x

Asx=1landy =0,
logl+tan ' 0=C=C=0

.. Required curve, (log m) + tan ! ( y ) =0

X

Ex. 39 If f(x) be a positive, continuous and differentia-

ble on the interval(a, b). If lim+ f(x)=1 and

X —a

lim f(x)=3"". Also, f'(x) 2 f 3(x) + —
x—b~ f(X
(@Qb—-az=m/4 (byb—a<m/4
(c)b—a<m/24 (d) None of these

Sol. Since,
/ 3 1
)z f(x)+ I
= () fx) 21+ f4(x)
L @,
1+ f (%)

On integrating w.r.t. ‘x’ from x =ato x = b.

%(tan* (F A = (b - a)

or (b—a)< ;{ lin;_ (tan”'(f ¥(x))) — lim (tan”'(f “(x)))

Xx—a

or (b—-a)sm/24

Hence, (c) is the correct answer.

, then
)

|



Differential Equations Exercise 1:

Single Option Correct Type Questions

. If the differential equation of the family of curve given
by y = Ax + Be**, where A and B are arbitrary

constants, is of the form

(1-2x) (b +1ly|+k dy + Iy | =0, then the ordered
dx \ dx dx

pair (k, [) is

()@ -2)
() (2,2)

(b) (=2, 2)
(d) (=2, -2)

. A curve passes through the point (1, ZJ and its slope at

any point is given by Y _ cos? (yj . Then, the curve has
X

x
the equation

(@) y = xtan™" (ln E) (b)y = xtan™" (In 2)
x

©y= 1 tan™" (ln E) (d) None of these

x x
. The x-intercept of the tangent to a curve is equal to the
ordinate of the point of contact. The equation of the
curve through the point (1, 1) is

=

< |

(@) J/e; =e (b) xe” =e
Y Y
(c) xex =e (d) yex =e

. A function y = f(x) satisfies the condition
f’(x)sin x + f(x)cos x =1, f(x)being bounded when
X —>0If[ = j:/ * f(x)dx, then

2 2

T T T T

a) —<I<— b) —<I<—
()2 . ()4 5
(c)1<I<§ @o<I<1

. A curve is such that the area of the region bounded by
the coordinate axes, the curve and the ordinate of any
point on it is equal to the cube of that ordinate. The
curve represents

(a) a pair of straight lines  (b) a circle

(c) a parabola (d) an ellipse

. The value of the constant ‘m’ and ‘¢’ for which

y = mx + ¢ is a solution of the differential equation
Dzy —3Dy—4y=—4x.
(a)ism=—-1;c=3/4

(¢) no such real m, ¢

(b)yism=1;c=-3/4
(d)ism=1;c=3/4

7.

10.

11.

The real value of m for which the substitution,
y = u"™ will transform the differential equation,

dy

2x4y I +y* = 4x° into a homogeneous equation is
x

(am=0 (bym=1
(cym=3/2 (d) No value of m
. The solution of the differential equation,
xzﬂ-cosl - ysinl =-1
dx X X

where y — —las x — oo s

1 1 +1
(a) y =sin— — cos— (b)y = X
x X xsin—
x
1 1 +1
(c) y =sin— + cos— dy= X 1
* * xcos —
x

. A wet porous substance in the open air loses its

moisture at a rate proportional to the moisture content.
If a sheet hung in the wind loses half its moisture during
the first hour, then the time when it would have lost
99.9% of its moisture is (weather conditions remaining
same)

(a) more than 100 h

(b) more than 10 h

(c) approximately 10 h

(d) approximately 9 h

A curve C passes through origin and has the

property that at each point (x, y) on it, the normal line at
that point passes through (1, 0). The equation of a
common tangent to the curve C and the parabola

y® =4xis

(@) x=0 b)yy=0

©y=x+1 dx+y+1=0

A function y = f(x) satisfies

(x +1)- f/(x) = 2Ax* + x) f(x)= e’ ,Vx>-1
(x+1)

If £(0) =5, then f(x)is
3x +5) 2
(a)( x+1 )-e

[6x+5] 2
c) -e
(x + 1)
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12.

13.

14.

15.

19.

20.
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The curve, with the property that the projection of the
ordinate on the normal is constant and has a length
equal to ‘a, is

(@) x —aln(yy? -a* +y)=C
(b) x++Ja* —y* =C

(©(y -a)’ =Cx
(d) ay = tan™" (x + C)

The differential equation corresponding to the family of
curvesy =e” (ax + b)is
d’y  ,dy d’y . dy
S 422 —y=0 b))~ -2~ +y=0
(a) R (b) o it
d’y , ,dy d’y ., dy
—+2—+y=0 d)—-2—-y=0
(©) ity (d) 2 y

dx

The equation to the orthogonal trajectories of the
system of parabolas y = ax? is
2 2
(a)x—+y2=C (b)x2+y—=C
2 2
2 2
X 2 2_ Y
c)—-y°=C d)x*——=C
(©) S Y (d) :

A function f(x) satisfying J‘; f(tx)dt =n f(x), where
x>0, 1is
(a) f(x)zC-xT (b) f(x)zc.x"—l

1

(©) flx)=C-xn

(@ flx) =Cox"

16.

17.

18.

The substitution y = z* transforms the differential
equation (x2y* — 1) dy + 2xy>dx = 0 into a homogeneous

differential equation for

(@ o=-1 (b) 0
(c)a=1 (d) No value of o
A curve passing through (2, 3) and satisfying the
differential equation J.OX ty(t) dt = x*y(x),(x > 0)is
(@) x* +y* =13 (b)yzzgx

xZ y2

4L = d) xy =6
(c) s s (d) xy

Which one of the following curves represents the
solution of the initial value problem Dy =100 — y, where
y(0) = 50?

YA YA
100 100
(C) 50 (d) 50/
/o i /o -

Differential Equations Exercise 2 :
More than One Option Correct Type Questions

d
The differential equation x Yy 3. y?
dx dy
dx
(a) is of order 1 (b) is of degree 2

(c) is linear (d) is non-linear

The function f(x) satisfying the equation
FHx)+4f (%) f(x)+[f (2] =0

(a) f(x) = C- eV

(b) f(x)=C-e®+ VO

(c) f(x) = C-eMP 2%

(d) flx)=C-e @+ VO

where C is an arbitrary constant.

21. Which of the following pair(s) is/are orthogonal?

(a) 16x* + y* = Cand y'* = kx
(b)y=x+Ce andx+2=y + ke
(c)y = Cx* and x* + 2y* =k

(d)x* —y*=Cand xy =k

22. Family of curves whose tangent at a point with its

. . . T .
intersection with the curve xy = ¢ form an angle of " is
(@) y* —2xy —x* =k

(b)y® +2xy —x* =k

(¢)y = x —2ctan™’ (fj + k
c

c+

x
-x+k

c—X

@y =cln
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23. The general solution of the differential equation, 27. The graph of the function y = f(x) passing through the
¥ (dy) =y-log ( Yy j is point (0, — 1) and satisfying the differential equation
d
dx * Yy y cos x = cos x is such that
(8)y = xe' = dx
(b)y = xe' * (a) it is a constant function
3 Cx (b) it is periodic
() y =ex .ce (c) it is neither an even nor an odd function
(d)y=xe™ (d) it is continuous and differentiable for all x
where C is an arbitrary constant. 28. A function y = f(x) satisfying the differential equation
24. Which of the following equation(s) is/are linear? dy sin? x
dy 'y ——-sinx —ycosx + =0
(a)d—+—=lnx dx x2
X  x
dy is such that, y — 0 as x — oo, then the statement which is
(b)y (E) +4x=0 correct?
/
(c)dx+dy=0 (a) im f(x)=1 (b) J." 2f(x) dx is less than T
dz x—0 0 2
(d) CY _ cosx n/2 ) .
dx? (c) J.O f(x) dx is greater than unity
25. The equation of the curve passing through (3, 4) and (d) f(x)is an odd function
satisfying the differential equation,
) 29. Identify the statement(s) which is/are true?
dy dy _ PE
y di +H(x-y)——-x=0 (a) The order of differential equation |1 + Y —xist.
x dx dx*
can be (b) Solution of the differential equation

(@x-y+1=0 xdy—ydx:,/x2+y2dxisy+\/m=Cx2.

(b) x* + y* =25 ,
(¢) x* +y*-5x—10=0 (c) % =2 (j—y —y) is differential equation of family of
x x

d)x+y-7=0
(x+y curvesy = e* (Acosx + Bsinx).

26. Identify the statement(s) which is/are true?
(d) The solution of differential equation
(@) f(x,y)= eV + tan? is homogeneous of degree zero. , -t on dy - st
X 1T+ y°)+ (x—2e™" y)d—zoisxea“ V=" Y+ k.
x

2
og 2 Y oin 1Y gy =0
(b) x-log x da o dy = 0is homogeneous 30. Let y = (A + Bx) e is a solution of the differential
differential equation equation d*y +m dy +ny=0 mnel then
(¢) f(x,y)=x*+ sinx-cosy is not homogeneous. q dx? dx y=>5um ’
(d) (x* + y?) dx — (xy* — y*) dy = 0 is a homogeneous (@m=-6 (b)yn=-6
(cym=9 (dn=9

differential equation.
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Differential Equations Exercise 3 :

Statement | and Il Type Questions

Directions
(Q. Nos. 31 to 40)

For the following questions, choose the correct answers from
the codes (a), (b), (c) and (d) defined as follows :

31.

32,

33.

34.

(a) Statement I is true, Statement II is true and Statement II is
the correct explanation for Statement I.

(b) Statement I is true, Statement II is true and Statement II is
not the correct explanation for Statement I.

(c) Statement I is true, Statement II is false.

(d) Statement I is false, Statement II is true.

A curve C has the property that its initial ordinate of
any tangent drawn is less than the abscissa of the point
of tangency by unity.

Statement I Differential equation satisfying the curve
is linear.

Statement II Degree of differential equation is one.

Statement I Differential equation corresponding to all
lines, ax + by + ¢ = 0 has the order 3.
Statement II General solution of a differential

equation of nth order contains n independent arbitrary
constants.

Statement I Integral curves denoted by the first order

linear differential equation dy 1 y = — x are family of
x

parabolas passing through the origin.

Statement II Every differential equation geometrically
represents a family of curve having some common

property.
Statement I The solution of (y dx — x dy) cot (x)

=ny? dxissin (x) =Ce™
y

Statement II Such type of differential equations can
only be solved by the substitution x = vy.

35.

36.

37.

38.

39.

40.

Statement I The order of the differential equation
whose general solution is
Y = ¢ €o82x + ¢ysin® x + ¢+ ¢y is 3,

Statement II Total number of arbitrary parameters in
the given general solution in the Statement I is 6.

2

d’y

:2xﬂ

Consider differential equation (x? +1)-
dx? dx

Statement I For any member of this family y — o as
X —> o,

Statement II Any solution of this differential equation
is a polynomial of odd degree with positive coefficient of
maximum power.

Statement I Order of differential equation of family of
parallel whose axis is parallel to Y-axis and latusrectum
is fixed is 2.

Statement II Order of first equation is same as actual
number of arbitrary constant present in differential
equation.

Statement I The differential equation of all

2
e . dx
non-vertical lines in a plane is — =0
dy

Statement II The general equation of all non-vertical
lines in a plane is ax + by = 1, where b # 0.

Statement I The order of differential equation of all
conics whose centre lies at origin is, 2.

Statement II The order of differential equation is same
as number of arbitrary unknowns in the given curve.

Statement I y = asin x + b cos x is general solution of
Yy’ +y=0.

Statement Il y = asin x + b cos x is a trigonometric
function.
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Differential Equations Exercise 4 :

Passage Based Questions

Passage I
(Q. Nos. 41 to 43)

Let y = f(x)satisfies the equation
Fx)=(e™ +e")cosx—2x— jo (x—1) [ (t)dt.
41. y satisfies the differential equation
(a) Z—y +y =¢” (cosx —sinx) — e *(cosx + sinx)
X

(b) ny —y =e¢" (cosx —sinx) + e *(cosx + sinx)

(c) z—y +y =¢” (cosx + sinx) — e *(cos x —sin x)
x
dy x . x ,
(d) e y =e* (cosx —sinx) + e " (cosx —sinx)
x

42. The value of f’(0) + f”(0) equals to
(a) -1 (b) 2
(©)1 (d) 0

43. f(x)as a function of x equals to

X

_ e 2 _
(a) e “(cosx —sinx) + ?(3cosx+ sinx) + ge x

X

- e 2 _
(b) e *(cosx + sinx) + ?(3005.7( —sinx) - e

_ e* 2 _
(c) e *(cosx —sinx) + ?(3cosx —sinx) + S e

X
_ 2
(d) e *(cosx + sinx) + —85 (3cosx —sinx) — B e

Passage 11

(Q. Nos. 44 to 46)
2

For certain curves y = f(x)satisfying d—zy =6x—4, f(x)has
dx
local minimum value 5 when x =1

44. Number of critical point for y = f(x) for x € [0, 2]
(@) 0 (b)1

(c)2 (d)3

45. Global minimum value of y = f(x) for x € [0,2] is
(@5 (b) 7
(c) 8 (d)9

46. Global maximum value of y = f(x) for x € [0, 2] is
(@5 (b) 7
(c) 8 (d)9

Passage I11
(Q. Nos. 47 to 49)

If any differential equation in the form
SRy dCfi (x5 )+ 002 (x, y)d(f2(x, ) +...=0

then each term can be integrated separately.
For example,

2
Isin Xy d(W)"‘I (;jd(;)= —cos xy+;£x) +C

y

47. The solution of the differential equation

xdy —ydx =+x* —y® dxis

-1 Y in~1 Y
(a) Cx = esm x (b) xes Toao C
sin”! Y
(c)x+e x=C (d) None of these

48. The solution of the differential equation
(xy* +y)dx — xdy =01is

3 2 4 3
X 1(x X 1(x
(”4*2@ ¢ “’M%@ ¢

49. Solution of differential equation
2x cosy + y* cos x) dx + (2ysin x — x* sin y) dy =01is

a) x> cosy + y’sinx =C

(

(

(b) xcosy —ysinx =C

(c) x*cos® y + yZsin®x = C
(

d) None of the above

Passage IV
(Q. Nos. 50 to 52)
Differential equation % = f(x) g(x)can be solved by
x
dy
g(y

separating variable

. S(x) dx.

50. The equation of the curve to the point (1, 0) which
satisfies the differential equation (1+ y*)dx — xydy =0
is
(@ x* +y* =1
(c) x* +y*=2

b) x> -y’ =1
(d) x* - y? =2



286

Textbook of Differential Calculus

§1. Solution of the differential equation dy Lty

——=0is
dx 1 - x?

(@tan'y +sin' x=C

(b)tan™ x+sin"' y=C

(¢)tan”' y-sin” x=C

(d)tan”'y —sin”' x=C

52. Ifﬂ=1+x+y+xyandy(—1)=0, then y is equal to

dx
(1-x)? 1+ x)?
(a)e 2 (b)e 2 -1
(0)ln(1+ x)—1 (d1+x
Passage V

(Q. Nos. 53 to 55)
Let C be the set of curves having the property that the point of

53.

54,

55.

IfCc,,C,eC

C,: Curve is passing through (1, 0)

C,:Curve is passing through (-1,0)

The number of common tangents for C; and C, is
(a)1 (b) 2

(c)3 (d) None of these
IfC,eC

C5:is passing through (2, 4). r X +% =1 is tangent to
a

C3, thel’l

(a) 25a + 10b* —ab® =0

(c) 13a +25b —16ab =0

(b) 25a + 10b —13ab = 0
(d)29a+b+13ab=0
If common tangents of C; and C, form an equilateral

triangle, where C;,C, € C and C;: Curve passes through
(2, 0), then C, may passes through

intersection of tangent with y-axis is equidistant from the point (a)(-1/3,1/3) (b) (-1/3,1)
of tangency and origin (0, 0) (c)(-2/3,4) (d)(-2/3,2)
[ [ J [ J [
Differential Equations Exercise 5 :
Matching Type Questions
56. Match the following :
Column | Column 11
(A) xdx + ydy _ @ -xt - y2 () y= %e—l/x
xdy — ydx x4+ 7 X
() Solution of cos® x ? — tan2x- y= cos” x, where |x| < % and y[%) = % @ Jx2 + y* = asin {C +tan”! (y)}
X x
(C) The equation of all possible curves that will cut each member of the family ® 2+ yz +Cy=0
of circles x> + ) — 2¢x = 0 at right angle
(®) Solution of the equation x [ (1) dr = (x + 1) [ 1y (¢) dt, x > 01 (5) yo_ SN2
0 0 2 (1-tan’x)

§7. Match the following :

Column 1 Column 11
(A) Circular plate is expanded by heat from radius 5 cm to 5.06 cm. Approximate increase in (p) 4
area is
(B) Side of cube increasing by 1%, then percentage increase in volume is Q) 0.6
© X s twi . ® 3
If the rate of decrease of e 2x + 51is twice the rate of decrease of x, then x is equal to
(D) Rate of increase in area of equilateral triangle of side 15 cm, when each side is increasing (s) 33

at the rate of 0.1 cm/s; is




§8. Match the following :

59.

60.

61.
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Column 1 Column 11

(A) The differential equation of the family of curves y = ¢" (4 cosx + Bsinx), where 4, B (p) 2,1

are arbitrary constants, has the degree n and order m. Then, the values of n and m are,

respectively
(B) The degree and order of the differential equation of the family of all parabolas whose (@ 1,1

axis is the x-axis, are respectively
(C) The order and degree of the differential equations of the family of circles touching the () 2,2

x-axis at the origin, are respectively
(D) The degree and order of the differential equation of the family of ellipse having the same (s) 1,2

foci, are respectively.

Differential Equations Exercise 6 :

Single Integer Answer Type Questions

Find the constant of integration by the general solution
of the differential equation (2x%y —2y*) dx

+(2x> +3xy°) dy = 0if curve passes through (1, 1).

A tank initially contains 50 gallons of fresh water. Brine
contains 2 pounds per gallon of salt, flows into the tank
at the rate of 2 gallons per minutes and the mixture kept
uniform by stirring, runs out at the same rate. If it will
take for the quantity of salt in the tank to increase from
40 to 80 pounds (in seconds) is 206A, then find A.

If f: R—{-1} — and f is differentiable function which
satisfies :

Flx+ f)+xf () =y+ f()+yf () V x, yeR-{-1},
then find the value of 2010 [1 + f(2009)]

62.

63.

64.

65.

If ¢(x) is a differential real-valued function satisfying
0’ (x) + 2¢(x) < 1, then the value of 20 (x) is always less
than or equal to ......... .

The degree of the differential equation satisfied by the

curves \/1+ x —aJ1+y =1L1s....... .

Let f(x)be a twice differentiable bounded function

satisfayi 21 (x)- ' (x)+2(f (%))’ - f°(x) = £’ (x). If
f(x)is bounded in between y =k, and y = k,, Then the
number of integers between k,; and k, is/are (where

f(0)=£"(0)=0).

Let y(x) be a function satisfying d*y /dx* —dy / dx

+e** =0,(0) = 2and y’ (0) = 1. If maximum value of y(x)
is y(a), Then Integral part of (20.) is ...... .

Differential Equations Exercise 7 :
Subjective Type Questions

66.

Find the time required for a cylindrical tank of radius r
and height H to empty through a round hole of area ‘@’
at the bottom. The flow through a hole is according to
the law U(t) = u 4/2gh(t) where v(t) and h(t) are
respectively the velocity of flow through the hole and
the height of the water level above the hole at time t and
g is the acceleration due to gravity.

67.

The hemispherical tank of radius 2 m is initially full of
water and has an outlet of 12 cm? cross-sectional area at
the bottom. The outlet is opened at some instant. The
flow through the outlet is according to the law

v(t) =0-6 /2gh(t), where v(t) and h(t) are respectively
velocity of the flow through the outlet and the height of
water level above the outlet at time ¢ and g is the
acceleration due to gravity. Find the time it takes to
empty the tank.
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68.

69.

70.
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Let f: R" — R satisfies the functional equation

flxy)=e"*"7 (e” f(x)+e* f(y)V x,yeR".If
f7(1) = e, determine f(x).

Let y = f(x)be curve passing through (1, +/3) such that

tangent at any point P on the curve lying in the first
quadrant has positive slope and the tangent and the
normal at the point P cut the x-axis at A and B
respectively so that the mid-point of ABis origin. Find
the differential equation of the curve and hence
determine f(x).

If y, and y, are the solution of differential equation
dy/dx +Py=0Q,

71.

72,

where P and Q are function of x alone and y, =y, z,
Q
- _[ —dx

then prove thatz=1+c-e '

where c is an arbitrary constant.

Let y = f(x) be a differentiable function V x € Rand

satisfies :

f(x)= x+.“1 x? zf(z)dz+jl xz* f(z)dz
0 0 ’
Determine the function.

If f:R—{-1 — Rand f is differentiable function
satisfies :

F()+f)+x f)=y+ f(x)+yf(x)V x,
y€ R—{-1 Find f(x).

Differential Equations Exercise 8 :
Questions Asked in Previous 10 Years' Exams

(i) JEE Advanced & IIT-JEE

73.

74

75.

A solution curve of the differential equation

(x2 +xy+4x+2y+4)%—y2 =0, x >0, passes
x

through the point (1, 3). Then, the solution curve
[More than One Correct 2016]
(a) intersects y = x + 2 exactly at one point
(b) intersects y = x + 2 exactly at two points
(c) intersects y = (x + 2)°

(d) does not intersect y = (x + 3)?
Let f :(0, o) = Rbe a differentiable function such that

f(x)=2- fx) for all x € (0, o) and f(1) # 1. Then
x [More than One Correct 2016]

(@) lim f{lj -1
x — 0+ X
(b) lim x f(l) -2

x — 0+ X
(¢) lim x*f(x)=0
x— 0+
(d) | f(x)| <2 for all x €(0,2)
Let y(x) be a solution of the differential equation
(1+e™)y" +ye™ =11f y(0) = 2, then which of the

following statement(s) is/are true?
[More than One Correct 2015]

a)y(-4)=0
b)y(=2)=0
c) y(x) has a critical point in the interval (-1, 0)

(
(

(
(d) y(x) has no critical point in the interval (-1, 0)

76.

77.

78.

Consider the family of all circles whose centres lie on the
straight line y = x. If this family of circles is represented by
the differential equation Py’ ’+ Qy” + 1 =0, where P, Q are

2
the functions of x, yand y’ (here,y” = dy ,y” = d’y ),
dx dx 2

then which of the following statement(s) is/are true?
[More than One correct 2015]

The function y = f(x)is the solution of the differential

d 4
equation @,y X 2x in (—1,1) satisfying
de x? -1 1-x?

V372 .
f(0)=0. Then, f P f(x)dx is [Only One correct 2014]
3

2
n 3
Y

n_\3

32

T A3 AN )
(C)E—* (d);—*

® 4 2

Let f :[1/2,1] — R (the set of all real numbers) be a
positive, non-constant and differentiable function such
that f"(x) <2f(x)and f(1/2)=1.Then, the value of

1

f(x)dx lies in the interval [Only One Correct 2013]

1/2
(a) (2e —1,2e)

(c) (e;l,e—l)

(b) (e—1,2e —1)

e—1
(d) (0, 5 ]




79. A curve passes through the point (1, Tl:). Let the slope of
6

the curve at each point (x, y) be Y 4 sec (y , x >0. Then,

X X

the equation of the curve is [Only One Correct 2013]

(a) sin (X) =logx + % (b) cosec (1) =logx+2
x

X

(c) sec (z—y) =logx+2 (d) cos (z—y) =logx + 1
X X 2

= Directions (Q. Nos. 80 to 83) Let f :[0, 1] —» R (the set of

all real numbers) be a function. Suppose the function f is
twice differentiable, f(0) = f(1) =0 and satisfies

f(x)=2f"(x) + f(x) = e” , x €[0,1]
[Passage Based Questions 2013]

80. 1f the function e ™ f(x) assumes its minimum in interval
[0,1]at x =1/ 4, then which of the following is true?

(@f%ﬂ<f@)i<x<% wu«m>fuxo<x<i

(©) f'(x) < f(x). 0 < x < i (d) £(x) < f(x), % <x<i
81. Which of the following is true?

(8) 0< f(x) <= (b= < ) <

(@—i<ﬂm<1

82. Which of the following is true?

(a) g is increasing on (1, o)

() — o< f(x) <0

(b) g is decreasing on (1, o)
(c) g is increasing on (1, 2) and decreasing on (2, o)
(d) g is decreasing on (1, 2) and increasing on (2, o)
83. Consider the statements.
I. There exists some x € R such that,
f(x)+2x =201+ x?)
II. There exists some x € R such that,
2f(x)+1=2x(1+ x)
(a) Both I and II are true

(i) JEE Main & AIEEE

88. If a curve y = f(x) passes through the point (1, — 1) and

(b) Tis true and II is false

satisfies the differential equation, y(1 + xy)dx = x dy,

then f(— ;) is equal to [2016 JEE Main]
2 4 2 4
_z b) — = z 4=
(a) : (b) . (c) : (d) -

89. Let y(x)be the solution of the differential equation
(xlog x)ﬂ + y =2xlog x, (x > 1). Then, y(e) is equal to

dx [2015 JEE Main]

(a)e (b) O (c) 2 (d) 2e
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(c) Lis false and [T is true ~ (d) Both I and II are false

84. 1f y(x) satisfies the differential equation

y' —ytanx =2 xsec x and y(0), then
[More than One Correct 2016]
2
T n
a — | =
(@) y ( J >

(m)_n
842 ®) ¥ (4) 18
n)_n? (n)_ 4n  onm’
@(5)=5 @ (5] 535
85. Let y'(x)+ y(x) g’ (x) = g(x) g’ (x), ¥(0) =0, x € R, where
f’(x)denotes %(x) and g(x)is a given non-constant
x

differentiable function on R with g(0) = g(2) =0. Then,

the value of y(2) is ...... [Integer Type 2011]

86. Let f : R— R be a continuous function, which satisfies

f(x)= J.x f(t) dt.Then, the value of f(In5)is ... .
0 [Integer Type 2009]

= Direction For the following question, choose the correct
answer from the codes (a), (b), (c) and (d) defined as
follows
(a) Statement I is true, Statement II is also true; Statement II is
the correct explanation of Statement I.
(b) Statement I is true, Statement II is also true; Statement II is
not the correct explanation of Statement L.
(c) Statement I is true; Statement II is false.
(d) Statement I is false; Statement II is true.

87. Let a solution y = y(x) of the differential equation

xyx% —1dy—y\y* —1dx =Osatisfyy(2)=%

Statement I y(x)=sec (sec_1 x - n) and
6

Statement II y(x)is given by 1. & - 1= =
y x x’

[Statement Based Questions 2008]

90. Let the population of rabbits surviving at a time ¢ be

governed by the differential equation
dp(t) _1

T Ep(t) —200. If p(0) = 100, then p(t) is equal to
t

[2014 JEE Main]

t
(a) 400 —300¢2

o |~

(b) 300 — 200e
t
(c) 600 —500e?

o~

(d) 400 —300¢
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91.

92,

93.

94.
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At present, a firm is manufacturing 2000 items. It is
estimated that the rate of change of production P with
respect to additional number of workers x is given by

P
Z— =100 — 12+/x. If the firm employees 25 more workers,

X

then the new level of production of items is

[2013 JEE Main]
(a) 2500
(c) 3500

(b) 3000
(d) 4500

The population p(t) at time ¢ of a certain mouse species

satisfies the differential equation @ =0.5(t) — 450.If
t

p(0) =850, then the time at which the population

becomes zero is [2012 AIEEE]
(a) 21log 18 (b) log9
© % log 18 (d) log 18

Ifd—y =y +3>0and y(0) =2 then y (log 2) is equal to

dx [2011 JEE Main]
(@5 (b) 13
(c) -2 (d)7
Let I be the purchase value of an equipment and V (t) be
the value after it has been used for t years. The value
V(t) depreciates at a rate given by differential equation
dv (1) _

——==k(T-1),
7 (T -1)

where k > 01is a constant and T is

95.

96.

97.

the total life in years of the equipment. Then, the scrap
value V(T) of the equipment is

[2010 AIEEE]
kT? k(T —1t)?
- b)I - ——
(a) 5 (b) .
—kT d TZ _ l
(e (d) P
Solution of the differential equation
cosxdy=y(sinx—y)dx, 0< x <§, is [2010 AIEEE]

(a)secx =(tanx+C)y
(b) ysecx =tanx+C
(c) ytanx =secx+C
(d) tanx =(secx+ C)y
The differential equation which represents the family of
curves y = c;e %", where ¢, and c, are arbitrary
constants, is [2009 AIEEE]
(@)y'=y*
©yy" =y

b y'=y"y
@ yy” =)

The differential equation of the family of circles with

fixed radius 5 units and centre on the line y =21s
[AIEEE 2008]

a) (x—2)y”? =25-(y —2)*
b) (y-2)y”? =25-(y-2)°
o) (y-2)°y?=25-(y —2)*

(
(
(
@ (x-2)*y"?=25-(y-2)°
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wa Vg
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T £ () = fTO; (4 + 9%)

-X
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Solutions

1. y- e =Axe ™ +B

ey —2ye = A(e™ —2x ™)

—2x

Cancelling e throughout

v —2y = A(l - 2x) ...(1)
Differentiating again y, — 2y, = —2A
= A= 2}/127_}/2

On substituting A in Eq. (i)
A2 —2y) =2y = y2) (1 = 2x)
2y; — 4y =2y,(1 —2x) — (1 = 2x)y,

d (dy dy
1-2x)—| =L -2y |+2| =2 -2
( x)dx(dx y) (dx Y

Hence, k=2andl=-2
= Ordered pair (k,[) =(2, —2)

)=

d ;
.—yzx—coszxyzvx
dx x
dv 2
vV+ x—=v—cos’v
dx
d d
J. ‘2) + —x=C = tanv+Inx=C
cos“ v x
tan1+lnx=C
X
Ifx=1,y=E:> C=1 = tanZ=1-Inx=lh<
4 X X

y =xtan”’ (ln E)
x

. Y —y =m(X — x). For X-intercept Y =0

X=x—l
m
Therefore,x—l:y
m
yll
(xy)
5 >X
d
or dy _ y
dx x-y
dv v
Put y=vwx v+x—=
dx 1-v

dv v v—v+v?
x—= —v=
dx 1-vwv 1-v
l_
J‘ Zvdv= dx
v x
1
———-Inv=Inhx+C
v
X my-mx+Cc = —£=lny+C
y X y
x=l,y=1=C=-1
l—leny = y=e-e
y
-xly _ € xly _
e =— = ye'V=e

d
4. sinx 2+ y cosx =1
dx

W2 mm oo e oo

dy
—— + ycot x = cosec x
dx

cotx dx i .
J. :eln(smx) =sinx

IF =
ysin x = J.cosec x-sinx dx

ysinx=x+C

If x=0,yis finite .. C=0

Yy = x (cosec x) = —
sin x

2

Now, I<n— and I>E
4 2
2
Hence, n <I< T
2 4
5. fo(x) dx = y3. Differentiating f(x) = 3y2 dl
0 dx
Px.y)
| )
y =3y’ ol = y=0
dx
or 3y dy =dx
3y2

e =x+ C = Parabola

(rejected)



10. Slope of the normal =

6. y:mx+c;d—y:m;&:()
dx dx*
2
Substituting in lailiZ) —3%—43;:—4,(
0-3m—-4(mx+c)=—-4x
—3m—4c — 4mx = — 4x
—@Bm+ 4c) =4x(m —1) (1)

Eq. (i) is true for all real x, if m =+ 1land c = -3/4.

. 4 -1 du
Since, 2x* U™ -mu™" T - — 4+ u
X

6 4
du _ 4x" —u'"

e 4 2m-1
dx 2mx* u™

3
= dm=6 = ng
and 2m—-1=2 = m==
d 1 1 1
y—%tan—:—sec——z
dx «x x X x
11
—| — tan—dx
; 1 1
[F=¢ * * =gec— = y-sec—
x x
1)1 1
=— Jsecz (—)—2 dx =tan— + C
x)x x
Ify - —1,then x = o
.1 1
= C=-1 = y=sin—-cos—
x x
dM .
.d—=—KM = M=Ce™ whent=0,M=M,
t
= C=M,
= M= Me™
M,
whent=1M="2
= k =1n2

Therefore, M = Moeﬁ In2

when

M
M=—""then t = log, 1000 = 9.98
1000

=10h approximately

x—1
YA

P xy)

11.

12.

Chap 04 Differential Equations

Eq. (ii) passes through (0, 0).
Thus,C =0
x o+ y2 -2x=0
Now, tangent to yz =4x
1
y=mx+—
m
If it touches the circle

Y

x2+y2—2x=0

m+((1/m

Then, #zl
wl1+m2

= 1+ m?=m?

= m—> oo

Hence, tangent is y-axis ie, x = 0.

sy 2x(x+1) _ e
1) T f(x) it 1)
IF = eJ.72x dx _ e_xz
s dx
. _'[(x+l)2
= flaye® =———4¢
x+1

Atx=0, f(0)=5 = C=6
f(x):(6x+5j-exz

x+1

Ordinate = PM. Let P =(x, y)

Projection of ordinate on normal = PN

yA

293
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13.

14.

15.

16.

17.
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PN =PN cosO=a (given)
y
|1+ tan?@
= y =ayl+ ()’
2_ 2
= dy _y —a®
dx a
- _[ ady J- dx
Jy?—a®
= aln\y+1ly —a\=x+C
y =e*(ax + b) ...(3)
Differentiating w.r.t. x, we get
d—yzex(ax+b)+ex-a or d—y=y+aex ...(ii)
dx dx
Again, differentiating both the sides
diy dy +a ...(iii)
dx?  dx
From Eq. (iii) — Eq. (ii)
dy 2y
dx*  dx
is required differential equation.
d—y—Zax 2x- L, d—y 2—y;
dx x2 dx  x
Now, m dy =-1 m=--> dy X
dx 2y dx 2y
2
2 x
S
Y 2

[ e dr=nfx)
Put, x=y = dtzldy
X

27 dy =nf)
X

[ o) dy = x-n- f(x)

) =n[f(x) + xf"(x)]
f(x) (1 —n) =nx f'(x)
f '(X) 1-n

Differentiating,

nx

1-n
Integrating, In f(x) = ( ) =In(Cx) " ;

flx) = Cx "
—Doz* tdz+2x2°% dx =0

or x> 227 =2 Y dz +2x 2% dx =0

(xzz 20L

for homogeneous every term must be of the same degree,

3a0+1=0-1 = a=-1
Differentiate, xy (x) = x%y’(x) + 2 xy(x)
or xy(x)+ x*y’(x)=0

Y

+y=0
dxy

InC
xy=C

Iny+Inx=

At point (2, 3),
2X3=C=C=6

AN xy =6
18. =
J-100 y I
-In(100-y)=x+C
In(100 -y)=-x+C
Also x=0, y=50
: C=1In50
=1In50 —In (100 — y)
50
= In =
100 —y
50 .
= =e
100 -y
= 100 —y =50e™~
= y =100 —50e”*
2
19. Here,x(d—y) -3y (dy)+3—0
dx dx

has order 1, degree 2 and non-linear.

20. Here, (f'(x))* + 4f'(x)- f(x) + (f(x))* =0

[f’(x)] s 4[f’(x)] 1o
fx) )

- f(x) -4t 164
f(x) 2
- LECI PN
f(x)
Integrating both the sides
log | f(x)| =(=2£3) x + G
= flx)=e 2= 0
21. (a) 32x+2y dy =0
dx
L dy_, 16
dx y
and 16y" dy =k
dx
= dl =m; = kls
dx 16y
— l6x k X
1772 y 16y15 y16
I AN
=-— =
y x
dy —x : -x
(b) d—zl—ce =1-(y —x)=—(y—x—-1) [usingce
x
and d—y—k-d—ye_y=l
dx dx
L2 [1-ke?]=1

dx

=y —x]



or [1—(x+2—y)]j—y:1 [using ke ¥ = x —y + 2]
x
Y-
dx : y—-x-1
= mm, =—1
(c)d—y=20x=2x-L2:2fy:m1
x x x
Also, 2x+4yd—y:0 = dfy:—i:m2
dx dx 2y
Hence, mm, = —1
@ ¥ oyt =
2x—2ydl:o o Yox_
dx X y
xy =k
xd—y+y—0 = dl_ X:mz
dx dx x
mm, =—1

Hence, (a), (b), (c) and (d) are all correct.

22. Letm= ny be the slope of tangent (x, y) to the required curve.
x

m, = slope of the tangent at xy = ¢

x X
2
c
Hence, 7236 =+1 or X -+ ...(0)
1_Lm 1-—m
x? x

Consider

= 2y%—2[y+xj—y)—2x=0

x
= dl(y—X)=X+y
dx
= dl:7x+y: (say)
dx y-—x
From Eq. (i)
x+y .y
LHs= Y% %
LY [xty
x\y—-x
2 2
XY _qrHS
x"+y

Similarly option, (b), (c) and (d) safisfy

23. xd—yzylog(x)d—yleog(zj,putyzvx
dx x/)dx «x x

= —=v+x—

d dv
v+x—=vlogv = x—=v(logv-1)
dx dx

24.

25.

26.

Chap 04 Differential Equations

dv dx dt dx
J-v(logv—l):J‘? - J-::J.:

letlog v =t

= log (t —1) =log (x) + log C
= log (t —1) = log (xC)
= t=14+ xC
= log Y _ 1+ xC

x
- y=x- el + Cx
or y=x-e "
and log Y- log e + Cx

x
= y =ex-e~
Clearly, (a) and (c) are of the form dy + Py =Q, which is

x
linear in y.
2
Also, (d) is d—y = cosx, on integrating d—y =sinx+ C
dx* dx

which is also linear in y.

dy (v =x) £ (x-y)* + 4xy

dx 2y

- Yoy WX

x dx y

= x-y+1=0 and x*+y?=25
(a) f(x, tx) = €' + tan”(t), independent of x.

= Homogeneous differential equation.

2
(b) log (X) dx+Lsin Lody =0
X pe

X
Yy
1 Z
dy _ Ogu

dx y2 L
= sin 1(—)
x
Y

, independent of x

(% tx) = =
flx, tx o

% sin
= Homogeneous differential equation.
(c) f(x,y) = x* + sinx - cosy
f(x, tx) = x* + sinx- cos (tx), not independent of x.
=> Not homogeneous differential equation.
@ fx ) =72
Xy -y
= f(x, tx) is not independent of x.
= Not homogeneous differential equation.

295
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27.

28.

29.
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sin x

d:
| cosx o

Integrating Factor = e
or y.esinx:-[e+sinx cosx=—et ¥ 4 O

At point (0, -1),
—1e=-¢"+C>0

sinx _ _ _sinx

ye''t =—e
y=-
d .
dy —ycotx=— smzx
dx x
. _ i 1
Integrating Factor = ¢/ 01X @ = g~ logsinx —_~
sin x
i 1
.. Required solution is y - —— = J. - s1n2x. —dx + C
sinx x° sinx
1 1
- =—4cC
sinx x
Asx =00,y 50=C=0
=Y o lim f(x) =1
X x—0
7= J-rr/z sinx dx
0 x
Since, smx is decreasing, when x > 0
x
= f(x) < f(0)
n/2 T T
= x)<—and x < —
[, fo<3 :
s /2
= f > (Ej = jo fx)dx > 1
(a) Order of the differential equation is 2.
xdy — ydx
dy — yd. 2 d
(b) MY I gy = X -
xt 4+ y2 yz X
1+
x
2
X+ 1+ 2] =In|cx|
x x
2 2
+
Y *Ty . Cx

B x
ie. y+xi+y’= Cx?
(c) y=e"(Acosx + Bsinx)
d
d—y =e* (Acosx + Bsinx) + e*(—Asinx + Bcosx)
x
=y + e (—Asinx+ Bcosx)
dy d
—JZ/ =8 e (- Asinx + Bcosx)
dx® dx
+ e (— Acosx — Bsinx)

d’ d
GV _8V o (— Asinx + Bcosx) —y

dx*  dx

dy dy (dy )
— 4+ = — — :2 -
dx dx Y dx Y

()

30.

31.

32.

33.

34.

@) (1+y% Z—y +x =2 Y
X

dx 1 ey
= —+ S x= 5
dy 1+y 1+y

1

[F=e 1+y2 :etan_ly
tan' y
e
y. -
1+ 7
y

-1 -1
- ety :2J'etan

tan ™

-1
= xe V=e2tn Y4k

dy =3 (A + Bx) e = Be™
dx

= Z—y+my=(3+m)(A+Bx)e3x+Be3x
x
2

= d}zl+md—y+ny=(9+3m+n)(A+Bx)63x
dx dx

+B6+m)e* =0
= 3m+n+9=0 and m+6=0
= m=—6 and n=9
Equation of tangent
Y-y=m(X -x)

Put X =0, Y=y -mx

Pxy)

)

Since, initial ordinate is

y—mx=x-1

= mx—-y=1-x

dy 1 1—-x .. . . .
—— ——y= which is a linear differential equation.
dx x x

Hence, Statement I is correct and its degree is 1.

= Statement II is also correct. Since, every 1st degree
differential equation need not be linear, hence Statement II is
not the correct explanation of Statement I.

Statement I The order of differential equation is 2.

.. Statement I is false.

Integral curves are y = cx — x°

The differential equation does not represent all the parabolas
passing through origin but it represents all parabolas through

origin with axis of symmetry parallel to y-axis and coefficient
of x% as —1, hence Statement I is false.

Statement II is universally true.

Y- XAY ot X = xd
y y
x x
or cot —-d|—|=|xdx
Jeor 5[5



35.

36.

37.
38.

39.

40.

or J.cottdxznx+C

. X
In (sint) = nx + C;sin = = Ce™

y

y = ¢ cos2x + c,sin’ x + ¢5cos” x + ¢, + ¢
1—cos2x cos2x + 1
e2T% = ¢ cos2x + ¢, + ¢4
2 2
+ cpe™ 4 e et
¢, ¢ ¢, ¢
=(cl -2+ —3) cos2x + (—2 + —3) +(cy +¢'5) e
2 2 2 2

=) co82x + hoe® + Ag

= Total number of independent parameters in the given
general solution is 3.

The given differential equation is
(a2
x x
= dx
dl x2+1
dx
= ln(d—y)=ln(x2+l)+lnC,C>O
dx
= dy _ C(x*+1)
x
P
= y=C(3+x]+C',C'€R

Obviously y — oo, as x — oo;as C >0

(x — h)? = 4b (y — k) here b is constant and h, k are parameters.

The general equation of all non-vertical lines in a plane is
ax + by =1, where b # 0.
Now, ax + by =1
= a+b Z—y =0 (differentiating w.r.t. x)
x
d%y . —
= b—=0 (differentiating w.r.t. x)
dx
d?y
= —=0 (asb #0)
dx*
. . .. dYy
Hence, the differential equation is F =0.
x
The equation ax® + 2hxy + by? = 1 represents the family of all

conics whose centre lies at the origin for different values of a,
h,b.

. Order is 3.
Thus, Statement I is false and Statement II is true.
Hence, option (d) is the correct answer.

y =asinx + b cosx

d—yzacosx—bsinx
x
2
= %z—acosx—bsinxz—y
x
d?
= T;Z)-'_y:()

But Statement II is not the correct explanation of the Statement L.

41.

42.
43.

Chap 04 Differential Equations 297

f(0)y=2
F(x) = (" + e cosx —2x — {xj': F(t) dt - jo ) dt}
[

F=(+ ¢ cosx—2x =[x (x) - F0) - (- F0); = Flowl]
f(x)=(e" + e ™) cosx —2x — xf(x) + 2x +[x f(x) - I;f(t) dt}

Fx) = (e + e ™) cosx — j;f(t) dt ()
On differentiating Eq. (i)

f(x)+ f(x)=cosx (e —e ™) —(e" + ¢ ) sinx

... (ii)

d . .
Hence, d—y +y =¢” (cosx —sinx) — e* (cosx + sinx)

x
f(0)+ f(0)=0-2-0=0
IF of Eq. (i) is ™

y-e'= Iezx(cosx —sinx) dx — J(cosx + sinx) dx
y-e'= J.ezx(cosx —sinx) dx — (sinx — cosx) + C
Let I= J.ezx(cosx —sinx) dx=e**(Acosx + Bsinx)

Solving, A =3/5and B=-1/5andC =2/5

3 1 _ 2 _
y=e* (g cosx—gsinx)—(sinx—cosx)e * +ge x

Solutions (Q. Nos. 44 to 46)

dzy

Integrating, —- = 6x — 4,
dx*

Wegetd—y=3x2 —4x+ A
dx

When x =1, =0 sothat A=1.

dy
dx
ay

Hence, =3x% —dx +1 (1)

x
Integrating, we get y = x> —2x% + x + B.
When x =1,y =5, so that B=5

Thus, we have y = x*> —2x* + x + 5

1
From Eq. (i), we get the critical points x = e x=1
dZ
> 2

X

<

At the critical point x = is negative.

(ST
W

1
Therefore, at x = g ¥ has a local maximum.

2
Atx =1, d—JZ/ is positive. Therefore, at x =1, y has a local
x

minimum.
157

Also, f(1)=5, f(%)=?, flo)=5, f@2)=7

Hence, the global maximum value =7.
and the global minimum value =5.
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47.

48.

49.

50.

51.

52.
53.
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xdy — ydx =/ x* — y* dx

N d(y) 1/1—(y/x J- d(y/x)
X V1 - (y/x)?
= sin? Y =lnx=InCorCrx=¢™ 7~
x
(xy* +y)dx—xdy =0
= xyldx+yde—xdy=0
2
3 x x
= xdx—||—| d|—|=0
J. I[)’) [Y]
4 3
= x—+1 Il =c
4 3\y
2x cos ydx — x*siny dy + y* cosx dx + 2y sin x dy =0
= jd(xz cosy) + fd(yzsinx) =
= x*cosy + ysinx =C
dx _ ydy
X 1+y2
= lnx=§~ln(1+yz)+c
From the given condition, C = 0
K —yt=1
2
dy+ 1+y -0
dx  \J1-x*
A -
1+y 1-x°
= tan” y +sin”' x=C
(1+ x)*

d—y=(1+x)-(1+y)givesy=e 2 -1
dx

Tangent at point P(x,y),isy —y = f'(x)(x — x)
Q:(0,y —x f'(x))

Then, PQ=00Q

= x*+ X (f(2)" = y* + X (f(x))* —2x9(f(x))

= x’=y’-2xy- f(x)
2

2
or dy/dxzy x,puty:tx
2xy
dt d
= t+x—=—y
dx dx
d  t'-1
t+x—=
dx 2t
d - :
= xizw idt:_i
dx 2t 1+t
2
= £=1+y—2:>x2+y2—cx=0
x x

C1:x2+y2—x=0

Cpx* +y*+x=0

C, and C, touch externally = number of common tangents = 3.

-7

dx

X

54. Cy:(x-5)" +y* =5°

55.

Tangent, bx + ay —ab = 0, length of perpendicular to tangent
from centre = radius.

=

=
=
G

Cy:

5b —ab| =5vVa’ + b
a*? —10ab® = 254°
ab®—10b% =25a

:x2+y2—2x=0

w+y?-Cx=0

—
R\,\QO

(1.0)

ZQRM =30°
1
sin30°=—— = OR =1
1+ OR
M
sin30° = QQ =0M=1/3

2
radiusosz=1/3:>C=—2/3,C2:x2+y2+§x=0

Point (—1/3,1/3) will satisty C,.

56. (A)Let x =rcos6,y =rsin6

x*+ y2 =r? (sinze + cos® 0) = r

tan9=l
x

d(x* + y*) =d(r*)

and

From Eq. (i), x dx + y dy = rdr

d (1) =d (tan6)

X

From Eq. (ii),

= L_Zydx =sec” 0dO
x
xdy —y dx = x*sec’0 do
=r’cos?Osec?0do = r’dd

From Egs. (iii) and (iv)

rdr a?—r?
rdo r
or L =do
2 2
a“—r
sin”! (ij =0+ C
a
= r=asin(0+ C)

= Vx’ +y? =asin {C +tan”! (y)}
x

()
...(ii)

.. (ii)

(V)



d
(B) d—y —sec? x tan 2xy = cos’ x
x

2tan x 7
x sec? x dx

2
tan2x sec” x dx tan® x —1
= 8’[ =e

IF
dt
=¢ ¢, wheret=tan® x — 1

=e]n“‘=\t|= |tan2x—1|
. b
Given that, | x| < —
4
tan® x <1
[F=1-tan® x
Solution i 2\ _ 2 2
olution is y (1 — tan x)—.[cos x (1 —tan”x) dx

= J.(cosz x —sin® x) dx

=J.c032xdx=8m2x+C
s 3.3
when x=—y =—-
6 8
ﬁ(l_zjzzxjw
8 3 2 2
sin2x
C=0 = yziz
2(1 — tan” x)
(©) x*+y?—2cx=0 (1)
2x+2yd—y—20=0
dx
or C:x+w ..(ii)
dx
From Egs. (i) and (ii), x* + y* -2 (x + yg;ﬂj x=0
x

d
or — x% + y* —2xy d—y = 0 is the differential equation
x

representing the given family of circles. To find the orthogonal
trajectories.

2 2 dx
yi-x"=-2xy —
dy
or y*dy = x* dy —2xy dx
2y _ .2
o Ly 226D =ty
y
2
or —dy=d(x]
y
2
or —y=x—+C
y
= x2+y2+Cy=O

= Orthogonal trajectory.
(D) Differentiating the equation w.r.t. x, we get

Xy (x) +1 fo"y(t) dt=(x+1) xy (x) + 1 jo" ty(t) dt

Again, differentiating, w.r.t. x, we get

y (x) = x"y(x) + 2xy(x) + xy(x)

Chap 04 Differential Equations

2
or 1 -3x) y(x) = *dy(x)
dx
" (-39ds )\ C
x y(x) x

57. (A)r =5cm, 8r = 0.06, A = nir’
SA =2mr 8r=10m X 0.06= 0.67
B)v=x>

v =3x% dx

ov Ox
— X100=3 — X100=3X%x1=3

v x
dx dx
O)(x-2)—=2"—" = x=4
©(x )dt % x

(D) Azéx2

10 4

dA _N3 dx N3 .1 3\3

x
a2 dt 2

58. (A) Z—y =e* (Acosx + Bsinx) + e*(—Asinx + Bcosx)
x

=y +e* (—Asinx + Bcosx)

Ldy _dy

—~ 4+ ¢*(—Asinx + Bcosx)+e*(—Acosx — Bsinx)

Cdxt dx

dy (dy ) (dy )
=2 4| Xyl —y=2| 2L -
dx (dx Ty dx Y
So, degree = 1 and order =2
(B) The equation of the family is y* = 4a (x — b)
where a, b are arbitrary constants.
dy ( dy )2 d%
2y —=4a or |—| +y—>=0
Y dx dx Y dx*
So, degree =1 and order =2
(C) The equation of the family is
(x—¢c)+y*=¢?

2, .2
or x2+y2—2cx=0 or b4 =2c
(Zx + 2y d—yj x—(x* +y%)1
dx
= > =0
x
So, degree =1 and order =1
2 2
: o y
D) The equation of the family is +
( d YR e
they have the same foci (£ /a® — b%, 0).
On differentiating, 5 * 22y . d—y =0
d°+A b "+ A dx
or 3 o + zyp =0
a“+ A b+ A

(Let p

or x(b*+A)+ ypla® +X)=0

=1 because
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2. 2
- A= b x —a“yp
x+yp
.. The differential equation is
2 y?
+ =1
2. 2 42 _ 2
2+ bx —a‘yp b2 4 b°x —a“yp
X+ yp x+yp
or x(926+yf) N y(2x+JZ/P) -
a“—b b =a")p
So, order =1 and degree =2
59. 2x% dx —2y* dx + 2x°dy +3xy° dy =0
Dividing throughout by x%y , we get
3 2
PR A MNP YL AN W
x % y X
2 4 5 533
N 2@+2dl+3yxdy62yxdxzo
x y x
2.2 5 5.3
- 2§+2dl+3yx dy42yxdx:0
x y x
3
- 2d(Inx) + 2d(In y)+d(3;zj=0
3
= 2In|x +2In|y|+ L =C
x

60.

C=1

Let the salt content at time ‘7’ be u Ib, so that its rate of change
is du/dt.

when x =1,y =1. So,

=2galx2lb=41b/ min
If ¢ be the concentration of the brine at time t, the rate at which
the salt content decreases due to the out flow
=2galx clb/min
=2clb / min
du .
P 4-2c (1)

Also, since there is no increase in the volume of the liquid, the

. u
concentrations c=—
50

. du 2u

. Eq. (i) becomes P 4 - 0

Separating the variables and integrating, we have
[dr =25 du
100 —u
or t=-25In(100 —u) + K ..(id)
Initially whent =0,u =0
0=-25In100 + K

Eliminating ‘K’ from Eqs. (ii) and (iii), we get

100
t=25In
100 —u

Taking ¢ = t; when u = 40 and ¢ = t, when u = 80, we have

100 100
4 =25In (—) and t,=25In (—)
60 20

61.

62.

1 —y2 A -
-1+ x -—@1+
2( ) 2( y)

.. The required time (t, — t;) =25 (ln 5—1In g) =25In3

=25X1.0986= 26 min 28 s
=1648 s =206 X 8 =206 X A
A=8

Jx+ fO)+ W) =y + flx) + yf(x) (i)

Differentiating w.r.t. x and y is constant

fe+ fO)+xf ) A+ fO) = f(x) + yf (%)

From Eq. (i) again differentiating w.r.t. y as x is constant

e+ fO)+xf) 1+ x) f(y) =1+ f(x)
From Egs. (ii) and (iii)

...(i)

.. (ii)

1+ /) _(+y) f®)
1+ x) f'(y) 1+ f(x)
A+y) fo) _ 1+ flx) _
1+ fly) (1+x) f'(x)
vy 1+ f(y) oy = L+ f(x)
f'y) = 1ty A and  f'(x) ML+ )
=l o opeeg o SOy 1
A 1+ f(x) 1+ x

Integrating both the sides f(x) = C(1 + x)*' —1

FromEq. () putx=y =0

f(£(0)) = £(0)
From Eq. (ii), f(0)=C -1

So, flcC-1)=C-1
C=0,1 (taking +ve sign)
So, f(x)=—1and f(x)=(1+ x)—1=xand C =1
fE)=+x"-1=—">
1+ x
1
1+ f(x)= s

1+ f(2009)=201—10 - (2010) (1 + f(2009)) =1

0'(x) +20(x) <1

eX 0'(x) + 20 (x) ¥ <™
d 2x 1 ZxJ
— e x)——e <0
T ( 0(x) )
- (ezx 0 (x) - %) is a non-increasing function of x.

1. . . .
= ¢ (x)— 3 is a non-increasing function of x.

.~ 20 (x) is always less than or equal to 1.
v dy _

dx
1 a dy

—4 = R e
J1+x 14y dx
Putting this value in the given equation,

dl ,7_1+y :dl
dx trx J1+x  dx




dy dy
= 1+x)—=1+y+1+x—
( )dx Y dx

= (1+x—1/1+x)(2—y=l+y
x

.. Degree of the given equation is 1.

64. Here, 2/ (x): f'(x)- |+ (f'(x)| = £(x)

4 2 f(x)
d S 2 -
= S = s
= FHd(F0)| = [dan™(f(x)

= @‘F C= tan_l(f’(x)), as f(o) — f’(O) —0=c=0

= % = tan”(f/(x))

6
Y T
o ) m
2 3 2

1/6 1/6
31 3n
- = <flx)<|=—
(5] <re<[3)
= Number of integers between k; and k, are 3.
65. Put,dy /dx =t
dt /dx—t+e** =0,LF. = ol =T
Solution is, t-e™* = J‘_er e ¥dx+C

=t =—"+Cy(0)=1=>C=2

dy /dx = 2_76.[dy = J.(Zex —e*)dx
e—x

2x

= yzz“—e?+cl,y(0)=2:>cl=1/2

2x

y(x)=26x—67+% = y(x)ngorleogZ

[2x]=[2log2] =[log4] =1

66. Let in time dt the decrease in water level in the tank is dh, then

amount of water flown out in time dt = nr? - dh

Now, through the hole the amount of water flown
= (Volume of cylinder of cross sectional area ‘@’
and length vdt).

AN
APph—em A

dh

=a-v-dt=aW2ghdt
ua J2gh dt = — n rdh

2
. h—l/Z dh
wa \f2g

Hence,

= dt =

67.

68.
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Now, whent=0,h=Hand whent=t, h=0

¢ -mr® o
Thus, di=——— | n¥2an
us jo Ha@jH
_ 2
- t=—"L_.2Wh).

na \2g

nr® [2H
= t= P e
pa \ g

Let at time ¢ the depth of water is h; the radius of water surface
is 7.

Then, r*=R*—(R - h)*

= r? =2Rh - h?

| /
R-h
Y Yoh

Now, if in time dt the decrease in water level

is dh, then
—nrfdh=062gh-adt
(a is cross-sectional area of the outlet)
-7 dh
= — —(Rh-h)==dt
(06) a \2g ( )T
L O 32 1/2 ¢
= _— h'* =2RK'*)dh=| dt
(06) a 2g J.R ( ) J0

n 2 4 0
N = h5/2 _* Rh3/2 il =t
(06)a2g [ 5 3 %

o T O_Rs/z(g_g) _7m % 10°
(06) a +2g 5 3 135 /g

We have been given,
fley)=e? "V f(x)+e fOVxyeR (i)
Replacing x =1, y = 11in Eq. (i), we get
fO="" e f+efO}=f1)=0
flx+h) - f(x)

Now, f’(x)= 1
ow, f"(x) P

h
£o{1+2))- 500
= lim *
h—0 h
h
i €T o+ e U ) ~ ()
h— 0 h
h—l—ﬁ+x h
fx)+e  x -f(1+7)—f(x)
= lim X
h—0 h
h—l—ﬁ+x h
f(x)(eh—l)-}-e x (f(l“')—f(l))
= lim x
h—0 h
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PP h dz ( dy, )
x 1+—|-fa =y _—tz| ——+py |=0
fEE -y, (f( x) ! )j dr O\ dx
= + lim A dz
h—0 h h—0 2oy = yl'*+ZQ=Q
x dx
x=1 ’ x d
—f+ LW & - nE=00-2)
X X dx
x dz Q
’ _ _ i = — = =dx
= 1@ = T
- e f(x)-f(x)e _1 = In|lz-1|= —J. Q dx + A, ‘X’ being constant of integration
er x b2
d( f(x) 1 Qo
= E( o j:; = z=1+ceJ.y1
Integrating both the sides, we get 71. We have, f(x)=x + x* J.Ol z f(z)dz + x J.Ol 2% f(z) dz
@=1n|x\+c fx)=x+x*2+xh, (say)
€ 1 1
Since, f1)=0=C=0 Now, M=z f@de=[ (+h)z+2" M)z de
Thus, f(x)=¢"-In(x) 1+ A, +ﬁ
69. Let P (x, f (x)) be a point lying on the curve in first quadrant. 3 4
Equation of normal and tangent at P are = OM—4r, =4 ()
1
(¥ - f ()=~ ﬁ(x ~x) and Also, =] 2 fe)dz
x
(Y = f(x)) = f " (x) (X — x) respectively. = J.ol @+ 222 +2* N dz
:jAs(x—fVﬁo)Bzu+fmf%mm) _AtA) A
[ 4 5
Since, the mid-point of segment AB is origin. = 15k, —4 A =5 ...(ii)
N 2% — f () + () f(x)=0 From Egs. (i) and (ii),
f(x) 80 61
1 =— and Ay =—
= FES ) +2x f(x) = f(x)=0 ? 119
= f(x)—x+ﬁx2+ﬂx—20—x(4+9x)
S ) —2xEJaxt +4f¥x) - x+4/xP+ fAx) 119 119~ 119
x) = =
2f (x) f(x) 72 fx+ fM+xfON=y+f(0)+y )
Negative sign been neglected as f " (x) > 0 Keep y constant and differentiating the expression w.r.t. x’, we
Thus, we have, x + f (x)- f’(x) = /x> + f?(x) get
d i+ fO)+x@)A+ fEN=f"(x)0+y) (D)
= 2dx P+ ) ="+ (%) Similarly, differentiate the expression w.r.t. ‘y’ and keep x
constant, we get
d(x"+ f*(x) , ' 3
= Lol B, f1Gt f0) X fON ) A+ ) =0+ f ) )
2x"+ f 7 (x) Dividing Eq. (i) by Eq. (ii), we get
Integrating both the sides, we get y/x* + f% (x) = x + A 1+f0) _f () +y)

Frea+x 1+ f&)
1+f() _f/(x)0+%)

Hence, A +1=2=Xi=1 = 7
’ 1+ 1+
Curveis x>+ f2(x)=(x+1)* or y*=1+2x Fro)a+y) A+ f6)

It passes through (1, V3).

11 1
70. We have been given, = f'(y)== 14/ and f'(x)zcw
d dy C 1+y 1+ x)
APy =022+ Py, =Q )
dx dx - C=—=C=1%1
dy, dz dy, C
Now, =y z=> 2=y —+z ,
v Ye= dx i dx dx . f(x) _4 1
dz dy, o 1+ f(x) 1+«

= yla‘f'ZE‘f'PylZ:Q
= F)=2@0+x)" -1
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Replacing x, y — 0 in the Eq. (i), we get
F(f(0)=1(0)

Now, fFE@ =00+ -1 f(0)=) —1
and FEO)=FR-1)=k 2" -1
Since, FUO)=F0), A —1=2 -1
= A=
By taking +ve sign, we get A; =0, 1
- f)=-1or f(x)=x
By taking — ve sign, we get A, =1
1 X
- fx)= 1+ x o1+ X
. 2 dy 2
Given, (x +xy+4x+2y+4)d——y =0
x
2 dy 2
= [(x +4x+4)+y(x+2)]d——y =0
x
= [(x+2)2+y(x+2)]d—y—y2=0
dx

Putx+2=Xandy =Y, then
Y
(x? +x1/)"l——1/2 =0
X

= XY + XydY -Y%dX =0
= XY + Y(XdY — YdX) =0
dY XdY -YdX
= _=
Y X*?
Y
= —d(log|Y|)=d|—
og ¥ =d |

On integrating both sides, we get

—log|Y|=§+C,wherex+2=Xandy=Y

= —logly|=—2—+C ..(0)

x+2

Since, it passes through the point (1, 3).

R —log3=1+C
= C=-1-log3=—(loge + log 3)
=—log 3e

. Eq. (i) becomes
log |y| 2 - log (3e) =0
x+2

= log (Mj +—2 =0 ...(ii)
3e xX+2
Now, to check option (a), y = x + 2 intersects the curve.
[x+2) x+2
= log| —— |+ ——=0
3e x+2
|x + 2|
= log| —— |=-1
3e
[x+2] 4 1
= —— e = —
3e e
= [x+2|=3 or x+2=%3

x =1, -5 (rejected), as x > 0 [given]
*. x=1 only one solution.

74.
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Thus, (a) is the correct answer.

To check option (c), we have y =(x+2)°

and log (M) +—2 =0
3e x+2
2 2
. g5+ 2 ], G+ 2
3e x+2
2
= log {M} =—(x+2)
3e
2
= ) . e or (x+ 2)% e = 3e
3e
= ex+2 — 376
(x+2)°
Y
ex+2
&2
3e/4 3e/(x+2)?
X
o]
Clearly, they have no solution.
To check option (d), y = (x+ 3)°
2 2
ie. log [x+3 +(x+3) =0
3e (x+2)
To check the number of solutions.
(x +3)*
Let x) =2log (x +3)+ —— —log (3e
g () g (x+3) (xt2) g (3e)
, 2 x+2)-2(x+3)—(x+3)*1
ORI N (R R TGRS EEL R A
x+3 (x+2)
2 +(x+3)(x+1)
x+3 (x+2)

Clearly, when x > 0, then, g’(x) > 0
g(x) is increasing, when x > 0.
Thus, when x > 0, then g(x) > g(0)

g(x) > log (§)+2 >0
e 4

Hence, there is no solution.
Thus, option (d) is true.

Here, f'(x)=2- Jx)
x
or Z—y +Y=2 [i.e. linear differential equation in y]
x  x

1
Integrating Factor, IF =¢” *

.. Required solution is y - (IF) = _[Q(IF)dx +C

dx log x
=e =X

= y(x) = jz(x)dx+c
= yx=x"+C
y=x+g [-C=#0,as f(1) #1]
x
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1 3 . . — 3
(@ lim f’(f) — lim (1-Cx%) =1 76. Since, centre liesony = x
x= 0t AX) x0t . Equation of circle is x* + y* — 2ax —2ay + ¢ = 0
< Option (a) is correct. On differentiating, we get
1 ’ ’_
(b) lim x f(fj = lim 1+ Cx%) =1 2x+2yy’ —2a-2ay’=0
x— ot x) x-ot = x+yy' —a-ay’ =0
. Option (b) is incorrect. N PO +yy’
(c) lim+ **f'(x)= lim (x*-C)=-C#0 1+y’

x—0 x—0

Again differentiating, we get

.. Option (c) is incorrect. A+ Y1+ "+ ) -(x+yy)-(»"")

C 0= "2
@ f(x)=x+—C=#0 a+y")
x
’ "2 Y _ ’ ” —
ForC>0, lim f(x)= oo = C+y) A+ )+ ]-(x+yy) (") =0
o0 = L+ y [0 + Y + 1]+ y(y = x) =0
. Function is not bounded in (0, 2). On comparing with Py” + Qy’ + 1 = 0, we get
.. Option (d) is incorrect. P=y-x
75. Here, 1T+e)y +ye =1 and 0=0)+y +1
e L e ; : - - . dy :
= € ye = 77. (i) Solution of the differential equation — + Py = Q is
dx dx dx
= dy + e’dy + ye* dx =dx y-(IF):JQ«(IF)dx+c
= dy + d(e*y) =dx [ pa
On integrating both sides, we get where, IF=e
yte'y=x+C (i) [* fx)dx =2 fo f(x) dx, if f(=x) = f(x)
Given, y(0)=2 Given differential equation
= 2+e¢"2=0+C dy x x! +2x
+ = y=

= C=4 E x2 -1 y 1-— xz

. Xy

. y+e)=x+4 This is a linear differential equation.
x+ 4

= = Ly ey
1+e” [F=e *"1 —¢? =1 -
-4+ 4
Nowat x=-4y= - =0 = Solution is
1+e x(x3+2)
— 52 = _. I
Y=4)=0 Q) yai-x" =] e V1-xdx
d x
For critical points, d—y =0 s
x or y 1—x2=J.(x4+2x)dx=x—+x2+c
ie diy_(l+e")-1—(x+4)ex_O 5
dx 1+ e)? fo)y=00 ¢c=0
= e (x+3)-1=0 5
0 J1-x% ="+ x*
or e =(x+3) fix) X 5 x
Ya N V372 (x)d NEY x? dx [usi ]
A = [ ——
B ow, J;/E/zf xdx=| - m x [using property
y=e /y=)<+3
(_1] e) B 372 x2 d
- J.o 2 x
1,2 1-x
X< : X 35in? 0
-1 o =2J.n S Y cos 0.0 [taking x =sin 6]
0 cosH
3, /3
_zjo sin ede_jo (1 — cos 26) d
%

s 3 2 3 4

_ (e_sinzﬂjn/3_ E_sinZTl: /3 _E_ﬁ
2

Clearly, the intersection point lies between (- 1, 0).
. ¥(x) has a critical point in the interval (- 1, 0).



78. Whenever we have linear differential equation containing

79.

80.

inequality, we should always check for increasing or
decreasing,

dy

ie.for—+ Py <0 = dy
dx

—+ Py>0
x

. . . . Pd .
Multiply by integrating factor, i.e. ej * and convert into total

differential equation.

Here, f'(x) <2 f(x), multiplying by e

fl(x)-e™ -2 f(x) <0 = di( f(x)-e ) <0
X

—[ 2dx

0(x) = f(x)e ** is decreasing for x e[% 1}
1
Thus, when x > 5

0(x) < ¢G] = e f(x)<e f@

= f(x) <e*™ -1, given f(éj =1
1 1 2x-1
= O<L/Zf(x)dx<L/2e dx
1
1 62xfl
= O<_[1/2f(x)dx<( 2 J
1/2
1 e—1
= 0<L/2f(x)dx<7
To solve homogeneous differential equation,
i.e. substitute Y v
x
dy dv
Y=EVX = — =V +X—
dx dx

Here, slope of the curve at (x, y) is
DT e[ 2]

dx x x
Put Y =v
x

dv
v+ x— =v+sec(v)

dx

dv dv dx
= —_—= = |—=|—

xdx sec(v) Jsecv -[ x
= J.cosvdvz'[@ = sinv =logx + logc
X

= sin(X) = log(cx)

x

As it passes through (1, %J = sin(gj =logc

= lo c—l
& 2

. 1
sm[fj =logx + —

X 2

<

Let (x) = ¢ ()
Here, 0 (x)<0,x€ (O, i)

81.

82.

83.
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and 0’ (x)>0,x€ (i l)
e fx) — e f(x) <0, x € (o, i)

:>f’(x)<f(x),0<x<i

Here, f"(x) —2f(x) + f(x) 2¢€"
= f(x)e™ = f{(x)e™ = fi(x)e + f(x)e ™ 20

= 2w - e 21
- U@ - f e 21
x

= ;—22 {7 f(x)} 21, Vx e€[0,1]
-~ 0 (x) = e " f(x) is concave function.

flo)=f1)=0
= 0(0) =0=f(1)
= O(x)<0
= e flx)<0

fx)<o

Here, f(x) =(1 - x)*-sinx + x* >0,V x

and g(x) =jlx(2(:+_1l)

- logtJ ft)dt

NG N
= g(’“"{(xﬂ) 1ogx} £

For g’(x) to be increasing or decreasing.

+ ve

_2Ax-1)
Let O(x) = i1 log x
sl 41 —(x-1)
¢(x)_(x+1)2 X x(x+1)
0 (x)<0,V x>1
= 0(x) <9 @) = ¢(x)<0

From Egs. (i) and (ii), g'(x) < 0, x € (1, o)
.. g(x) is decreasing on x € (1, o).
Here, f(x)+2x=(1 - x)%-sin® x + x% + 2x
where, I: f(x) + 2x = 2(1 + x)*

20+ x*) =(1 - x)?sin’x + x% + 2x
= (1-x)sinx=x-2x+2
= (1-x)isinfx=1-x)"+1
= (1-x)’cosPx=—1
which is never possible.
- Lis false.
Again, let h(x) =2 f(x) + 1 —2x(1 + x)
h(0)=2f(0)+1-0=1
h(1) =2(1) + 1 — 4 = -3 as [h(0)h(1) < 0]
= h(x) must have a solution.

where,

s Il is true.

305
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Linear differential equation under one variable.
dl‘l’P)/ :Q§ IF:e_[de
dx
. Solution is, y (IF) = IQ- (IF)dx+C
y’—ytanx =2xsecx and y(0)=0
d
= —y—ytanx=2xsecx
dx
IF = J.eftanxdx: o8l = cogx
Solution is y - cos x=I2xsec x-cosxdx+C
= y-cosx=x>+C
As y(0)=0
= C=0
y = x’secx
2
b m
Now, —
o(3)

T 82
_n.m (EJ_%f
V282 "3 9

- ofY

- (E}_éﬁ+§f
Y13 3 343

d ’ 7

Dty gx) = glx) g'(x)

dx

[Foed¥@d_ e
Solution is y (e 8y = J.g(x) -g'(x)-e 89 gy + C
Put g(x)=t, g'(x)dx =dt

WeEW) = [t-etdt+ C=t-e — [1:¢"dt+ C

=te - +C
y ™) =(g(x)-1) ef® 4 ¢
¥(0) =0, g(0) = g(2) = 0
Eq. (i) becomes,
7(0)-e5” =(g(0) ~1)-¢*¥ + C
= 0=(-1)1+C = C=1
y(x)-ef = (gx) = 1) 5 + 1

Given,

= y(2)- 5@ = (g(2) — 1) €5 + 1, where g(2) = 0
= y@2)-1=(-1)-1+1
y@)=0
From given integral equation, f(0) = 0.
Also, differentiating the given integral equation w.r.t. x
['(x) = f(x)
If f(x)#0
= f/(x)zl = log f(x)=x+c¢
f(x)
= f(x)=¢%"

f(0)=0 = ¢°=0, acontradiction

a f(x)=0,VxeR = f(In5)=0

87.

88.

89.

Alter
Given, f(x) = J.;f(t) dt
= f(0)=0 and f'(x) = f(x)
If f(x)#0
= %((xx)):l = Inf(x)=x+c¢
= flx)=¢"-e"

f(0)=0

= € =0, a contradiction
f(x)=0,VxeR = f(In5)=0

dy _y\y'-1

Given,
dx o1
J- dy _J- dx
y\/ﬁ xyx? -1
= sec_1y=sec_1x+c
2 T T T
Atx=2,y=— —=—4c¢ = c=——
V36 3 6
_ T a1 13
Now,yzsec(seclx——chos cosl——cosl£
6 x 2
_ 3 1 3
= cos| cos™! £+ 1——2 1-——
2x X 4
V31 1
y=—+=- 1-=
2x 2 X
Given differential equation is

y(1 + xy)dx =xdy

= y dx + xy?dx = x dy
= 7Xdy_2ydx=xdx
y
= —(ydx_zxdy)zxdxﬁ—d(x)zxdx
y y
On integrating both sides, we get
2
_i :L +C
y 2

-+ It passes through (1, —1).

1 1
1=—+C =>C=-
2 2
x x1
Now, fromEq. (i) - —=—+ -
y 2 2
2 2 2x
= x“+1l=—— =-—
y x“+1

Given differential equation is

(xlog x)d—y +y =2xlog x,
dx

dl.}. Y =2
dx xlogx
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91.

92.

This is a linear differential equation.
1

logx __logll
[F=¢ ¥logx :eog(ogx) —

log x
Now, the solution of given differential equation is given by

y~logx=.|‘logx~2dx

= y~logx=2'|.logxdx
= y-logx =2[xlogx — x]+ ¢
At x=1c=2
= y-log x =2[xlog x — x] + 2
At X =e,
y=2e—e)+2
= y=2
Given differential equation % - % p(t) =—200is a linear
differential equation.
Here, p(t) = _?I,Q(t) — ~200

J'—[ljdt t
I[F=e¢ ‘¥ =¢2
Hence, solution is

p(t).TF = jQ(t) IF dt

t t
p(t)e? =f—2oo~e 2dt
_t _t
p(t)-e 2=400e 2+ K
= p(t) =400+ ke V2

If p(0) = 100, then k = —300
t

= p(t) = 400 — 3002
Given, ap _ (100 —12+/x)
dx
= dP = (100 — 12+/x) dx
On integrating both sides, we get
fdP = f (100 — 124/x) dx

P =100x —8x** + C
When x =0, then P =2000
= C =2000
Now, when x =25, then

P =100 x 25 — 8 X (25)*% + 2000

=2500 —8 X125 + 2000
= 4500 — 1000 =3500
Given
(i) The population of mouse at time ‘¢ satisfies the
differential equation p’(t) = % = 05p(t) — 450

(ii) Population of mouse at time t = 0 is
p(0) =850

93.

94.
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To find The time at which the population of the mouse will
become zero, i.e. to find the value of ‘t’ at which p(t) = 0.

Let’s solve the differential equation first

p'(t) = ar 0.5 p(t) — 450
2dp(t)  _
p(t) =900
| 2dp(t) _ [ar
p(t) =900

= 2log | p(t) —900| =t + C, where Cis the constant of
integration.

To find the value of ‘C’, let’s substitute t = 0.

= 21log| p(0)—900| =0+ C

= C =2log | 850 —900 |

= C =21log 50

Now, substituting the value of C back in the solution, we get
2 log | p(t) =900 | =1t + 2 log 50

Here, since we want to find the value of ¢ at which p(t) = 0,

hence substituting p(t) = 0, we get

21log | 0-900| =1+ 2 log 50

900
= tzzlog‘—
50
= t=21log 18
Here,d—y:y+3>0andy(0)=2
dx
- [~ = fax
y+3
= log|ly +3|=x+C
Since, y(0) =2
= loge |2+3]=0+C
C =log,5
= log, |y + 3| = x + log,5
When x = log,2
=3 log, |y + 3| =log,2 + log,5 = log, 10
= y+3=10
= y =17
Given, % =—k(T-1)

d{V(t)y=—k(T —t)dt
On integrating both sides, we get

v =T o
2-1)
k 2
= Vi) =5 (T=0'+C

Att=0,V(t)=1

I=§(T—O)2+C
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= C=I—§Tz

k 2 k.2
Vit)y=—(T-t)"+1--T
®) 2( ) .

Now, V(T)=1 —STZ

Since, cosx dy = ysinx dx —y*dx
1dy 1

= —2——7tanx=—secx
y dx y

Put L =z

y
. 1y _de
y“dx dx

dz

= — +(tanx)z = —secx
dx

This is a linear differential equation.

Therefore,
IF = ef tanxdx _ elog sec x

Hence, the solution is

z-(secx) =_[—secx-secx dx + G

1
= ——secx = —tanx + C;
y

= secx = y(tanx+ C)

96.

97.

Given, y =ce?”

= Y’ =y

- V' =cy (1)

= V' =cy’ (i)
"2 ’

= y’ = o {from Eq. (i), ¢, = y}
y y

= w' =0

Equation of circle having centre (h, k) and radius a is

(x—h)*+(y —k)* =d*.

The equation of family of circles with centre on y =2 and of
radius 5 is

(x— )+ (y—2)* =5 ()
= x+of-20x+yi+4-4y=25

On differentiating w.r.t. x, we get

2x—20(+2yd—y—4d—y =0
dx dx
dy
O o=x+—(y—-2)
dx

On putting the value of o in Eq. (i), we get

{x—x—d—yw—m} +(y-2) =5
dx

2
0 (‘;—y) (y-2)* =25(y -2)°
X

O ¥y -2)* =25-(y —2)*
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